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Abstract

In ant societies, and, more in general, in insect societies, the activities of the individuals, as well
as of the society as a whole, are not regulated by any explicit form of centralized control. On the
other hand, adaptive and robust behaviors transcending the behavioral repertoire of the single
individual can be easily observed at society level. These complex global behaviors are the result
of self-organizing dynamics driven by local interactions and communications among a number
of relatively simple individuals. The simultaneous presence of these and other fascinating and
unique characteristics have made ant societies an attractive and inspiring model for building
new algorithms and new multi-agent systems. In the last decade, ant societies have been taken as a
reference for an ever growing body of scientific work, mostly in the fields of robotics, operations
research, and telecommunications.

Among the different works inspired by ant colonies, the Ant Colony Optimization metaheuristic
(ACO) is probably the most successful and popular one. The ACO metaheuristic is a multi-agent
framework for combinatorial optimization whose main components are: a set of ant-like agents,
the use of memory and of stochastic decisions, and strategies of collective and distributed learning.
It finds its roots in the experimental observation of a specific foraging behavior of some ant
colonies that, under appropriate conditions, are able to select the shortest path among few possi-
ble paths connecting their nest to a food site. The pheromone, a volatile chemical substance laid
on the ground by the ants while walking and affecting in turn their moving decisions according
to its local intensity, is the mediator of this behavior. All the elements playing an essential role
in the ant colony foraging behavior were understood, thoroughly reverse-engineered and put
to work to solve problems of combinatorial optimization by Marco Dorigo and his co-workers
at the beginning of the 1990’s. From that moment on it has been a flourishing of new com-
binatorial optimization algorithms designed after the first algorithms of Dorigo’s et al., and of
related scientific events. In 1999 the ACO metaheuristic was defined by Dorigo, Di Caro and
Gambardella with the purpose of providing a common framework for describing and analyzing
all these algorithms inspired by the same ant colony behavior and by the same common process
of reverse-engineering of this behavior. Therefore, the ACO metaheuristic was defined a poste-
riori, as the result of a synthesis effort effectuated on the study of the characteristics of all these
ant-inspired algorithms and on the abstraction of their common traits. The ACO’s synthesis
was also motivated by the usually good performance shown by the algorithms (e.g., for several
important combinatorial problems like the quadratic assignment, vehicle routing and job shop
scheduling, ACO implementations have outperformed state-of-the-art algorithms).

The definition and study of the ACO metaheuristic is one of the two fundamental goals of the
thesis. The other one, strictly related to this former one, consists in the design, implementation,
and testing of ACO instances for problems of adaptive routing in telecommunication networks.

This thesis is an in-depth journey through the ACO metaheuristic, during which we have
(re)defined ACO and tried to get a clear understanding of its potentialities, limits, and relation-
ships with other frameworks and with its biological background. The thesis takes into account
all the developments that have followed the original 1999’s definition, and provides a formal and
comprehensive systematization of the subject, as well as an up-to-date and quite comprehensive
review of current applications. We have also identified in dynamic problems in telecommuni-



cation networks the most appropriate domain of application for the ACO ideas. According to
this understanding, in the most applicative part of the thesis we have focused on problems of
adaptive routing in networks and we have developed and tested four new algorithms.

Adopting an original point of view with respect to the way ACO was firstly defined (but
maintaining full conceptual and terminological consistency), ACO is here defined and mainly
discussed in the terms of sequential decision processes and Monte Carlo sampling and learning. More
precisely, ACO is characterized as a policy search strategy aimed at learning the distributed pa-
rameters (called pheromone variables in accordance with the biological metaphor) of the stochastic
decision policy which is used by so-called ant agents to generate solutions. Each ant represents
in practice an independent sequential decision process aimed at constructing a possibly feasible so-
lution for the optimization problem at hand by using only information local to the decision step.
Ants are repeatedly and concurrently generated in order to sample the solution set according to the
current policy. The outcomes of the generated solutions are used to partially evaluate the current
policy, spot the most promising search areas, and update the policy parameters in order to possibly
focus the search in those promising areas while keeping a satisfactory level of overall exploration.

This way of looking at ACO has facilitated to disclose the strict relationships between ACO
and other well-known frameworks, like dynamic programming, Markov and non-Markov decision
processes, and reinforcement learning. In turn, this has favored reasoning on the general properties
of ACO in terms of amount of complete state information which is used by the ACO’s ants to take
optimized decisions and to encode in pheromone variables memory of both the decisions that
belonged to the sampled solutions and their quality.

The ACO’s biological context of inspiration is fully acknowledged in the thesis. We report
with extensive discussions on the shortest path behaviors of ant colonies and on the identifi-
cation and analysis of the few nonlinear dynamics that are at the very core of self-organized
behaviors in both the ants and other societal organizations. We discuss these dynamics in the
general framework of stigmergic modeling, based on asynchronous environment-mediated com-
munication protocols, and (pheromone) variables priming coordinated responses of a number
of “cheap” and concurrent agents.

The second half of the thesis is devoted to the study of the application of ACO to problems
of online routing in telecommunication networks. This class of problems has been identified in the
thesis as the most appropriate for the application of the multi-agent, distributed, and adaptive
nature of the ACO architecture. Four novel ACO algorithms for problems of adaptive routing in
telecommunication networks are throughly described. The four algorithms cover a wide spec-
trum of possible types of network: two of them deliver best-effort traffic in wired IP networks, one
is intended for quality-of-service (QoS) traffic in ATM networks, and the fourth is for best-effort traf-
fic in mobile ad hoc networks. The two algorithms for wired IP networks have been extensively
tested by simulation studies and compared to state-of-the-art algorithms for a wide set of refer-
ence scenarios. The algorithm for mobile ad hoc networks is still under development, but quite
extensive results and comparisons with a popular state-of-the-art algorithm are reported. No
results are reported for the algorithm for QoS, which has not been fully tested. The observed ex-
perimental performance is excellent, especially for the case of wired IP networks: our algorithms
always perform comparably or much better than the state-of-the-art competitors. In the thesis
we try to understand the rationale behind the brilliant performance obtained and the good level
of popularity reached by our algorithms. More in general, we discuss the reasons of the general
efficacy of the ACO approach for network routing problems compared to the characteristics of
more classical approaches. Moving further, we also informally define Ant Colony Routing (ACR),
a multi-agent framework explicitly integrating learning components into the ACO’s design in
order to define a general and in a sense futuristic architecture for autonomic network control.

Most of the material of the thesis comes from a re-elaboration of material co-authored and
published in a number of books, journal papers, conference proceedings, and technical reports.
The detailed list of references is provided in the Introduction.
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CHAPTER1

Introduction

Social insects—ants, termites, wasps, and bees—live in almost every land habitat on Earth. Over
the last one hundred million years of evolution they have conquered an enormous variety of
ecological niches in the soil and vegetation. Undoubtedly, their social organization, in particular
the genetically evolved commitment of each individual to the survival of the colony, is a key fac-
tor underpinning their success. Moreover, these insect societies exhibit the fascinating property
that the activities of the individuals, as well as of the society as a whole, are not regulated by any
explicit form of centralized control. Evolutionary forces have generated individuals that com-
bine a total commitment to the society together with specific communication and action skills
that give rise to the generation of complex patterns and behaviors at the global level.

Among the social insects, ants may be considered the most successful family. There are about
9,000 different species [227], each with a different set of specialized characteristics that enable
them to live in vast numbers, and virtually everywhere. The observation and study of ants and
ant societies have long since attracted the attention of the professional entomologist and the lay-
man alike, but in recent years, the ant model of organization and interaction has also captured
the interest of the computer scientist and engineer. Ant societies feature, among other things,
autonomy of the individual, fully distributed control, fault-tolerance, direct and environment-
mediated communication, emergence of complex behaviors with respect to the repertoire of the
single ant, collective and cooperative strategies, and self-organization. The simultaneous pres-
ence of these unique characteristics have made ant societies an attractive and inspiring model
for building new algorithms and new multi-agent systems.

In the last 10-15 years ant societies have provided the impetus for a growing body of sci-
entific work, mostly in the fields of robotics, operations research, and telecommunications. The
different simulations and implementations described in this research go under the general name
of ant algorithms (e.g., [142, 141, 138, 143, 152, 48, 52]). Researchers from all over the world and
possessing different scientific backgrounds have made significant progress concerning both im-
plementation and theoretical aspects within this novel research framework. Their contributions
have given the field a solid basis and have shown how the ant way, when carefully engineered,
can result in successful applications to many real-world problems.

Ant algorithms are yet another remarkable example of the contribution that Nature, as a
valuable source of brilliant ideas, is offering us for the design of new systems and algorithms.
Genetic algorithms [226, 202, 172] and neural networks [228, 223, 35] are other remarkable and
well-known examples of Nature-inspired systems/algorithms.

Probably the most successful and most popular research direction in ant algorithms is ded-
icated to their application to combinatorial optimization problems, and it goes under the name
of Ant Colony Optimization metaheuristic (ACO) [142, 140, 152, 135, 150, 151]. ACO finds its roots
in the experimental observation of a specific foraging behavior of colonies of Argentine ants
Linepithema humile which, under some appropriate conditions, are able to select the shortest path
among the few alternative paths connecting their nest to a food reservoir [110, 18, 203, 348].

ACQO is the most fundamental of the two focal issues of this thesis, the other being the specific ap-
plication of ACO ideas to routing tasks in telecommunication networks. Therefore, as a preliminary
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step before describing in the sections that follow the goals, contributions, and structure of the
thesis, is it useful to discuss first the genesis of ACO and provide an overview on its general
characteristics, its tight relationships with the biological context of inspiration, and its scientific
relevance and popularity (in terms of applications and scientific events).

The shortest path behavior of foraging ant colonies is at the very root of ACO’s design. There-
fore, it is the starting point of our description of ACO’s genesis and can be summarized as follow
(this issue is discussed more in detail in Chapter 2). While moving, ants deposit a volatile chem-
ical substance called pheromone and, according to some probabilistic rule, preferentially move in
the directions locally marked by higher pheromone intensity. Shorter paths between the colony’s
nest and a food source can be completed quicker by the ants, and will therefore be marked
with higher pheromone intensity since the ants moving back and forth will deposit pheromone
at a higher rate on these paths. According to a self-amplifying circular feedback mechanism, these
paths will therefore attract more ants, which will in turn increase their pheromone level, until
there is possibly convergence of the majority of the ants onto the shortest path. The volatility of
pheromone determines trail evaporation and favors path exploration by decreasing the intensity of
pheromone trails and, accordingly, the strength of the decision biases that have been built over
time by the ants in the colony. The local intensity of the pheromone field, which is the overall
result of the repeated and concurrent path sampling experiences of the ants, encodes a spatially
distributed measure of goodness associated with each possible move. The colony’s ability of even-
tually identifying and marking shortest paths by pheromone trails can be conveniently seen in
the terms of a collective learning process happening over time at the level of the colony. Each single
ant’s “path experience” is encoded in the pheromone trails distributed on the ground. In turn,
the pheromone field locally affects the step-by-step routing decisions of each ant. Eventually,
the “collectively learned” pheromone distribution on the ground makes the ants in the colony to
issue sequences of decisions that can allow to reach the food site (from the nest) following the short-
est path (or, more precisely, following the path which has associated the shortest traveling time).
This form of distributed control based on indirect communication among agents which locally
modify the environment and react to these modifications is called stigmergy [205, 421, 142, 138].

Passing through a process of understanding, abstraction and reverse-engineering of all these
mechanisms at the core of the shortest path behavior of foraging ant colonies, Marco Dorigo and
his co-workers at the beginning of the 1990’s [135, 149] designed Ant System (AS), an algorithm
for the traveling salesman problem (which can be easily seen in the terms of a constrained shortest
path problem).! AS was designed as a multi-agent algorithm for combinatorial optimization. Its
agents were called ants and were using a probabilistic decision rule, while the learned quality
of decision variables were indicated with the term pheromone in order to fully acknowledge the
biological context of inspiration.

AS was compared to other more established heuristics over a set of rather small problem
instances. Performance was encouraging, although not exceptional. However, the mix of an
appealing design, a biological background, and promising performance, stimulated a number
of researchers around the world to study further the application of the mechanisms at work in
the ant colonies’ shortest paths selection. As a result, in the last fifteen years a number of al-
gorithms inspired by AS and, more in general, by the foraging behavior of ant colonies, have
been designed to solve an extensive range of constrained shortest path problems (e.g., [23]) aris-
ing in the fields of combinatorial optimization and network routing. Algorithms inspired by
the same or other ant foraging behaviors have been also designed for other classes of problems

1 Most of the problems mentioned across this thesis are well-known in the domain of combinatorial optimiza-
tion. Therefore, they are not defined in the text, if not strictly necessary. However, Appendix A reports, for the sake
of completeness and clarity, a list of brief definitions for those problems which are mentioned in the text several times
and/or are seen as particularly important, and/or are assumed not to be so widely known. In addition to that, the List
of Abbreviations, in the front pages before this chapter contains a list of acronyms that have been commonly used to refer
to problems, algorithms, and other entities.



(e.g., robotics [111, 437, 321] and clustering [218, 138]). Nevertheless, the majority of the ap-
plications, as well as the most successful ones, belong to the class of ACO algorithms. So far,
concerning combinatorial optimization, particularly successful have been applications to SOP,
QAP, VRP, and scheduling problems (see Chapter 5). On the other hand, the application to adap-
tive routing has been the issue investigated more often, and with good success, in the domain of
telecommunication networks (in particular, the author’s algorithms in this domain have shown
extremely good performance and have gained a good level of popularity). Because of the ever
increasing number of implementations of algorithms designed after AS and its successors such
as ACS [146], as well as because of their usually rather good performance, often comparable or
better than state-of-the-art algorithms in their field of application (mostly falling in the class of
NP-hard [192] problems), in 1999 the ant colony optimization metaheuristic (ACO) [142, 140] was
defined by Dorigo, Di Caro, and Gambardella. The main purpose was to provide a common
framework to describe and analyze all these algorithms inspired by the same shortest path be-
havior of ant colonies and by a similar common process of reverse-engineering of this behavior.
Therefore, the ACO metaheuristic was defined a posteriori, as the result of a synthesis effort effectu-
ated on the study of the characteristics of all these ant-inspired algorithms and on the abstraction of their
common traits. In [140] the definition was further refined, making it more formal and precise.

The ACO metaheuristic identifies a family of optimization algorithms whose high-level func-
tional characteristics are similar but are not specified for what concerns implementation and op-
erational details, which can greatly differ among the different algorithms in the family. The term
“metaheuristic” [201] precisely summarizes this characteristic of ACO and specifically refers to
families of heuristic algorithms? (this issue is discussed again in Subsection 3.4.1):

DEFINITION 1.1 (METAHEURISTIC): A metaheuristic is a high-level strategy which guides other
heuristics to search for solutions in a possibly wide set of problem domains. A metaheuristic can be seen as
a general algorithmic framework which can be applied to different optimization problems with relatively
few modifications to make them adapted to the specific problem.’

Examples of metaheuristics other than ACO include simulated annealing [253], tabu search
[199, 200], iterated local search [357] and the several classes of evolutionary algorithms [202, 172].

The ACO metaheuristic features the following core characteristics: (i) use of a constructive ap-
proach based on the step-by-step application of a stochastic decision policy for solution generation,
(ii) adaptive learning of the parameters of the decision policy through repeated solution genera-
tion and storing of some memory of the generated solutions and of their quality, (iii) multi-agent
organization, in which every agent mimics the ant behavior and constructs a solution, (iv) highly
modular architecture, that favors the implementation on parallel and distributed systems as well
as the use of additional problem-specific procedures (e.g., local search [344, 2]), (v) straightfor-
ward incorporation of a priori heuristic knowledge about the problem at hand, and (vi) a biological
background that allows to reason on the algorithm using effective pictorial descriptions based
on the ant colony metaphor.

So far ACO has been applied with good success to a number of problems and scenarios,
ranging from classical traveling salesman problems [151, 146, 408, 65] to a variety of scheduling
problems [92, 108, 308, 179], from constraint satisfaction problems [368, 397, 272, 297] to dynamic
vehicle routing problems [186, 322], from routing in wired networks [119, 382, 224] to routing
in wireless mobile ad hoc networks [126, 128, 69, 211, 301], from data mining [347, 346] to fa-

2 An algorithm is called a heuristic if no formal guarantees on performance are provided [344, Page 401]. In principle,
a heuristic can even generate the optimal solution to an optimization problem, but it does not tell that the generated
solution is actually the optimal one. In general, no information is available about the relationship between the solutions
generated by the heuristic and the optimal one.

3 Alternative definitions, but rather similar in the spirit, can be found in the current literature on optimization (e.g.,
see [44] for a review of definitions).
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cilities layout [36, 38], etc. More in general, ideas from ant colonies have been also applied to
autonomous robotics, machine learning and industrial problems (e.g., see [142, 140, 48, 138, 49,
143, 152, 261] for overviews).

An particularly intense flourishing of applications and scientific activities related to ACO has
happened after the synthesis and abstraction effort that gave birth in 1998-1999 to the definition
of the ACO metaheuristic. The ACO’s formal definition facilitated not only the application of
ACO to a number of new classes of NP-hard [344, 192] problems (e.g., scheduling, subset, con-
straint satisfaction, etc.), but also the theoretical study of its general characteristics, resulting
in proofs of asymptotic convergence to optimality [214, 403, 215, 216] and in the identification
of important relationships with other more established frameworks (e.g., control and statistical
learning) [33, 34, 313, 373, 153, 76].

The current popularity and success of ACO is witnessed by: (i) a number of journal and con-
ference proceedings publications covering a wide spectrum of applications and audience (e.g.,
journal publications range from optimization-specific journals to Nature [49], Scientific Ameri-
can [52] and even newspapers), (ii) journal special issues [141, 147], (iii) two books [48, 152], (iv)
four workshops on ant algorithms that have been held in Brussels on 1998, 2000, 2002 [143] and
2004 [137], which have seen the average participation of 50-70 researchers and students from
all over the world and from both academia and industrial companies, (v) several special ses-
sions and workshops on ant algorithms held in several important conferences in the fields of
optimization and evolutionary computation, and (vi) a number of master and doctoral works all
over the world which focus on ACO and on its applications, especially in the domain of telecom-
munication networks (actually taking the author’s AntNet algorithms as main reference).

This brief discussion on the ACQO’s genesis and on its general level of scientific acceptance
and popularity points out the effectiveness of the Nature-inspired design of the metaheuristic.
ACO implementations have shown to be able to compete with state-of-the-art approaches over
a number of classes of problems of both theoretical and practical interest. This does not mean
that ACO is a panacea for all combinatorial optimization problems, on the contrary, several
important open issues still exists and several limits in the ACO design are also well-known.
Nevertheless, the popularity that ACO has been able to gain can be seen as a good general
indicator of its effectiveness and also as an important indirect validation of the work reported in
this thesis.

The following sections of this introductory chapter are organized as follows. Section 1.1 is
devoted to clarify which are the thesis” general objectives, their scientific and practical relevance
with respect to current state-of-the-art, and the factual scientific contributions. Section 1.2 de-
scribes the thesis” general structure, the logical flow, and the published sources. The chapter’s
final Section 1.3 provides a preliminary and at the same time rather informal definition of the
ACO metaheuristic. This definition will serve as a general reference to ACO till Chapter 4, where
ACO will be formally defined with abundance of details.

1.1 Goals and scientific contributions

This section discusses the general goals of the thesis, the rationale and the practical/theoretical
interest behind these goals, and the most important scientific contributions of the thesis. A more
detailed list of the scientific contributions is provided at the end of the thesis, in the conclusive
Chapter 9.

1.1.1 General goals of the thesis

In very general terms, the goal of this thesis consists in the definition and study of ACO, a multi-
agent-based metaheuristic designed after ant colonies’ shortest path behaviors and directed to
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the solution of combinatorial optimization tasks. More specifically, with this research work we
aimed at reaching a solid understanding of the general properties of the metaheuristic and de-
signing effective implementations of it for the specific application domain which is identified as
the most appropriate and promising for its characteristics. Therefore, at the top-level there are
two sets of goals:

1. Definition and analysis of the ACO metaheuristics and the review of implementations and related
issues and approaches.

2. Application of the ACO ideas to different problems of adaptive routing in networks, and the vali-
dation of the soundness of the approach by means of extensive experimental studies and in-depth
analysis.

The two set of goals are causally related. In fact, the first part of the thesis, from Chapters 2 to
5, defines ACO and reports an analysis of it, of its current applications, and of its relationships
with other frameworks. On the other hand, the second part of the thesis is completely devoted to
the study and implementation of ACO algorithms for problems of adaptive routing in telecom-
munication networks. In fact, according to the analysis of the first part, it will result that ACO’s
characteristics are indeed a good match for adaptive routing and, more in general, for control
tasks in telecommunication networks, such that only this class of problems is considered in the
second part of the thesis. The rationale behind this choice (discussed in the detail at the end of
Chapter 5) lies in the fact that in these problems the multi-agent, distributed, and adaptive na-
ture of the ACO architecture can be fully exploited, resulting also in truly innovative algorithms
once compared to the most popular routing algorithms. On the other hand, this might not be
always the case for classical combinatorial problems, since they can be usually solved offline
and in centralized way. Moreover, the application to network problems can allow to study and
evaluate fully “genuine” ACO implementations, in the sense that excellent performance can be
obtained without the need for extra, non-ACO, modules. On the contrary, in the case of the
application of ACO to classical statically defined and non-distributed combinatorial problems
the experimental evidence suggests that, to reach state-of-the-art performance, ACO needs to
incorporate some problem-specific procedure of local search (see Appendix B)

Therefore, the application of ACO’s ideas to telecommunication networks are seen as more
meaningful and attractive (in terms of both performance and possible future perspectives), than
applications to classical non-dynamic and non-distributed combinatorial optimization prob-
lems. Accordingly, the applied part of the thesis focuses only on the application of the ACO’s
ideas to the domain of telecommunication networks. In particular, the application of ACO to
routing problems will result in: (i) design, implementation, and extensive testing and analysis,
of two algorithms (AntNet [119, 125, 121, 122, 118, 115], AntNet-FA [124]) for adaptive best-
effort routing in wired IP networks, (ii) definition, implementation and testing of one algorithm
(AntHocNet [126, 154, 127]) for best-effort routing in mobile ad hoc networks,* (iii) description
and discussion of an algorithm (AntNet+SELA [130, 123]) for quality-of-service routing (QoS)
in ATM networks, (iv) definition of a multi-agent framework (Ant Colony Routing (ACR)) [113]
that explicitly integrates learning components into the ACO’s design in order to define a general
architecture for the design of fully autonomic network control systems [250].

According to the broadness of the scope of the thesis, its contents are expected to serve also
as a main reference and inspiration for researchers from different domains exploring the area

4 The work on AntHocNet is co-authored with Frederick Ducatelle and Luca Maria Gambardella. Both the definition
and the results reported in this thesis have to be seen as preliminary. The study and improvement of AntHocNet, and,
more in general, the application of ant-based strategies to routing in mobile ad hoc networks, are among the main
topics of the ongoing doctoral work of Frederick Ducatelle. A better characterization of the algorithm, as well as more
conclusive and comprehensive experiments about AntHocNet are expected to result from this work.
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of ant-inspired optimization in general, and its application to dynamic problems in networks in
particular.

1.1.2 Theoretical and practical relevance of the thesis’ goals

In the previous section we have stated the thesis’ general goals. Here we discuss the scientific
and practical importance of achieving these goals.

Unified framework for a number of ant-inspired algorithms

While describing the genesis of the ACO framework, we pointed out that in the years that
have followed Ant System a number of new algorithms have been developed from different
researchers to attack classical combinatorial problems. These algorithms were either directly
designed after Ant System or, more in general, inspired by the shortest path behavior of ant
colonies. Their performance was usually rather good if not excellent. With the definition of the
framework of the ACO metaheuristic we provide a unified view of all these algorithms, abstract-
ing their core properties and realizing a synthesis of their design choices. The benefit of this way
of proceeding is evident. The availability of a common formal framework of reference serves to
promote theoretical studies of general properties and facilitates the design of new implementa-
tions for possibly new classes of problems. Moreover, it allows fair comparisons between the
different instances and makes easier to disclose the relationships with other frameworks, favor-
ing in this way possible cross-fertilization of ideas and results.

Study of metaheuristics

The definition and study of the ACO metaheuristic is interesting also from a more general point
of view. In fact, metaheuristics in general are attracting an increasing attention from the scien-
tific community. This is witnessed by the ever increasing number of publications concerning
metaheuristics (e.g., [201]), as well as the number of scientific events, consortia (e.g., [311]) and
companies related to the study and application of metaheuristics. Metaheuristics are attrac-
tive because they can allow to design effective algorithm implementations in relatively short
time following the main (usually few) guidelines indicated in the metaheuristic’s definition.
Clearly, to get state-of-the-art performance normally requires the integration of problem-specific
knowledge into the algorithm. This usually means to “hack” the basic ideas of the metaheuris-
tic and/or to include ad-hoc heuristics, likely in the form of specialized local search proce-
dures [344, 2]. The study of effective metaheuristics is extremely relevant for the practical solu-
tion of a number of problems of both theoretical and practical interest, as the class of NP-hard
problems [344, 192], which are in some general sense infeasible for exact methods and neces-
sarily call for the use of heuristic methods. Therefore, in this scenario, it is clearly worth to
contribute with the definition of a new and effective metaheuristic and to provide at the same
time an in-depth analysis of its properties.

Effectiveness of using memory and learning in combinatorial optimization

ACO is a metaheuristic based on a recipe mixing in a quite well balanced way stochastic com-
ponents, memory and learning, use of multiple solutions/individuals, etc. The use and the ef-
fectiveness of these design choices in the context of combinatorial optimization is an interesting
and active field of research by itself, not restricted to the specific ACO domain. Therefore, under
this point of view, it is of interest to study ACO’s properties and general efficacy, since ACO is a
concrete example of how all these components can be in practice put to work to solve combina-
torial problems. In fact, it is important to get a more precise understanding of what and whether
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it is possible to learn something useful about the characteristics of an instance of a combinatorial
problem through repeated solution generation. And how this experience can be framed into
memory and used in turn to direct the search toward those regions of the search space that can
contain the good or optimal solutions. This is the central philosophical issue faced by ACO, as
well as by several other metaheuristics and machine learning methods [55, 266, 28, 447, 54] for
combinatorial optimization (see also Section 5.3).

Collective intelligence in Nature and in engineering

ACO finds its roots in a Nature’s inspired behavior, such that ACO represents also an indirect
tool to study of the properties, properly abstracted, of the biological background of inspiration.
More specifically, to study the “computational” properties and potentialities of an approach,
quite common in Nature, featuring: multiple individuals, localized interactions, individuals
equipped with a limited repertoire of behaviors, stochastic components, distributed control, ro-
bustness, adaptivity, environment-mediated communication and coordination, etc. The study of
systems with such properties is currently gaining increasing popularity because of their intrin-
sic appeal, and is also part of a rather active research area indicated under the names of “swarm
intelligence” [48, 249], or “collective/computational intelligence”. The appeal of the approach
comes from the fact that in these systems the design complexity is shifted from the single agent
to the interaction protocols that regulate the activities of a number of relatively simple agents
(see Section 2.4). That is, the ultimate hope is that with little design effort, and using a dis-
tributed population of rather cheap (whatever this might mean in relationship to the context at
hand), autonomous, and stigmergic agents, it is possible to obtain robust, adaptive and efficient
synergistic behaviors. ACO algorithms are actually one of the most successful realizations of this
design methodology. Therefore, it is clearly interesting to get a better understanding of ACO’s
properties also in the perspective of getting a better understanding of the general properties and
potentialities of systems designed according to this Nature-inspired methodology.

Design of adaptive and optimized network control systems

So far we have discussed the motivations that make the general ACO metaheuristic an important
and an interesting subject to study. On the other hand we pointed out that ACO’s characteristics
seem to be particularly appropriate to design novel and effective network routing systems. Rout-
ing and, more in general, control (where with this term hereafter we indicate actions directed at
routing, monitoring, and/or resources management tasks), is at the very core of network func-
tioning. For some important network classes, like the mobile ad hoc ones (e.g., [399, 371, 61]),
routing is definitely the most fundamental control issue. Therefore, is apparent the importance
of implementing effective routing systems, also considering the critical role played by telecom-
munication networks in our daily lives.

Nowadays routing protocols are quite complex and effective, however, some important short-
comings in the most popular routing algorithms can be spot. For instance, on the current In-
ternet, routing protocols (e.g., OSPF [327] and RIP [288]) are mostly adaptive with respect to
topological changes but not with respect to traffic variations. Moreover, they usually forward
data for a same destination over a single-path, they do not really make use of stochastic aspects,
and are passive, in the sense that they only observe data but do not execute any proactive action
for specific information gathering (e.g., [398, 26]). This results in algorithms that are robust and
have rather predictive behaviors, but that are neither really adaptive nor really concerned about
performance optimization under conditions of significant non-stationarity. In a sense, a globally
robust behavior is perceived as the primary goal by network companies, also in order to have
the situation quite under control. If better performance is required, new physical resources can
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be always added (likely making the users paying for them). However, this means that there
is still a lot of space for improvements in terms of adaptivity and performance optimization.
The telecommunication community has widely recognized the need of designing new protocols
that can provide better adaptivity and better performance, also in the perspective of provide
services with guaranteed quality. The research in this field is extremely active, and goes under
the more general name of traffic engineering [9]. The characteristics of the ACO-inspired algo-
rithms for routing precisely address the issues of adaptivity and performance optimization. The
algorithms that we describe in Chapter 7 are in fact fully adaptive, make use of multiple paths
for data routing, maintain a bundle of paths to be also used as backup paths in case of failure
or sudden congestion, are based on distributed mobile autonomous agents that are generated
either proactively or on-demand, and so on. These characteristics bring robustness, flexibil-
ity, fault-tolerance, and efficiency. We have also put the basis for the application of ACO and
learning ideas in future, possibly active [420] networks. In fact, the mentioned ACR introduces
the building blocks for the construction of the fully autonomic and adaptive systems that will
hopefully control future networks.

1.1.3 General scientific contributions

This section lists the general scientific contributions that can be singled out from the thesis” con-
tents. Some of these contributions have been already discussed, but the discussion is duplicated
here in order to make this section self-contained. The chapters where each contribution appears
are indicated at the end of the list items:

Definition of the ACO metaheuristic. This is the result of a synthesis, abstraction, and general-
ization effort effectuated on the characteristics of (most of) the algorithms inspired by the
ant colony shortest path behavior and by Dorigo et al.’s (1991) Ant System [149, 135, 151],
which was the first optimization algorithm based on the reverse-engineering of the ba-
sic mechanisms at work in this behavior. The first definition of the ACO metaheuristic
was given in 1999 by Dorigo, Di Caro, and Gambardella [142]. In this thesis the essence
of the original definition is maintained, but a slightly different perspective and a more
formal language have been adopted in order to take into account new ideas and results
appeared/obtained since 1999.

The scientific impact of the definition of the ACO metaheuristic is well witnessed by the
relatively large number of scientific activities and scientific and popularized publications
related to ACO that have appeared after the original 1999’s definition (see also the dis-
cussion on ACQO'’s genesis at the beginning of this chapter). More specifically, the system-
atization and formalization of the design ideas inspired by the ant colony shortest path
behavior provided with the ACO definition favored not only the application of these ideas
to a number of new classes of NP-hard problems (e.g., scheduling, set, constraint satisfac-
tion, etc.), but also the theoretical study of more general characteristics, resulting in proofs
of asymptotic convergence to optimality [214, 403, 215, 216] and in the identification of im-
portant relationships with other more established frameworks (e.g., control and statistical
learning) [33, 34, 313, 373, 153, 76, 44]. [Chapter 4 ]

View of ACO in terms of sequential decision processes + Monte Carlo learning. In this work
ACO is characterized in the terms of a policy search approach [27, 350]. Solutions are
repeatedly generated as the result of sequential decision processes (implemented by “ant-
like” agents) based on the use of a stochastic decision policy whose real-valued parameters
are the so-called “pheromone variables”. The outcomes of the solutions are used in turn to
update the pheromone variables in order to direct the search toward the most promising
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parts of the solution set. That is, in order to learn subsets of decisions that are likely to
generate good solutions.

This original characterization of ACO made relatively easy to point out the relationships
between ACO and other more established domains of research, like dynamic program-
ming [20, 23], Markov and non-Markov decision processes [353, 219], and Monte Carlo
learning [367, 414]. Moreover, it allowed to draw some general conclusions on the po-
tentialities and limits of ACO, and to identify some general ways of possibly improving
ACO'’s performance. In particular, it permitted to get a precise understanding of the char-
acteristics of the problem representation adopted in ACO and of the amount of associated
information loss with respect to the state representation adopted in dynamic programming
algorithms, which are taken as exact reference.

The ACO'’s characterization adopted in this thesis is not the only possible one. For in-
stance, the original 1999’s ACO definition was rather informal and made large use of the
ant metaphor, while more recently Blum [44] and Zlochin et al. [455] have stressed the link
with distribution estimation algorithms [266, 329].

[Chapters 3,4 ]

Generalization of ACO and analysis of design choices. The thesis contains several improve-
ments and generalizations of the original ACO’s definition.

Most of these improvements and generalizations have been suggested quite natural result
of the ACO'’s characterization briefly discussed in the previous item.

In particular, the thesis provides: (i) a definition of ACO which is fully compliant with
that originally given by Dorigo and Di Caro (1999) in [140, 142] but that at the same time
corrects some minor flaws and imprecisions, in particular for what concerns the definition
and use of the problem representation adopted by the ant agents to take decisions while
constructing solutions, (ii) a revised definition of the pheromone variables and of their
use which generalizes and extends the original one and at the same time points out some
general ways for possibly improving ACO’s performance.

Moreover, the thesis provides an analysis of the role and relative impact on performance
of the different components of the metaheuristic. The most critical design choices (e.g., the
pheromone updating strategy) are pointed out and few general design guidelines to boost
performance in practical applications are suggested. [Chapters 3,4 ]

Unified view of the fields of sequential decision processes and optimization. Construction ap-
proaches for combinatorial optimization, generic sequential decision processes, and state-
value-based and policy-search strategies are seen under a common perspective, and their
relationships are made explicit. This can be considered as a minor (no new results are
actually presented) contribution of the thesis if one takes into account the fact that usu-
ally these are objects of research in different domains, while it is always useful to adopt a
common view to favor cross-fertilization of ideas and results. [Chapter 3 ]

Review of ACO applications and of related work. The contribution of the thesis in this respect
consists in a quite comprehensive review of ACO applications. A large fraction of all the
major ACO implementations are briefly described and their main characteristics and inno-
vative aspects are discussed.

Concerning related work, the thesis contains a review of the most significant related ap-
proaches to combinatorial optimization. On the other hand, the analysis of the related
work in telecommunication networks has considered in detail the most important state-of-
the-art approaches for routing in wired IP networks.

[Chapters 5,6,7 ]
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Study, design, and implementation of ACO algorithms for network routing. The core ideas of
ACO have been adapted and applied to network problems, resulting in four algorithms
(AntNet, AntNet-FA, AntHocNet, AntNet+SELA) for adaptive routing in telecommunication
networks. The first two algorithms are designed for best-effort routing in wired data-
gram networks, AntNet+SELA is intended for quality-of-service (QoS) routing in ATM
networks, and AntHocNet delivers best-effort routing in mobile ad hoc networks. AntNet,
AntNet-FA, and AntHocNet have been fully implemented, and extensively tested and
compared to state-of-the-art routing algorithms by simulation studies that have addressed
a number of network and traffic scenarios.

Ant Colony Routing (ACR), a general and in some sense futuristic framework for the de-
sign of fully adaptive and autonomic routing/control systems, has been also informally
defined. ACR is a meta-architecture and a collection of ideas/strategies that integrates
explicit learning and adaptive components into the basic design of ACO algorithms.

In general terms, the problems related to the practical application of ACO ideas to network
environments have been well understood and original solutions have been proposed in the
different algorithms for the problems of path evaluation, agents generation, probabilistic
routing tables updating and usage, etc.

The excellent performance of the developed algorithms, as well as their innovative design
with respect to traditional control algorithms have had a significant scientific impact. In
fact, a conspicuous number of conference and journal papers, as well as Master and Ph.D.
works, addressing studies, improvements, and extensions of AntNet and AntNet-FA have
been published by researchers from all over the world during the last six years. AntNet
has been often taken as the reference template for what is now commonly defined as the
ant-based approach to network routing. [Chapters 5,7,8 ]

Characterization of the ant-way to problem solution. All the mechanisms at work in the ant
colony shortest path behavior are highlighted and their role is studied. From this analysis,
a list of core properties and ideas is identified and used to informally define the ant-way to
problem solution. That is, a set of design ingredients and strategies for problem-solution
that reverse-engineers the core elements at work in ant colonies. The ant-way is also re-
ferred to with the term stigmergic modeling, since the notion of stigmergy is at the core of
the ant behaviors. The thesis provides an extended definition of stigmergy, and use it to
characterize stigmergic modeling as a general framework to model self-organized behav-
iors in both the ants and other societal organizations. Adopting the stigmergic point of
view, the few nonlinear dynamics that are at the very basis of most of these self-organized
behaviors are modeled in terms of environment-mediated communication protocols and
(pheromone) variables priming the responses of a number of “cheap” and concurrent
agents. Indeed, this view is not a fully original one. Nevertheless, the contribution of
the thesis consists in providing a unified of some of the most recent research on the sub-
ject, and in the identification of the essential properties of ant behaviors that can be used
to quickly design adaptive, robust, and effective multi-agent systems. [Chapter 2 ]

1.2 Organization and published sources of the thesis

The thesis’ organization is summarized in the following list where the content of each chapter
is briefly discussed as well as the logical flow that connects the chapters. A schematic view of
the thesis” chapters and parts (except for this introductory chapter and for the conclusive one),
is reported in Figure 1.1.
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Nature's inspiration: Part |: From ants coloniesto the Ant Colony Optimization metaheuristic (ACO)
Ant Colonies, Pheromone,
Stigmergic learning, Paths,
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| Sochastic decisions... 2 !
1 - — - - |
' Mathematical context: Ant Colony Optimization: ACO in practice: !
1 Combinatorial problems, Formal definition, Analysis, Extensive overview, !
, Sequential decisions, States, Extended definition, Analysis of used models, i
| Policy learning ... 3 Design guidelines ... 4 Related work ... 5 i
I I
| |
i |
Routing in IP Networks: ACO routing agorithms: Experimental results:
Optimal vs. Shortest paths, Adaptive routing & control, Extensive simulation tests,
LinkState, DistanceVector, Mobile agents, MonteCarlo, StateOf TheArt competitors,
Adaptivity to traffic ... 6 Proactive & reactive... 7 Excellent performance... 8

Figure 1.1: Schematic view of the thesis’ organization in terms of its chapters and parts. The wired connections
represent the order of the chapters. The placement of the different blocks in the diagram is intended to point out the
logical separation between the two parts of the thesis, as well as the propelling role that Nature had for the early ACO
works and that, in turn, ACO had for the development of competitive routing algorithms and architectures based on
the ant metaphor. Text in italics inside the boxes refer to some of the main topics related to the chapter. More detailed
explanations can be found in the text in this same section.

The scientific material for the different chapters partly stems from the co-authored published
sources (which include also a few technical/internal reports) that are listed at the end of each
chapter description. Most of the content of the chapters is actually the outcome of a process of
revision and re-elaboration of our published works. In a sense, this thesis is also the result of all
the comments that we have received during the years as a feedback to our publications, and of
all the new ideas and points of view that we had while we were proceeding in our research on
ACO and on routing issues.

Chapter 2 - From ants to algorithms. The biological roots of ACO are fully acknowledged pre-
senting the early biological experiments that have pointed out the shortest path selection
ability of ant colonies. All the mechanisms at work, especially pheromone laying/sensing,
stigmergic communication and stochastic decisions, are highlighted and critically discussed.
More in general, the potentialities and the limitations of the ideas stemming from the ob-
servation of ant colonies are pointed out. The chapter assigns a precise meaning to a num-
ber of terms (e.g., pheromone, stigmergy) that in the following are used to describe also
ACO'’s behavior, better exploiting in this way the link with its biological background and
the possibility of describing the algorithm making use of effective pictorial descriptions
based on the biological metaphor. By means of a process of abstraction and generalization
of ant colony behaviors, the ant-way to problem solution is informally defined in terms of
a set of properties and strategies based on the simultaneous presence of stigmergic com-
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munication protocols and stigmergic variables that prime the response of a number of
relatively simple and concurrent agents.

This chapter is a revised and substantial extension of the content of the journal paper [142]
where ACO was first defined.
Published sources: [142]

Chapter 3 - Combinatorial optimization, construction methods, and decision processes. Before

providing in Chapter 4 the formal definition of the ACO metaheuristic, in Chapter 3 we
provide the formal tools and the basic scientific background that are going to be used at
the time ACO is defined and discussed. Here we define/introduce those mathematical
notions and terms that are useful if not necessary to reason about ACO. In turn, with these
notions in the hands, we point out few other general frameworks that we see as directly
related to ACO and from which we import some basic results, ideas, and models.

The content of the chapter can be also seen as a sort of high-level “related work”, although
discussions on related approaches are practically spread all over the thesis. A more focused
discussion in this sense is given in Chapter 5, and some general discussions can also be
found in Chapter 4.

The topics considered in this chapter result from the specific way ACO is seen in this the-
sis, that is, in the terms of a multi-agent metaheuristic featuring solution construction, use
of memory, repeated solution sampling, and learning of the parameters of the construc-
tion policy over a small subspace. The chapter goes through all these and related issues:
(i) first, the characteristics of the combinatorial optimization problems addressed by ACO
are defined, (ii) then the issue of problem representation is considered, (iii) according to the
fact that, mimicking real ants, each ant-like agent generates a solution according to an in-
cremental step-by-step approach, the class of construction heuristics is defined, (iv) solution
construction can be conveniently seen in the more general terms of a sequential decision
process, therefore, the framework of sequential decision processes is introduced, stressing
the notion of process state (corresponding to a partial solution) and its relationships with
the fields of control [47], dynamic programming [20, 23], and Markov decision processes [353],
(v) then, the chapter introduces the graphical tools (like state and construction graphs) that
can be used to reason on and represent the structure and the dynamics of construction
processes, (vi) the notion of phantasma is defined, to indicate a subset or a feature of the
complete information state of the decision process, and which correspond to pheromone
variables, (vii) finally, some of the different general approaches to combinatorial optimiza-
tion, in particular those using or not states and state-value functions (e.g., dynamic pro-
gramming) are discussed, stressing the relative differences in terms of used information
and expected finite-time performance.

The originality of this chapter consists in the fact that it brings together in a coherent way
several notions from different fields. Most of its content comes from critical literature re-
view. However, part of the ideas, as well as the link between ACO and control / dynamic
programming, come from the two references below (one technical report [33] and one con-
ference paper [34]) were ant programming was introduced as a framework which presents
most of the characterizing features of ACO but which is more amenable to theoretical anal-
ysis and bridges the terminological gap between ACO and the fields of control [23] and re-
inforcement learning [414]. The work on ant programming has given a major contribution
to the way ACO is seen in this thesis.

Published sources: [34, 33]

Chapter 4 - The Ant Colony Optimization Metaheuristic (ACO). In this chapter ACO is formally

defined and its characteristics are throughly discussed by exploiting the notions and the



1.2 ORGANIZATION AND PUBLISHED SOURCES OF THE THESIS 13

terminology introduced in the previous chapter. The ACO’s definition is given in two
steps. In the first step, ACO is defined in a way which is fully compliant with the original
definition given by Dorigo and Di Caro (1999) in [140] but adopting a slightly different,
more precise, terminology. In the second step, the definition is revised and extended in
order to be able to account for all those algorithms designed (after 1999) according to the
general ACO’s ideas but which formally could not completely fit into the original ACO
definition. This is the case of several implementations for scheduling, set and constraint
satisfaction problems. This process of revision of the definition is in a sense in fully accor-
dance with the nature of ACO as an a posteriori synthesis. The revision of the definition
goes in the direction of generalizing both the characteristics of the state information which
is retained for the purpose of learning and optimization, and the way this information
is combined and used at decision time. In the original definition only the last compo-
nent included in the solution and single pheromone variables were considered at decision
time. The new definition overcomes these limitations providing the possibility of using the
amount of information which is judged as the most appropriate given the characteristics
of the optimization task at hand.

The definition of ACO is given by making a clear distinction among the different de-
sign steps, consisting in the definition of: (i) the problem representation and the phero-
mone model, (ii) the construction strategy adopted by an ant, and (iii) the strategies for
pheromone updating and ant generation. All these steps are described in detail. Following
the definition, an extensive discussion on the general characteristics of ACO is reported,
and in particular on the role played by the pheromone model, the use of memory and
learning, the use of stochastic components, the different strategies for pheromone updat-
ing, and so on.

Definitions and analysis of the ACO metaheuristic have been published in one journal
paper [142], one book chapter [140], and one conference paper [139]. The revised and
extended definitions have not been published yet, but find their roots in the previously
mentioned work on ant programming,.

Published sources: [140, 142, 139, 34, 33]

Chapter 5 - Application of ACO to combinatorial optimization problems. In this chapter most
of the ACO implementations are reviewed on a per problem basis, with the purpose of
providing a complete picture of the different combinatorial problems that have been at-
tacked so far and of the design solutions that have been proposed, particularly in terms of
pheromone models and stochastic decision rules. ACO applications in the field of telecom-
munication networks are only listed but not reviewed, since this is done in Chapter 7. On
the other hand, applications in all the other domains of application, as well as parallel
models and implementations, are reviewed in detail.

In addition, the chapter reports a discussion on ACO related work, mainly focusing on those
approaches for combinatorial optimization that make use of stochastic components, pa-
rameter learning, population of solutions, and so on (e.g., evolutionary algorithms [202,
172], distribution estimation algorithms [329, 266], rollout algorithms [28], cultural algo-
rithms [366, 86]).

The chapter is concluded by a Summary that opens the way to the second part of the the-
sis, where the application of ACO to problems of adaptive routing in telecommunication
networks is considered. In the Summary the domain of dynamic network problems is
identified as the most appropriate for ACO characteristics. That is, as the application do-
main in which ACO characteristics can be fully exploited and ACO design guidelines can
naturally result in truly innovative and extremely effective control algorithms.
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The chapter is the result of extensive literature review of ACO implementations and of re-
lated frameworks. Part of the material comes from the previously mentioned publications
on ACO, that, however, cover only implementations and part of the related work up to
1999. Other important sources for this chapter have been the activities of co-editor of a
journal special issue [141] and of a conference proceedings book [143].

Published sources: [140, 142, 141, 143, 113]

Chapter 6 - Routing in telecommunication networks. This first chapter of the second part pro-
vides a general overview on routing in telecommunication networks. This chapter (which
is complemented by Appendix F that describes the different criteria to classify a network)
has been compiled for the sake of completeness for the reader not fully acquainted with
telecommunication issues, as well as to point out where the critical problems are and
which are the general directions to follow in order to optimize the performance of routing
strategies (i.e., to go in the direction of so-called traffic engineering [9], which is receiving a
tremendous attention in recent times by the Internet community).

The chapter defines the characteristics of the problem of routing in wired IP networks (e.g.,
the Internet), which is the class of routing problems most considered in this thesis (and also
the most pervasive one), and provides a description of both static and adaptive routing al-
gorithms that have been designed for this class of problems. The chapter also discusses
the metrics for performance evaluation and the reasons that make routing a particularly
hard problem to deal with. The characteristics of, and the relationships between, the most
popular routing paradigms, optimal [26] and shortest path routing [398, 441, 387], are dis-
cussed. For the shortest path case, the characteristics of popular link-state and distance-
vector architectures are thoroughly analyzed in order to get a precise understanding of the
pro and cons of these approaches which cover the majority of current routing implemen-
tations. The conclusion is that there is still much space for improvements when adaptivity
to traffic patterns is considered.

The full content of the chapter is the result of an extensive work of literature review and
analysis which was partly already included in the DEA thesis [113] and in the AntNet’s
journal paper [119].

Published sources: [119, 113]

Chapter 7 - ACO algorithms for adaptive routing. In this chapter four ACO algorithms for adap-
tive routing tasks in telecommunication networks are introduced and their general char-
acteristics are discussed and compared to those of the most used routing approaches. In
particular, the chapter introduces AntNet, AntNet-FA, AntNet+SELA, and AntHocNet. The
four algorithms cover a complete spectrum of networks and delivered services. In fact,
AntNet and AntNet-FA are designed for best-effort routing in wired datagram networks,
AntHocNet is for best-effort routing in mobile ad hoc networks, and AntNet+SELA is in-
tended for QoS routing in ATM networks. In addition to these four algorithms, the chap-
ter also introduces Ant Colony Routing (ACR), a general framework for adaptive control in
networks which extends and generalizes ACO ideas by making use of both learning and
ant-like agents.

AntNet stems directly from the ACO’s general ideas adapted to the specificities of network
environments, and is intended to provide multi-path traffic-adaptive routing in best-effort IP
wired networks. It features mobile autonomous agents that proactively sample paths connect-
ing node pairs, use of probabilistic routing tables directly derived from tables of pheromone
variables for both the ant-like agents and data packets, use of local statistical models to
adaptively score the quality of the sampled paths and to update pheromone tables, etc.
AntNet realizes in a robust way active information gathering in the form of repeated sam-
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pling of full paths, while most of the other routing algorithms, as well as algorithms for
other network tasks (e.g., performance monitoring), implement only passive information
gathering. More in general, several of the AntNet’s characteristics represents a departure
from more “classical” routing algorithms.

AntNet-FA consists in a little modification over AntNet (ants move only over high-priority
queues and their end-to-end delays are estimated according to statistical models depend-
ing on local link queues). Nevertheless, the AntNet-FA’s performance is always similar or
better than that of AntNet, and the relative performance improves as the network size gets
larger.

AntHocNet and AntNet+SELA are introduced for the double purpose of covering the full
spectrum of the most challenging routing problems and as practical examples of the ACR’s
ideas. Nevertheless, they are explained with less detail than AntNet and AntNet-FA, and
experimental results will be reported only for AntHocNet.?

AntNet+SELA is a model for delivering both best-effort and QoS (e.g., [440, 80, 208]) traffic
in ATM (connection-oriented) networks. It is a hybrid algorithm that combines AntNet-
FA with a stochastic estimator learning automaton [430] at the nodes. In addition to same
best-effort functionalities that have in AntNet-FA, the ant-like agents serve for the purpose
of gathering information which is exploited by the automata to define and allocate on-
demand feasible paths for the QoS traffic sessions.

AntHocNet is a traffic- and topology-adaptive algorithm for best-effort multipath routing
in mobile ad hoc networks (e.g., [399, 61]). In addition to the components common also to
the other algorithms and that directly derive from ACO, AntHocNet features: on-demand
generation of ant agents to find paths toward those destinations that are required by a
traffic session and for which no routing information is maintained at the node, continual
cleanup of obsolete routing information, proactive ant generation on a pure per-session
basis for path maintenance and improvement, local repair of link failures, and so on.

ACR is a general framework of reference and a collection of ideas/strategies for the design
of autonomic routing systems [250]. It defines the generalities of a multi-agent society based
on the integration of the ACO’s philosophy and ideas from the domain of reinforcement
learning [414, 27]. The aim is to provide a meta-architecture of reference for the design
and implementation of fully adaptive and distributed routing/control systems that can
be applied to a wide range of network scenarios. The formalization of ACR is still at a
preliminary stage, however, all the necessary building blocks of fully autonomic systems
are already introduced.

The chapter includes also a review of current AntNet-inspired and, more generally, ant-
based implementations for routing tasks.

The content of this chapter is derived from one journal publication [119] (actually, two,
since another journal [125] asked the permission to re-publish the paper), six publica-
tions in conference proceedings [126, 121, 124, 122, 118, 115], and other sources (DEA
thesis [113], conferences with only abstract proceedings [123, 130], internal and techni-
cal reports [115, 129, 127], on going work [154, 128]).

Published sources: [119, 125,124,121, 122,118, 115, 116, 113, 123, 130, 129, 126, 154, 128, 127]

5 The reasons are of practical order. First, to be able to appreciate the details of the algorithms, an extensive review
of technical issues related to QoS, ATM, and mobile ad hoc networks would have been necessary. Such a review would
have made this thesis unnecessarily too long. Second, the implementation of AntNet+SELA has not been fully tested
and debugged, such that it is not possible to report experimental results about it. On the other hand, AntHocNet is still
under intensive development and improvement (see also Footnote 4).



16 1. INTRODUCTION

Chapter 8 - Experimental results for ACO algorithms for routing. In this chapter, experimental
results obtained by simulation are reported for AntNet, AntNet-FA, and AntHocNet.

According to extensive simulation studies of a wide range of situations in terms of different
networks (ranging from 8 to 150 nodes) and traffic patterns, both AntNet and AntNet-
FA clearly outperform a set of five state-of-the-art routing algorithms. On the other side,
AntHocNet is compared to AODV [349, 103], a popular state-of-the-art algorithm, over a
range of scenarios up to 2000 nodes and with different number of nodes, node density, and
mobility. AntHocNet’s performance is always better or comparable than that of AODYV,
with AntHocNet performing relatively better in the most challenging scenarios.

The results and the rationale behind them are throughly discussed, validating the view that
the design characteristics of ACO are particularly suited for the characteristics of network
problems and can be considered as a valid alternative to more established approaches.

Material from this chapter comes from the same sources cited for the previous chapter.
Published sources: The same of Chapter 7

Chapter 9 - Summary and Future work. The results presented across the thesis are summarized
and all the major scientific contributions are pointed out. Some general conclusions are
drawn and ideas for future possible works are also listed.

Appendices. Several appendices are included at the end of the thesis. They have been included
for sake of completeness and clarity. Some of the appendices have the purpose of only
briefly discussing general and consolidated issues. This is the case of: (i) Appendix A,
which provides definitions for most of the combinatorial problems mentioned in the text,
so these problems do not need to be defined in the text, (ii) Appendix C, which discusses
the generalities of observable and partially observable Markov decision processes, (iii) Ap-
pendix E, that gives a very short and informal definition and discussion of reinforcement
learning, and (iv) Appendix D that informally discusses Monte Carlo methods, and points
out what we precisely mean here with this term (we use it here with the same meaning
it has in the field of reinforcement learning). Appendix B could have found its place in
the main text, since it introduces original definitions for the class of modification methods
(seen as complementary to construction methods) and discusses their general properties.
However, we have chosen to move these discussions in the appendices since they are seen
as a sort of “extras”. Appendix F has already been mentioned: it provides an overview on
the different types of networks and complements the content of Chapter 6.

Examples and Summaries. A final note on the use of examples and summaries. Across the
thesis we have made an extensive use of examples to explain concepts, consider specific
cases, suggest new ideas, and, in general, to discuss issues that a practical example can
make immediately clear while otherwise a more general and rigorous explanation would
have required a lengthy discussion. In many cases examples can be skipped without losing
continuity, but likely losing some interesting bit of information or ideas.

Each chapter is ended by a Summary section whose role is twofold. From one side, it
provides a brief summary of the contents of the chapter in order to provide a unified view
of the most important topics that have been just discussed. On the other side, the Summary
represents the place where important conclusions are drawn from the contents discussed
in the chapter and the topics that are going to be discusses in the chapter that follows are
introduced.
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1.3 ACO in a nutshell: a preliminary and informal definition

This last section provides a preliminary, informal and definitely incomplete definition of the Ant
Colony Optimization metaheuristic. A formal and complete definition is given in Chapter 4.
The purpose of the discussion that follows is to provide some very general but at the same time
self-contained and informative ideas about ACO. With this picture of ACO in the hands it will be
possible in Chapter 2 (devoted to the description of the biological context of inspiration of ACO)
to discuss in a clear way the strict relationships between the mechanisms at work in ant colonies
and those used in ACO. It will also allow to fully appreciate the relevance of the Chapter 3’s
discussions about construction heuristics and stochastic sequential decision processes, value-
based and policy-search methods, Monte Carlo techniques, and so on.

In order to fully acknowledge the connection with the ant world, which has served as in-
spiration framework, ACO is hereafter usually described with the help of an ant metaphor and
ant-related terms and ideas. This way of proceeding is widely in use in the ACO research com-
munity. The use of the metaphor provides both a language and a pictorial description of the
facts that can help the understanding while making the reading more enjoyable.

The ACO metaheuristic is based on a multi-agent architecture. The agents of the system,
which are called ants, have a double nature. On the one hand, they are an abstraction of those
behavioral traits of real ants which are at the heart of the shortest path finding behavior observed
in real ant colonies. On the other hand, they have been enriched with capabilities which do not
find a natural counterpart, but which are in general necessary to obtain good performance when
the system is applied to difficult optimization tasks.®

In ACO a colony of autonomous and concurrent agents cooperate in stigmergic way to find
good, possibly optimal, solutions to the combinatorial problem under consideration. The choice
is to allocate the computational resources to a set of agents that, mimicking the actions of ants, it-
eratively and concurrently construct multiple solutions in a relatively simple and computationally
light way.

Starting from an empty solution, each ant during its forward journey constructs a possibly
feasible solution by applying at each construction step a stochastic decision policy to decide the
next action, that is, the new solution component to include into the current partial solution. The
decision policy depends on two sets of values, in some sense local to each decision step, that
are called respectively pheromone variables and heuristic variables. Both these two sets of vari-
ables encode the desirability of issuing a specific decision to extend the current partial solution
conditionally to the characteristics of the current decision step and of the current partial solu-
tion. Pheromone variables, as in the case of the ants, encode the value of desirability of a local
choice (i.e., a solution component given the current partial solution and decision point) as col-
lectively learned from the outcomes of the repeated solution generation processes realized by
the ants. On the other hand, heuristic variables assign a value of desirability on the basis of ei-
ther some a priori knowledge about the problem or as the outcome of a process independent of
the ants (e.g., the computation of a lower bound estimate). Pheromone (and heuristic) variables
bias the step-by-step probabilistic decisions of the ants, that at each decision step favor those
decisions associated to pheromone variables with higher values. In turn, pheromone variables
are repeatedly updated during algorithm execution to reflect the incremental knowledge about

6 Hereafter, ACO’s agents are indicated either as ants, or as ant-like agents, and ACO is called a multi-agent framework
since it makes use of a colony of ant-like agents. Actually, the term “agent” is used here in a rather generic way. ACO’s
architecture will be described as composed by a set of independent processes, each constructing a single, possibly differ-
ent, solution, and communicating in stigmergic way through pheromone variables. Each of these processes in principle
can be regarded as an agent, the ants. “In principle” means that even if ACO is described here in the logical terms of
a multi-agent architecture, in practice, uniprocessor implementations can have a rather monolithic structure, which can
be more efficient from a computational point of view. Analogous considerations also apply concerning the concurrency
of the agents. On the other hand, in distributed problems the multi-agent architecture can be fully operational.
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the characteristics of the solution set that has been acquired through the iterative generation of
multiple solutions.

In particular, after building a solution, the ant metaphorically reports the solution to a phero-
mone manager, which authorizes or not the ant to update the pheromone variables associated
to the built solution. In the positive case, the ant starts its backward journey, retracing its solu-
tion and updating pheromone values, usually of an amount proportional to the quality of the
solution. In this way, decisions associated to solutions which are either of good quality or are
chosen more often, will likely have associated higher levels of pheromone, that is, higher local
desirability. In most of the cases when centralized implementations are possible, the retracing
is purely metaphoric, but in the case of fully distributed problems, like routing in communica-
tion networks, the ant agent physically retraces backward the network nodes visited during its
forward journey. Another peculiar characteristics of network problems consists in the fact that
a proper evaluation of the quality of a solution (e.g., a path joining a (source,destination) pair of
network nodes) is often rather hard to obtain because of the distributed and dynamic nature of
the problem. For instance, because of the continually changing traffic patterns, the same locally
observed value of end-to-end delay can be a good one or a bad one depending on the overall sta-
tus of network congestion. Unfortunately, a correct and up-to-date view of this status cannot be
locally accessed in real-time. On the other hand, in the case of non-dynamic and non-distributed
problems, it is usually rather easy to provide a proper solution evaluation.

The complexity of each ant-like agent is such that it can quickly build a feasible solution, but
high quality solutions are expected to be the overall result of the accumulation and exchange of
information among the agents during the whole execution time of the algorithm. In the same
spirit of ants in Nature, the set of capabilities in the repertoire of the single agent is purposely
minimal: the agent’s complexity is such that according to the allocated time and resources a
relatively large number of solutions can be generated. Moreover, the agent is in general not sup-
posed to be adaptive or to learn during its lifetime (in fact, after generating a solution an ant is
usually removed from the colony). On the contrary, learning is expected to happen at a collec-
tive level through repeated solution sampling and collective/stigmergic exchange of information
about the sampled solutions.

Algorithm 1.1 shows in C-like pseudo-code the very general structure of the ACO meta-
heuristic. The algorithm is organized in three main logical blocks. Ant-like agents generate
solutions through incremental construction processes governed by a stochastic decision pol-
icy. In turn, the decision policy depends on the value of pheromone variables which are in
a sense that is explained in the following chapters local to each step of the construction pro-
cess (ant s_construct _sol uti ons_usi ng_pher omone() block). The generated solutions are
used, in turn, to update the pheromone variables themselves, in the attempt to bias the whole
generation process towards those regions of the solution space where the best solutions are
expected to be found. The processes in the pher onmbne_updati ng() block manage all the
activities concerning updating of pheromone variables, like: authorize/deny ants to update
pheromone, decrease the pheromone levels by mimicking natural evaporation processes in order
to favor exploration, update pheromone according to communications coming from the daemon
block (see below). This logical block of strictly pheromone-related activities is also indicated
in the following as pheromone manager. The ACO metaheuristic proceeds iteratively, by a con-
tinual generation of solutions and the updating of the parameters of the decision policy used
to construct the solutions themselves. The generation of solutions, as well as the updating of
the pheromones, can be realized according to either distributed or centralized, concurrent or
sequential schemes, depending on the characteristics of the problem and of the design of the
specific implementation. The construct schedul e_act i vi t i es summarizes all these possibil-
ities. The block termed daenpn_acti ons() refers to all those optional activities which share
no relationship with the biological context of inspiration of the metaheuristic and which, at the
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procedure ACOnNet aheuristic()
while (- stopping_criterion)
schedule_activities
ant s_construct _sol uti ons_usi ng_pher onmone();
pher omone_updat i ng();

daenon_actions();  /* orTiONAL %/
end schedule_activities
end while

return best_solution_generated;

Algorithm 1.1: High-level description of the behavior of the ACO metaheuristic.

same time, often require some sort of centralized /global knowledge. In practice, extra activities
which are problem-specific and which are not carried out by or strictly related to the actions of
the ant agents.”

REMARK 1.1 (METHODOLOGICAL AND PHILOSOPHICAL ASSUMPTIONS IN ACO’S DESIGN): ACQO’s
design is based on two main assumptions. One of methodological nature refers to the fact that single
solutions have to be constructed in incremental way through a decisional stochastic process, the ant-like
agent. The other assumption, in some sense more philosophical in its nature, refers to the use of memory
and learning to solve combinatorial optimization problems, therefore relying on the generation of a num-
ber of solutions in order to be able to learn about some characteristics of the search set. The connection
between these two aspects is tight. Given that solutions are constructed through sequences of decisions,
the central question is how the progressive observation of the outcomes of these sequences of decisions can
contribute to learn a decision policy such that, eventually, the optimal (or a very good) solution can be
generated.

One of the central and most successful ideas of ACO consists in the precise and original
definition of where exactly the collective memory (that is, the pheromone variables in the ACO’s
jargon) should be framed (in the sense of what should be retained of the generated solutions),
and how memory, that is, past accumulated experience, can be used to optimize the sequences of
decisions of the ant-like agents.

In general, memory can be used in a variety of different ways. For example, in the original
definition of tabu search [199, 200], memory is used to define prohibitions: the generated solu-
tions are kept in memory to avoid to retrace the already visited paths in the solution space. On
the other hand, briefly anticipating what it is thoroughly discussed in the following chapters,
ACO retains memory of all the single choices making up a solution, and estimates the goodness
of each issued choice according to the quality of the generated solutions to which the choice
belonged to. This amounts to the fact that ACO makes use of memory in terms of statistical
learning on a small space of features of the decision points. That is, ACO tries to learn effective
mappings of the type feature — decision in order to issue sequences of decisions that can bring
to good solutions (the here so-called decision points are actually the states of the ant construction
processes). More specifically, the state feature which is considered in the original ACO defini-
tion is the last component that has been included in the solution being constructed, while the
decision is one of the still feasible components.

7 The term daemon is reminiscent of the use of this term in other scientific contexts to indicate a sort of superior
entity able to access information and do things which would not be permitted by the current “rules”. The first and most
famous of such daemons is Maxwell’s “finite being” able to observe the motion and the velocity of all the molecules
in a gas, first cited in a letter that Maxwell sent to Tait [254], and lately called “daemon” by Thomson [422] (although
Maxwell always disagreed with this term [303] ...).
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Figure 1.2 summarizes in a graphical way the top-level logical blocks composing the ACO
metaheuristic and their relationships. The central role of memory, that s, of the use of pheromone
variables, is stressed by positioning the pheromone manager in the middle of the diagram and
by differentiating the ant from the daemon processes precisely according to the use or not of

pheromone.
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Figure 1.2: The logical blocks composing the ACO metaheuristic and their mutual interactions. The daemon’s
circular diagram is dotted to express the optional characteristic of such a component. The diagram labeled “problem
representation” summarizes the transformation that ACO operates on the original formulation of the combinatorial
problem in order to generate solutions by incremental construction and to make use of some form of memory of the
generated solutions in the pheromones variables. The presence of an arrow indicates the existence of an interaction
between the blocks, while the arrow’s direction represents the direction of the main information flows.
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CHAPTER 2

Ant colonies, the biological roots of
Ant Colony Optimization

The aim of this chapter is to acknowledge the fundamental role provided by Nature’s inspira-
tion in the design of ACO. The following pages describe and informally discuss the biological
experiments that showed how and under which conditions ant colonies can select shortest paths.
These experiments provided, at the beginning of the 1990s [135, 150, 91], the first impetus to the
design of Ant Colony Optimization algorithms.

The chapter singles out all the principal ingredients participating to the shortest path be-
havior (e.g., path construction, pheromone and pheromone-biased stochastic decisions), and discusses
the properties of the system resulting from their combination and interaction. In particular, the
limits of the approach are pointed out, as well as its characteristics of robustness, adaptivity, and
self-organization. In the perspective using ant colonies as a source of inspiration for the design of
distributed multi-agent systems possessing these same appealing properties, we will point out few
nonlinear dynamics that are at the very core of the ant colony behaviors and that are the direct
responsible for these properties (not only in ant colonies, but likely in all societal organizations).
These dynamics are explained using the notion of stigmergy, that expresses the general idea of
using indirect communication mediated by physical modifications of the environment (in the
form of so-called stigmergic variables) to activate and coordinate self-organized behaviors in a
colony of insects, or, more in general, in a set of autonomous agents. From the notion of stig-
mergy we define the notion of stigmergic design, that is, system design focusing on the protocols
of interaction among a number of “cheap” (relatively simple) agents, rather than on the design
of “expensive” /complex modules with little or no interaction at all.

The ultimate goal of the cross-disciplinary discussions reported in the chapter consists in
showing the rationale, the advantages, and the potential problems behind the choice of taking
ant colony behaviors (or, more in general, insect society behaviors) as a reference to guide the
design of multi-agent systems, as it has happened in the case of the ACO metaheuristic.

Organization of the chapter

Section 2.1 describes and discusses the experimental results showing how ant colonies can se-
lect the shortest among few possible alternative paths connecting their nest to food reservoirs.
The following Section 2.2 points out all the elements concurring to the shortest path behavior, as
well as potential problems and intrinsic limitations. Section 2.3 discusses the general properties
of adaptivity and self-organization in ant colonies, and, more in general, in insect societies. The
conclusive Section 2.4 defines stigmergy as an effective way to capture and represent the nonlin-
ear dynamics at the very core of ant colonies’ behaviors. The characteristics of stigmergy-based
design of multi-agent systems are discussed, and the “ant way” to problem-solving is also infor-
mally defined.
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2.1 Ants colonies can find shortest paths

A lot of species of ants have a trail-laying/trail-following behavior when foraging [227]. While
moving, individual ants deposit on the ground a volatile chemical substance called pheromone,
forming in this way pheromone trails. Ants can smell pheromone and, when choosing their way,
they tend to choose, in probability, the paths marked by stronger pheromone concentrations. In
this way they create a sort of attractive potential field, the pheromone trails allows the ants to find
their way back to food sources (or to the nest). Also, they can be used by other ants to find the
location of the food sources discovered by their nestmates.

Between the end of the 1980’s and the beginning of the 1990’s, a group of researchers of the
Université Libre de Bruxelles, in Brussels, Belgium (S. Aron, R. Beckers, ].-L. Deneubourg, S.
Goss and ].-M. Pasteels), ran several experiments and obtained original theoretical results con-
cerning the influence of the pheromone fields on the ant decision patterns. These works seemed
to indicate that pheromone acts as a sort of dynamic collective memory of the colony, a repository
of all the most recent “foraging experiences” of the ants belonging to the same colony. By con-
tinually updating and sensing this chemical repository the ants can indirectly communicate and
influence each other through the environment. Indeed, this basic form of indirect communica-
tion, coupled with a form of positive feedback, can be enough to allow the colony as a whole to
discover, when only few alternative paths are possible, the shortest path connecting a source of
food to the colony’s nest.

The binary bridge experiment with branches of same length

To show how this can happen, let us consider first the binary bridge experiment [110] whose setup
is shown in Figure 2.1a. The nest of a colony of Argentine ants Linepithema humile and a food
source have been separated by a diamond-shaped double bridge in which each branch has the
same length. Ants are then left free to move between the nest and the food source. The percent-
age of ants which choose one or the other of the two branches is observed over time. The result
(see Figure 2.1b) is that after an initial transitory phase lasting few minutes during which some
oscillations can appear, ants tend to converge on a same path.
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Figure 2.1: Binary bridge experiment. Effect of laying/following pheromone trails in a colony of Argentine ants
Linepithema humile crossing a bridge made of two branches of the same length. (a) Experimental setup. (b) Results
for a typical single trial, showing the percentage of passages on each of the two branches per unit of time as a function
of time (data are plotted only up to 30 minutes, since the situation does not show significant changes after that
time). In this particular experiment, after an initial short transitory phase, the upper branch becomes the most used.
Modified from [110].

In this experiment initially there is no pheromone on the two branches, which are therefore
selected by the ants with the same probability. Nevertheless, after an initial transitory phase,
random fluctuations cause a few more ants to randomly select one branch, the upper one in the
experiment shown in Figure 2.1a. Since ants deposit pheromone while walking back and forth,
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the greater number of ants on the upper branch determines a greater amount of pheromone on
it, which in turn stimulates more ants to choose it, and so on in a circular way.

To describe this convergent behavior of the ants, the same authors of the experiment have
proposed a probabilistic model which closely matches the experimental observations [203]. They
started by assuming that the amount of pheromone on a branch is proportional to the number of
ants which have been using the branch in the past. This assumption implies that the pheromone
trail is persistent, that is, pheromone trail does not evaporate. Given that an experiment typically
lasts approximately one hour, it is plausible to assume that the amount of pheromone evaporated
in this time period is negligible. For longer durations, pheromone evaporation must be taken
into account. In the model, the probability of choosing a branch at a certain time depends on the
total amount of pheromone on the branch, which, in turn, is proportional to the number of ants
which have used the branch until that moment. More precisely, let U,,, and L,,, be the numbers
of ants which have used the upper and lower branch after a total of m ants have crossed the
bridge, U, + L., = m. The probability Py (m) with which the (m + 1)-th ant chooses the upper

branch is U+ 1)

while the probability Pr,(m) that the ant chooses the lower branch is

PL(m) =1- PU(m) (22)

This functional form for the probability of choosing a branch over the other was obtained from
experiments on trail-following [348]; the parameters h and k allow to fit the model to experi-
mental data. The dynamics regulating the ant choices follows from the above equation:

Um+1 =U,, +1 if ”L/) < PU,

. 2.3)
Uny1=Un otherwise,

where ¢ is a random variable uniformly distributed over the interval [0,1]. Monte Carlo sim-
ulations were run to test the correspondence between this model and the real data: results of
simulations were in agreement with the experiments with real ants when parameters were set
to k =~ 20 and h =~ 2 [348].

The binary bridge experiment with branches of different length

The previous experiment shows how the presence of pheromone affects in general the ant deci-
sions and constrains the foraging behavior of the colony as a whole. If the branches of the bridges
are of different length, then the pheromone field can lead the majority of the ants in the colony to
select the shortest between the two available paths, as it is shown in [203]. In this case, the first
ants able to arrive at the food source are those that traveled following the shortest branch (see
Figure 2.2). Accordingly, the pheromone that these same ants have laid on the shortest branch
while moving forward towards the food source makes this branch marked by more pheromone
than the longest one. The higher levels of pheromone present on the shortest branch stimulate
these same ants to probabilistically choose again the shortest branch when moving backward to
their nest. This recursive behavior can be throughly described as an autocatalytic effect! because
the very fact of choosing a path increases its probability of being chosen again in the near future.
During the backward journey, additional pheromone is released on the shortest path. In this

! The term autocatalysis stems from chemistry but the generalization of its notion to non chemical objects is immediate.
A chemical reaction is said to have undergone autocatalysis, or be autocatalytic, if the reaction product is itself a catalyst
for the reaction. A set of chemical reactions can be said to be collectively autocatalytic if a number of those reactions
produce, as reaction products, catalysts for enough of the other reactions that the entire set of chemical reactions is self
sustaining given an input of energy.
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way, pheromone is laid on the shortest branch at a higher rate than on the longest branch. This
reinforcement of the pheromone intensity on the shorter paths is the result of a form of implicit
path evaluation: the shorter paths are completed earlier than the longer ones, and therefore they
receive pheromone reinforcement more quickly. Therefore, for a same number of ants choosing
either the shortest or the longest branch at the beginning, since the pheromone on the shortest
branch is accumulated at a higher rate than on the longest one, the choice of the shortest branch
becomes more and more attractive for the subsequent ants at both the decision points. The ex-
perimental observation is that, after a transitory phase which can last a few minutes, most of
the ants use the shortest branch. It is also observed that the colony’s probability of selecting the
shortest path increases with the difference in length between the long and the short branches.
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Figure 2.2: Experiment with a binary bridge whose branches have different length. Effect of laying/following
pheromone trails in a colony of Argentine ants Linepithema humile crossing the bridge. (a) Ants start explor-
ing the bridge. The straight line distance between the decision points 1 and 2 is 12.5cm. (b) Eventually most of the
ants choose the shortest path. This situation happens already after about 8 minutes. (c) Distribution of the percentage
of ants that selected the shorter branch over n = 14 experiments for the case of a bridge with the long branch r = 2
times longer than the short one. The distribution refers to what happens after a transitory phase of about 10 minutes.
Modified from [203].

In this experiment, the importance of initial random fluctuations is much reduced with re-
spect to the previous experiment. In Figure 2.2a-b are shown, together with the experimental
apparatus, the typical result of an experiment with a bridge with branches of different lengths.
Figure 2.2c shows the distribution of the results over n = 14 experiments for the case of a bridge
in which the length r of the longer branch is twice that of the shorter one.

EXAMPLE 2.1: EFFECT OF PHEROMONE LAYING /SENSING TO DETERMINE CONVERGENCE

Figure 2.3 shows in a schematic way how the effect of round-trip pheromone laying/sensing can easily
determine the convergence of all the ants on the shortest between two available paths.

At time t = 0 two ants leave the nest looking for food. According to the fact that no pheromone is present
on the terrain at the nest site, the ants select randomly the path to follow. One ant chooses the longest and
one the shortest path bringing to the food. After one time unit, the ant who chose the shortest path arrives
at the food reservoir. The other ant is still on its way. The intensity levels of the pheromone deposited on the
terrain are shown, where the intensity scale on the right says that a darker color means more pheromone.
Pheromone evaporation is considered as negligible according to the time duration of the experiment. The
ant already arrived at the food site must select the way to go back to the nest. According to the intensity
levels of the pheromone near the food site, the ant decides to go back by moving along the same path, but
in the opposite direction. Additional pheromone is therefore deposited on the shortest branch. Att = 2
the ant is back to the nest, while the other ant is still moving toward the food along the longest path. At
t = 3 another ant moves from the nest looking for food. Again, he/she selects the path according to the
pheromone levels and, therefore, it is biased toward the choice of the shortest path. It is easy to imagine
how the process iterates, bringing, in the end, the majority of the ants on the shortest path.
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Figure 2.3: Example of how the effect of laying/sensing pheromone during the forth and back journeys from the nest
to food sources can easily determine the convergence of all the ants of the colony to the shortest between two available
paths. The example is explained in the text.

2.2 Shortest paths and other collective behaviors as the result
of a synergy of ingredients

According to the discussed experiments, the remarkable ability of ant colonies in selecting the
shortest among the available paths can be precisely understood as the result of the synergistic
and concurrent presence of a number of ingredients:

e population (colony) of foraging ants,
o forward-backward path following

o pheromone laying and sensing,

pheromone-biased stochastic decisions,

o autocatalysis,

implicit path evaluation,
e iteration over time.

The agents, that is, the ants of the colony, act in a completely asynchronous, concurrent and dis-
tributed fashion. Each ant can be considered as autonomous, and the overall control is completely
distributed. In this perspective, the colony realizes a form of concurrent computation. Multiple
paths are repeatedly tried out back and forth and some information related to each followed
path is released on the environment, which acts as a shared distributed memory encoded in the
pheromone trails. In turn, the local content of this memory affects the stochastic decisions of the
ants, such that, when there is a significant difference in the lengths of the possible paths, implicit
path evaluation gets at work and, coupled with autocatalysis, results in a distributed and collec-
tive path optimization mechanism. Given enough time (depending on the number of ants, length



28 2. ANT COLONIES, THE BIOLOGICAL ROOTS OF ANT COLONY OPTIMIZATION

and relative length difference of the paths, and other factors), this can result in the convergence
of all the ants in the colony on the shortest among the possible paths.?

Each ant gives a contribution to the overall behavior. But, although a single ant is capa-
ble of building a “solution” (i.e., finding a path between its nest and a food reservoir), is only
the simultaneous presence and synergistic action of an ensemble of ants that makes possible the
shortest path finding behavior (i.e., the convergence to the shortest path), which is a property of
the colony and of the concurrent presence of all the discussed ingredients, and not a property of
the single ant.

The ability of “solving” shortest path problems in a fully distributed fashion makes ant
colonies a very interesting subject to study. They naturally become a good candidate to be used
as a reference template for the design of robust, distributed and adaptive multi-agent systems for the
solution of shortest path problems. This class of problems is a very important one and encompasses
a vast number of other problems. Graphs whose nodes represent possible alternatives/states
and whose edges represent distances/losses/rewards/costs associated to node transitions are
graphical models for a huge number of practical and theoretical decision and optimization prob-
lems. In general, almost any combinatorial optimization or network flow problem can modeled
in the terms of a shortest path problem. Having in the hands an effective procedure to han-
dle this class of problems opens endless opportunities for applications. Several general and
very effective techniques to solve general shortest path problems are available, like label set-
ting techniques (e.g. Dijkstra algorithm [131]), label correcting techniques (e.g. Bellman-Ford /
dynamic-programming algorithms [20, 21, 173, 26, 23]), and rollout algorithms [28]. The general
literature on the subject is extensive, see for example [83, 23] for discussions and overviews of
algorithms.

Therefore, the following of this chapter is devoted to get a deeper understanding of the char-
acteristics of the collective behaviors of ant colonies, in the perspective of understanding to
which extent they can suggest guidelines for multi-agent systems design, and which are the ma-
jor limitations (since ACO will likely have to deal with them too, being designed precisely after
ant colonies).

What happens when more than two paths are possible?

In spite of the, in a sense, amazing experimental results about ant colonies discussed so far, the
mechanisms at work are not guaranteed to determine in all the cases the convergence of the ants
in the colony to the shortest path. In general, when the number of alternative paths gets larger
than two, or when their relative lengths are not much different, is very unlikely that the colony
will converge to the shortest among the available paths.

In general terms, this fact can be easily understood by considering the parametric nature of all
the elements concurring to the colony’s behavior. For instance, it is intuitively clear that some
(most of the) combinations of values for: number of ants, number of paths, pheromone evapo-
ration rate, absolute and relative lengths of the paths, and so on, will not result in the expected
shortest path behavior (e.g., the number of ants is too little to make implicit path evaluation
working properly).

In this perspective, we discuss the specific dependency of the global ant behavior on the
environment process of pheromone evaporation. In a general sense, in the following we want

2 So far we have implicitly assumed that all the ants have the same uniform speed and that the paths have the same
morphological characteristics. Therefore, shortest path is synonym of minimum traveling time path. More in general, the
implicit path evaluation operates precisely on the terms of minimum traveling time rather than shortest length. In these
terms, it can be said that the ant colony’s strategy is such that the exploitation of food sources, after a transitory, happens
at the optimal rate. Hereafter, shortest path will be synonym of minimum cost path, where the cost criterion will depend
on the context.
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to understand how robust is the colony’s behavior with respect to environment variations and
which is the extent of its possible realizations giving raise to organized patterns.

Pheromone evaporation and the tradeoff between exploration and exploitation

The characteristics of the dynamic processes regulating pheromone evaporation play a central role
determining the conditions for shortest path behavior and to favor exploration.

The pheromone field has a persistence that decays according to a time constant p which de-
pends on several factors (the chemical composition of the terrain, the species of ants, the weather
conditions, the accumulated amount, etc.). Whatever the specific value of p, it is clear that the
pheromone deposited at time ¢ will bias the decisions of the future ants for a time duration At(p)
depending on p. If pheromone decay is “slow” with respect to the ants” dynamics, and if several
paths are available, it is very likely that the ants get stuck on a sub-optimal path just because of
the effect of early choices, which are never “canceled out” by pheromone evaporation. On the
other hand, a “fast” pheromone decay gives raise to a form of forgetting: the environment keeps
only short-term memory of the pheromone trails. According to the value of At(p), this fact can
be either useful, in the sense of favoring exploration while still allowing the exploitation of the
paths found so far, or counterproductive, in the sense of non letting the ants to really exploit the
pheromone trails if At(p) is a too short time with respect to the ants” dynamics.

It can be also said that autocatalysis works too well in this case. Actually, when autocatalysis
is at work some care must be always taken to avoid premature convergence (stagnation), that
is, the situation in which not the very best alternative takes over the others just because of a
contingent situation, like a random fluctuation that favored the alternative since it was just over
the average of the alternative that had been tried out so far.

The critical impact of early choices and of pheromone evaporation on the ability of the ant
colonies to select shortest paths in dynamic environments is shown in Figure 2.4, where the setting
of the experiment of Figure 2.2 is modified: the short branch is added 30 minutes after the ex-
periment starts. During this time the ants had the only choice of using the long branch, where,
therefore, they deposited all their pheromone. When the short branch is added, the intensity of
the pheromone field on the long branch is so strong that the ants, apart from some minor devi-
ations, keep using the long branch. Since pheromone does not evaporate appreciably for some
hours under the environmental conditions of the experiment, the pheromone laying/following
behavior is not able in this case to allow the ants to converge on the shortest path.

The choice of an ad hoc decay constant regulating the pheromone evaporation could have
allowed the ants to eventually select the shortest, later added, branch. In fact, if the intensity of
the pheromone on the terrain starts to quickly decay after 30 minutes, the ants can start exploring
the shorter branch and, eventually, they would stop exploiting the sub-optimal, longer, branch
and converge to the shorter one. Unfortunately, ants have no direct way to control the decay
dynamics of the pheromone to adapt it to the specific shortest path problem they are solving.
However, if the ants have no direct control over the decay dynamics of the pheromone, they can
in principle have a direct control on their internal tradeoff between exploitation of environment
information (the pheromone field) and exploration of the environment itself. That is, ants can
in principle adapt the parameters influencing the way their internal stochastic decision policy
weighs pheromone bias and other possible biases. In common biological models, ants are mod-
eled as adopting a stochastic decision rule which assigns a probability p for strictly following the
pheromone field, and 1 — p for moving in a purely random way. If p = 1 there is no exploration,
but only exploitation of the past colony knowledge, represented by the deposited pheromone. For
p < 1 some exploration actions are taken which are independent of the pheromone field. For an
“appropriate” decreasing dynamics of the values of p, and given to the ants enough time, pos-
sibly infinite, the shortest among a set of available paths can be eventually “explored” and then
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Figure 2.4: Experiment with a binary bridge whose branches have different length. The basic setting is the same as in
Figure 2.2. However, in this case the short branch is added 30 minutes after the experiment starts. During this time
ants had the only choice of moving, and laying pheromone, on the long branch. The graph reports the distribution
of the percentage of ants that selected the shorter branch over n = 18 experiments for the case of a bridge with the
long branch v = 2 times longer than the short one. The distribution refers to what happens after a transitory phase of
about 10 minutes following the addition of the short branch. Modified from [203].

it can gradually attract the majority of the ants, if the general conditions of the experiment (e.g.,
pheromone evaporation dynamics and differential path lengths) can allow it. This asymptotic
behavior would closely remind that of a population-based (or direct-search) Simulated Anneal-
ing [375] with the decreasing of p playing the role of the decreasing temperature. Therefore, in a
sense, under appropriate “mild” mathematical conditions it can be conjectured that ant colonies
can always be able to asymptotically converge to the shortest path. Clearly, this is not true for
the finite/limited time case.

More in general, both pheromone evaporation and the characteristics of the ant stochastic
decision policy are strictly related to the issue of the tradeoff between exploitation (e.g., of a path
that seems to be particularly good) and exploration (e.g., of new alternative paths), which is a
major issue for any biological or artificial system engaged in search processes repeated over a
certain time interval (e.g., ACO).> When multiple paths are in principle available or when the
characteristics of the environment dynamically change, it is immediately apparent the impor-
tance of being able to set an appropriate tradeoff between the exploitation of a current path that
appears to be good and the exploration of different alternatives. The issue becomes more and
more critical as the number of possible alternative “solutions” gets larger or the environment’s
changes become more and more frequent.

2.3 Robustness, adaptivity, and self-organization properties

Evenif it is not always true that the shortest path behavior will arise, it is often the case that alter-
native non-random, self-organized, global patterns of activity will arise. That is, under reasonable
conditions (e.g., environmental conditions are not such that pheromone evaporates faster than
the average time necessary for an ant to reach the target), some interesting regular patterns can
be eventually observed. This fact witnesses the overall robustness of the mechanisms at work

3 The literature concerning the general mathematical aspects of the exploration/exploitation dilemma is vast, as well as
that on the strictly related bias/variance dilemma. References [248, 423] provide an insightful treatment of the subject in
the field of reinforcement learning (see Appendix E), in which the role of exploration is of central importance. The issue
of bias/variance is treated in-depth in [196]. Most of the literature on the popular Simulated Annealing algorithm [253]
is precisely about the definition of an appropriate balance between exploration and exploitation in general and practical
terms (e.g., see [367]).
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in ant colonies, as well as the fact that they are able to produce an interesting variety of differ-
ent organized behaviors. These are key properties in real-world environments, which require
robustness, adaptivity and the ability to provide satisfactory responses to a range of possible
different situations.

An interesting example of the ability of ant colonies in producing a variety of alternative and
effective self-organized behaviors even when the conditions for shortest path behavior are not
met, is the following, recently reported by Dussutour et al. [157] on the Nature journal. Using the
same experimental setting of the binary bridge with equal branches described before, the authors
have observed that, by reducing the branch width after convergence, at a certain threshold value
the ants start to spread evenly over the two branches (they have used 500 Lasius niger ants).
The phenomenon is easily explained by the fact that when the bi-directional ant flow cannot fit
anymore the capacity of one branch, the ants start using the other branch too. However, it is
interesting to notice that they do not do it occasionally, but they end up spreading in stationary
way over the two branches without major oscillations. Moreover, they do not spread gradually,
but after a certain threshold value for the branch width (for the considered case, at a width value
of 6 mm). And this width actually does not correspond to the cut value for the capacity, but is
just a bit higher, such that ants in principle could still keep using only one branch. An important
mechanism making this phenomenon happen consists in the pushing activities of the ants in an
overcrowded branch: coming back from the food, ants push other ants moving forward on the
same branch back to the junction, such that they can eventually change branch. This is a form
of direct interaction among the ants, which adds to the indirect one mediate by pheromone laying
and sensing.

The general robust collective behavior of ant colonies with respect to variations in the values
of the external conditions is a key-aspect of their biological success. They, like other classes of
social insects, are crystalline examples of natural complex adaptive systems that the evolutionary
pressure has made sufficiently robust to a wide range of external variations.

In order to possibly design multi-agent systems possessing the same property, we need to un-
derstand which are the core elements that provide social insects with a variety of robust, adap-
tive and self-organizing behaviors. Luckily, theoretical biologists seem to have at least partly
identified these core elements. In fact, it seems to get quite well understood that in general,
collective patterns realizing different functions can all arise from the same generic rules based on the indi-
vidual response to local signals coupled with the associated autocatalytic effects (adapted from [109]).
In the discussed case of the shortest path behavior, pheromone is the local signal, while the rules
are the stochastic decisions biased by the local intensity of the pheromone signal. For instance,
in the case of bees, the ability of a bee to modulate its “dance” in relation to its perception of
the profitability of a particular source of food is sufficient for a collective and adapted decision
to be realized, bringing to the exploitation of the source if convenient with respect to other pos-
sible sources. A similar effect can happen in the case of multiple food sources in ant colonies
if the ants are able to modulate pheromone trail-laying according to the quality of the source
(e.g., [112]).

This fundamental interplay among local signals, action rules, and recursive feedback effects,
can be effectively discussed within the descriptive framework of stigmergy [205, 421], discussed
in the next Section 2.4.

2.4 Modeling ant colony behaviors using stigmergy: the ant
way

The fact that collective self-organized patterns in ant colonies and other social insects are the
result of the autocatalytic interaction between the action rules of the individuals and the related
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presence of signals in the environment, makes social insects particularly interesting for theoret-
ical studies of self-organization. In fact, their self-organized behaviors are not based on derived
characteristics unique to the specific taxon, but are instead driven by a limited set of nonlin-
ear dynamics that are conjectured to occur across social systems, from insects to humans (e.g.,
[70, 168]).

These nonlinear dynamics can be categorized either as convergent or divergent [168]. In the
first case, individuals become behaviorally more similar, while in the second case the behavior
of one individual reduces the likelihood that another individual will show the same behavior.
The essential ingredients for convergence are (from [168]):

e a positive stimulus for the behavior as a result of its performance,

e amplification of the stimulus through successive iterations,

e a decay component, so that signal and cues must be regenerated.
The counterparts of these ingredients in the case of divergence are:

e performance of a behavior by one individual reduces the probability that others will per-
form the same behavior,

o stimulus levels for the behavior increase in the absence of performance,

e a positive feedback loop (self-reinforcement) in which performance of the behavior in-
creases the probability that the individual will perform the behavior again.*

The shortest path behavior of ant colonies can be immediately recognized as an instance of a
convergent behavior. On the other hand, examples of divergent behaviors are the response thresh-
old models of labor division in ant colonies and honeybees (e.g., [29, 51]) and other social taxa like
primates [222]. These models begin with the initial assumption that individuals perform a task
when environmental stimuli reach a level that matches the individual’s threshold for response.
That individual performs the task, and as a consequence the stimulus levels encountered by
others is reduced, as well as their probability of performing the task also. It is clear that labor
division is based in part on intrinsic diversity in worker response thresholds. For instance, it has
been observed that honeybee colonies with more diversity in worker thresholds for foraging are
able to respond better to changes in the availability and need for resources [343] (this diversity
is generated by the extreme polyandry of honeybee queens, who mate with a dozen or more
males). In general, the role of population diversity is rather important in biological systems, not
only for labor division, but in general to provide global robustness and adaptivity.

Both the notions of convergence and divergence, that can in turn serve to characterize the
self-organized behaviors of social insects, can be expressed and studied using the more gen-
eral and earlier notion of stigmergy which encompasses both of them. Stigmergy expresses the
general idea of using indirect communication mediated by physical modifications of the envi-
ronment to activate and coordinate autocatalytic behaviors in a colony of insects. As defined
by Grassé (1959) [205] in his work on Bellicositermes Natalensis and Cubitermes, two species of
termites, stigmergy is the “... stimulation of workers® by the performance they have achieved.”

Although Grassé introduced the term stigmergy to explain the behavior of termite societies,
the same term has been later used to describe equivalent phenomena observed in other social
insects [421]. In fact, Grassé [204, 205] observed that insects are capable to respond to so called
significant stimuli which activate a genetically encoded reaction. In social insects, the effects of
these reactions can act as new significant stimuli for both the insect that produced them and for

# This condition is actually not necessary for divergence, but can greatly speedup the its occurrence.
5 Workers are one of the castes in termite colonies.
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other insects in the colony. The production of a new significant stimulus as a consequence of the
reaction to a significant stimulus, when iterated can be seen as an autocatalytic process that can
lead to a phase of a global coordination of the activities of the insects. Coordination in the sense
that each insect keeps acting autonomously and independently, but the effects of his/her actions
are synergistically combined with those of the other insects. The control of this coordination is
distributed and indirect: it is driven by the stimuli present in the environment, which, in turn,
are generated by the acting insects themselves. The whole process can be clearly seen as a form
of self-organization and is just a more general way of rephrasing what has already been said
making a distinction between the two specific cases of convergent and divergent behaviors.

However, speaking in terms of stigmergy is particularly interesting from an information pro-
cessing perspective since it allows to stress the indirect communication happening through the
individuals, and the role of so-called stigmergic variables [138], whose values can prime coordi-
nated behaviors. In order to use these notions also when we will refer to ACQO’s artificial ants,
we give here a definition of stigmergy (and stigmergic variables) which slightly departs from
the Grassé’s original one:

DEFINITION 2.1 (STIGMERGY AND STIGMERGIC VARIABLES): We call stigmergy any form of indirect
communication among a set of possibly concurrent and distributed agents which happens through acts of
local modification of the environment and local sensing of the outcomes of these modifications [142]. The
local environment’s variables whose value determine in turn the characteristics of the agents’ response,
are called stigmergic variables. Stigmergic communication and the presence of stigmergic variables is
expected (depending on parameter setting) to give raise to a synergy of effects resulting in self-organized
global behaviors.

Stigmergy as characterized here looks as a very specific form of communication aimed at
obtaining synergistic coordination and self-organization in a set of concurrent, and possibly dis-
tributed agents whose actions are driven by the value of stigmergic variables, local to the envi-
ronment. In the case of our ant colony, the stigmergic variables are clearly the pheromone trails.
On the other hand, in the case of a typical diverging situation, the stigmergic variable represent
the intensity of the local task that is waiting to be accomplished. For examples, the height of a
pile of dirty dishes in the sink can be seen in terms of stigmergic variable. Only when the value
of the variable, that is, the height of the pile, reaches some critical value one of the inhabitants of
the house will not be able to stand it anymore and will wash all or part of them, lowering in this
way the probability that somebody else will be engaged in the same task in the near future.

The characteristics of stigmergy, as well as the fact that this model is actually implemented
with success by all studied societies, suggest that it can be very effective to design multi-agent
systems thinking in stigmergic terms, in order to obtain an overall satisfactory level of synergy
from the agents’ actions resulting in robustness, scalability, adaptivity and a multiplicity of self-
organized behavioral patterns.

When a stigmergic approach is adopted, the focus is shifted from the design of the internal
characteristics of the single agents, which can be hopefully kept at a low level of complexity
and cost with respect to the required global task, to the design of: (i) an appropriate system
of indirect communication among the agents, and (ii) effective stigmergic variables such that
robust coordination and synergy can result from their combination. That is, the focus is put on
the definition of the protocols (interfaces), rather than of the modules (agents) of the system [100].
Protocols here are rules that prescribe allowed interfaces between modules, permitting system
functions that could not be achieved by isolated modules. Protocols also facilitate the addition
of new protocols, simplify modeling and abstraction. A good protocol (i.e., a good stigmergic
model) is one that supplies global robustness, scalability, evolvability, and, which, in the end,
allows to fully exploit the potentialities of the modules and of modularity.



34 2. ANT COLONIES, THE BIOLOGICAL ROOTS OF ANT COLONY OPTIMIZATION

It is clear that the design complexity is in a sense a “conserved” variable. In other words, the
intrinsic complexity associated to the global task to be accomplished is not changed by changing
the core design component which has to be engineered and optimized. There is a “price” to pay
in some form to eventually get the task realized by our system, and this price must be paid at
some level. It can be payed in terms of “agentware” by trying to design agents which are rather
complex and likely expensive in some either computational or economical sense. Otherwise,
by opting for a stigmergic approach, the price will be paid in terms of the design of the com-
munication mechanisms and stigmergic variables, and, possibly, by the use of a high number
of “cheap” agents, whatever cheap could mean in the considered context. This is the approach
likely followed by Nature for instance in the cases of ant colonies discovering shortest paths to
exploit food sources or termites building their nests [205]. The adaptation of coordinate behav-
iors over millions of years of evolution has been the price paid to face the intrinsic complexity of
these tasks with respect to the characteristics of the single insect.

In the following we will indicate with the term ant way (to problem-solving) the adoption
of a general stigmergic design model inspired by that implicitly adopted by the evolutionary
forces of Nature in the case of ant colonies. That is, a stigmergic model making use of a sig-
nificant number of computationally cheap concurrent and distributed agents, and relying on
either pheromone-like or threshold-like variables as stigmergic variables. In particular we will
be interested in the case in which the repertoire of the agents is such that each agent can in
principle output a complete solution for the problem at hand, but really good solutions are only
expected as the result of the stigmergic communication affecting the stigmergic variables of in-
terest. That is, the synergy among the agents is intended to obtain superior quality, not new
behaviors. Again, this is precisely what happens in the shortest path case: each ant can build a
path between nest and food but the discovery and convergence on the shortest path is expected
only as the result of the colony’s stigmergic interactions. And this is also what precisely happens
in ACO.

2.5 Summary

In this chapter the biological background of ACO has been fully acknowledged. We have de-
scribed and discussed the biological experiments that between the end of the 1980’s and the
beginning of the 1990’s have shown the ability of ant colonies to converge on the shortest be-
tween two possible paths connecting the colony’s nest to food sources. The general elements at
work (presence of a population of foraging ants, forward-backward path following, pheromone
laying and sensing, pheromone-biased stochastic decisions, autocatalysis, implicit path evalua-
tion, and iteration of the actions over time) have been identified and briefly discussed. We have
also showed the potential problems and limits intimately related to the approach. In particu-
lar, we have pointed out the role of pheromone and of the stochastic decision policy in terms
of exploration/exploitation tradeoff, and the fact that it becomes less likely that the colony can
converge to the shortest path if the number of alternative paths grows and/or the environment
is not really stationary. On the other hand, we have discussed the robustness of the ant behav-
iors. Ant colonies can in fact show a multiplicity of organized behaviors in response to different
external conditions. We have remarked that the observed self-organized behaviors are the result
of a few general nonlinear dynamics likely to be common to all societies. In the perspective of
using the mechanisms at work in ant colonies, and in social insects in general, as a reference to
guide the design of robust, adaptive, scalable, and flexible multi-agent systems, we have tried to
get a precise understanding of these dynamics. At this aim we have discussed them within the
more general stigmergy framework, which we have conveniently (re)defined. We have claimed
that stigmergic modeling is particularly suitable for multi-agent system design, also due to the
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fact that it focuses more on the level of the interactions (protocols) than on that of designing
really complex agents (modules), resulting in system that are expected to be robust, scalable,
adaptive and flexible (other than fully distributed). The “ant way”, a particular instance of stig-
mergic modeling directly derived from ant colony characteristics, is informally introduced, and
will serve, together with the fundamental notions of stigmergy and stigmergic variables (e.g.,
pheromone), to maintain a solid terminological and conceptual bridge between ACO and ant
colonies across the thesis.
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CHAPTER 3

Combinatorial optimization,
construction methods, and
decision processes

This chapter provides the formal tools and the basic scientific background that will be used to
formally define and discuss ACO. Here we define/introduce those mathematical notions and
terms that are useful if not necessary to reason about ACO. With these notions in the hands we
will get a clear understanding of which are the really innovative ACO’s ideas, which are the
relationships between ACO and other frameworks for optimization and control, which are the
potentialities and the intrinsic limitations of ACO, and in which sense ACO’s basic design can
be modified and possibly improved.

Since we will discuss important general frameworks that can be seen as directly related to
ACO (and from which we can import results, ideas, models, etc.), the content of the chapter can
be seen as a sort of high-level “related work”, although discussions on related approaches are
practically spread all over the chapters.

The topics considered in this chapter are derived from the specific way ACO is seen in this
thesis, that is, in the terms of a multi-agent metaheuristic featuring solution construction, use of
memory, repeated solution sampling, and learning of the parameters of the construction policy
over a small subspace. According to this view, the chapter defines and/or discusses the char-
acteristics of: (i) the combinatorial optimization problems addressed by ACO, (ii) the model chosen
to represent the problem at hand, (iii) construction heuristics for combinatorial problems, (iv) the
equivalence between solution construction and sequential decision process, stressing the notion of
process state and the relationships with the fields of control [47], dynamic programming [20, 23],
and Markov decision processes [353], (v) the graphical tools (state graph, construction graph, and
influence diagrams) that can be used to represent and reason on the structure and dynamics
of construction processes, (vi) the notion of phantasma, defined as a subset of features of the
complete information state of the decision process, and, (vii) some of the different general ap-
proaches to optimization, in particular those using or not states and state-value functions (value-
based vs. policy-search), pointing out the differences in terms of used information and expected
finite-time performance.

The chapter is necessarily long since it deals with several general topics. However, we have
tried to minimize the overall redundancy, such that all the introduced notions are used some-
where in the following of the thesis. The chapter is not intended to provide a comprehensive
and detailed treatment of all the subjects that are considered, which would be out of the scope
of this thesis, but rather to give a bird-eye view, emphasizing the logical connections and some
of the most characterizing aspects. Therefore, more than focusing on the specific and detailed
properties of each topic, the chapter focuses on their reciprocal relationships and on their general
characteristics. A number of statements are not supported by formal explanations but rather by
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pointing out published references. Examples are extensively used, usually to discuss subjects
that are very specific.

The original outcome of the chapter consists in putting on a same logical line several different
notions, disclosing their connections, and extracting their general core properties in relation to
combinatorial optimization issues.

Most of the chapter’s content comes from a reasoned composition of ideas obtained from
critical literature review. However, part of the ideas, and the link between ACO and control /
dynamic programming comes from the work on ant programming, which was co-authored with
Mauro Birattari and Marco Dorigo [33, 34]. Ant programming was introduced as a framework
that presents most of the characterizing features of ACO but which is more amenable to theoret-
ical analysis, and which allowed to bridge the terminological gap between ACO and the fields
of control [23] and reinforcement learning [442, 414]. The work on ant programming has given
a major contribution to the way ACO is seen in this thesis.

Organization of the chapter

The chapter starts defining and discussing the characteristics of the class of combinatorial op-
timization problems that are the target of ACO algorithms (Section 3.1), pointing out the dif-
ference between static and dynamic, distributed and centralized problems. Different ways of
defining compact representation for a combinatorial problem are discussed. Since problem so-
lutions are expressed in terms of subsets of components, Subsection 3.1.1 defines the precise
meaning of solution component, while Subsection 3.1.2 discusses the issue of using different
problem representations by adopting component sets with different characteristics.

Section 3.2 and all its subsections are devoted to the definition and discussion of construction
methods, that construct a solution by adding one more component at each construction step.
The generalities and definitions about construction methods are discussed in the first part of
the section, while Subsection 3.2.1 considers the properties of different general strategies for
including a new component into a building solution. Subsection 3.2.2 discusses the appropriate
domains of application of construction strategies as well as the definition of the cost values
that can be used to optimize the construction steps. In addition to this, Appendix B discusses
modification methods, which can be seen as complementary to the construction ones, since they
consider whole solutions at once, without passing through the steps of incremental construction.

Construction processes can be conveniently seen in the terms of decision processes. Section 3.3
shows the equivalence between construction and sequential decision processes. Subsection 3.3.1
goes further, discussing the equivalence between sequential decision tasks and control tasks.
This fact allows the introduction of the important notion of state of the process, or, equivalently,
of state of the problem. Problem states have precise characteristics which are discussed in Sub-
section 3.3.2 exploiting their representation in terms of a graph called state graph. The state graph
carries a lot of useful information concerning both the feasibility of a solution under construc-
tion and its quality. However, for large combinatorial problems the dimension of the state graph
explodes exponentially, therefore, Subsection 3.3.3 introduces a more compact graphical repre-
sentation of both the state structure and the dynamics of a construction process. This graphical
representation is termed construction graph, and coincides with the structure used in ACO to
frame experience in terms of pheromone variables and to take optimized decisions.

To understand generic decision processes, in order to get in turn a better understanding of
construction processes, it is necessary to take into consideration the framework of Markov de-
cision processes (MDP), which is the most important framework in the context of sequential de-
cision processes. Subsection 3.3.4 briefly introduces MDPs, discussing also the use of influence
diagrams to represent the MDP dynamics and some implications of the notion of state, making a



3.1 COMBINATORIAL OPTIMIZATION PROBLEMS 39

clear distinction between the underlying states of a systems and those of an agent representation.
Additional general information on MDPs and partially observable MDPs can be found in Ap-
pendix C. Subsection 3.3.5 discusses the situation in which the states of the problem are not fully
accessible to an optimization agent, that then has to rely on an incomplete representation of the
problem, with all the negative consequences of such a loss of important information. Actually,
this is the situation that ACO has to face, since for NP-hard problems the cardinality of the state
set is in general too large to use the states other than to check the feasibility of the solutions being
constructed. The notion of phantasma is defined to express the amount of information from the
past, different from state information, which is retained in order to take optimized decisions. The
connection between a specific phantasma representation and the process representation based
on both the construction and the state graph is also showed.

In the last part of the chapter the focus turns on the discussion of the characteristics of general
optimization strategies. Section 3.4, and Subsection 3.4.1 provide a view-in-the-large of some of
the most important classes of optimization algorithms. The last three subsections focus on two
large classes, which differ in the amount of information they make use of. From one side, there
is dynamic programming, or, more in general, value-based methods, which are exact methods
exploiting the Markov structure of the state set and relying on the combined use of value functions
and Bellman’s optimality principle (Subsection 3.4.2). These methods can be very effective in
practice, but when the state set is too large, or the states are not accessible at all, they are virtually
ruled out. One can then rely on some form of approximation of the value functions, as it is
briefly discussed in Subsection 3.4.3. Otherwise, the more general policy search approach can be
adopted, which does not need to make use of value functions, or, more precisely, does not make
use of the Bellman’s relationships. Subsection 3.4.4 discusses some of the general properties of
policy search methods, as well as some of the choices that have to be issued when designing
a policy search algorithm. In particular, ACO will turn out to be a specific implementation of
a policy search algorithm. This finds its rationale in the fact that for the case of combinatorial
problems addressed by ACO it is in general computationally infeasible to rely on states and
value functions. ACO belongs to the class of policy search algorithms that transform the original
optimization problem into a learning problem on a small parametric subspace of the policies’
space. This is the final issue discussed in the chapter.

3.1 Combinatorial optimization problems

ACO is a metaheuristic for the solution of problems of combinatorial optimization. This section
provides a precise characterization of this class of problems.

DEFINITION 3.1 (INSTANCE OF A COMBINATORIAL OPTIMIZATION PROBLEM): An instance of a
combinatorial optimization problem is a pair (S, J), where S is a finite set of feasible solutions and J is a
function that associates a real cost to each feasible solution, J : S — IR. The problem consists in finding
the element s* € S which minimizes the function J:
* = in J(s). 3.1
5" = argmin J(s) (3.1)
Hereafter only sets S with finite cardinality will be considered, even if the above definition
could be extended to countable sets of infinite cardinality. Given the finiteness of the set S, the
minimum of J on S indeed exists. If such minimum is attained for more than one element of S,
it is a matter of indifference which one is considered.

DEFINITION 3.2 (COMBINATORIAL OPTIMIZATION PROBLEM): A combinatorial optimization prob-
lem is a set of instances of an optimization problem.
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The set of instances defining an optimization problem are usually all sharing some core prop-
erties or are all generated in a similar way. Therefore, an optimization problem defines a classi-
fication over sets of instances. This classification can be made according to several criteria that
are usually based on both mathematical and practical considerations.

In the following, the term solution is normally used to indicate a feasible solution in the set
S. More in general, the expression “solving the problem 3.1” will be normally used with the
meaning of proposing a solution s € S. The solution itself can be or not an optimal one according
to the specific characteristics of the algorithm.

REMARK 3.1 (THE SPECIFIC CLASS OF PROBLEMS ADDRESSED BY ACQO): ACO’s main target are
difficult instances of optimization combinatorial problems (typically belonging to NP-hard classes) for
both the cases of statically defined and dynamically changing characteristics of the instance.!

DEFINITION 3.3 (STATIC AND DYNAMIC OPTIMIZATION PROBLEMS): Static combinatorial opti-
mization problems are such that the value of the mapping J does not change during the execution of
the solving algorithm. In dynamically changing problems the mapping J changes during the execution of
the algorithm, that is, J depends on a time parameter t: J = J(s,1).

If the statistical processes according to which the costs change over time are known in ad-
vance, then the optimization problem can be stated again as a static problem in which J is either
a function of the time or has a value drawn according to some probability distribution. In these
cases the minimization in Equation 3.1 has to be done according to the J’s characteristics (e.g.,
minimization of the J’s mean value, if J’s values are drawn from a unimodal parametric distri-
bution). On the other hand, when only incomplete/insufficient information is available about
the dynamics of cost changes, the problem has to be tackled online using an adaptive approach.

The set of problems here labeled as “static” are actually most of the problems usually consid-
ered in combinatorial optimization textbooks (e.g., the traveling salesman problem, the quadratic
assignment problem, the graph coloring problem, etc.). They can be solved offline, adopting ei-
ther a centralized or a parallel/distributed approach according to the available computing resources.
Dynamic problems are somehow real-world versions of these problems. Routing in communica-
tion networks is a notable example of dynamic problem: the characteristics of both the input
traffic and the topology of the network can change over time according to dynamics for which
is usually hard to make robust prediction models. Moreover, in general routing requires a dis-
tributed problem solving approach (see Chapter 6).

Speaking in very general terms, while for static problems using a centralized or a distributed
algorithm is a matter of choice, dynamic problems usually impose more severe requirements,
such that the nature (either centralized or distributed) of the problem has to be matched by the
characteristics of the algorithm. In this sense, ACO’s design, relying on the use of a set of au-
tonomous agents, appears as rather effective, since it can be in principle used in both centralized
and distributed contexts with little adaptation.

Compact problem definitions

Usually, a combinatorial optimization problem, instead of being defined by directly providing
the solution set S, is defined in a compact way by means of mathematical relations. In the
domain of operations research a quite common way of defining an optimization problem is by
assigning a set of elements of interest, a set resulting from the possible ways to combine these
elements, and a set of restrictions that single out from this set the possible combinations that
identify the set S of the feasible solutions.

I Appendix A contains brief descriptions for most of the combinatorial problems mentioned in this thesis. A compre-
hensive classification of combinatorial problems and an extensive treatment of NP-hardness can be found in [344, 192].
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These notions are made more precise in the definitions that follows (e.g., see [384, Chapter 1]):

DEFINITION 3.4 (PRIMITIVE, ENVIRONMENT, AND CONSTRAINTS SETS): An optimization problem
can be formally identified in terms of a primitive set K, an environment set E, a solution set S, and a
cost criterion J defined on S. The primitive set defines the basic elements of the problem. The environment
set E is derived from the primitive set K as a subset of its power set, E C ®(K), and the solution set
S is in turn derived from the environment set in terms of a family of subsets of E defined by a set of
mathematical relations Q2 among the K’s elements, S C ZQ(E) N Q. The set of relations ), which puts
specific limitations on the way the elements in E can be selected in order to identify elements in S, is
usually termed the constraints set.

The choices for sets K, F and 2 are not unique. Given an abstract definition of a problem, the
same problem can be expressed in different ways according to different choices for these sets.
One choice can be preferred over another just because it puts some more emphasis on aspects
that are seen as more important in the considered context. In general, these facts raise the issue of
the representation adopted to model the abstract problem under consideration in the perspective
of attacking it with a specific class of algorithms. This issue is discussed more in depth in the
following of this section. But before that, it is useful to make the above notions of primitive and
environment sets more concrete through a few examples, and to introduce the notion of solution
components which will play a central role throughout the thesis.

In order to explain in what a problem definition in terms of the sets K, E and € precisely con-
sists of, let us consider the concrete case of two wide and quite general classes of combinatorial
problems: matching problems (e.g., [344, Chapters 10-11]) and set problems (e.g., [384, Chapter 1]),
to which we will refer often throughout the thesis:

Matching problems: A matching in a graph is a set of edges, no two of which share a node.
Goals in matching problems consist in finding either matchings with maximal edge sets
or, given that costs are associated to the edges/nodes, matchings with minimal associated
cost (weighted matching problems).

DEFINITION 3.5 (MATCHING PROBLEMS IN TERMS OF PRIMITIVE AND ENVIRONMENT SETS):
Let K = {1,2,..., N} be a generic set of elements of interest, and let K be the primitive set. The
environment and solution sets are derived as follows:

E=9(K) 30

S = {€ € E | problem constraints Q(K) are satisfied } 62
The expressions 3.2 mean that the solution set is directly defined in terms of subsets of K’s
power set. In the class of matching problems, of particular practical interest, as well as eas-
ier to solve, are those problems for which the underlying graph is a complete bipartite graph
with two sets of nodes that are equal in size.? Bipartite weighted matchings of this type are
also known as assignment problems, which are for instance the problems of assigning tasks
to agents knowing the cost of making agent 7 deal with task j, and include important com-
binatorial problems like the TSP, the QAP and the VRP. Network flow problems can be also
expressed in terms of generic bipartite matching. The following example shows in practice
how K, E and S can be defined in the case of a TSP.

EXAMPLE 3.1: PRIMITIVE AND ENVIRONMENT SETS FOR THE TSP
Given an N-cities TSP, K = {c1,¢2,...,en} = {1,2,..., N} coincides with the set of the cities to

2 A graph G(V, E) is said bipartite if the set of its vertices can be partitioned in two sets A and B such that each edge
in E has one vertex in A and one vertex in B.
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be visited, E = §(K) is the set of all their possible combinations, and S results from the application
of Q as the subset of elements in E which are cyclic permutations of size N. An alternative definition
of K, E and 2 could consist in K being the set of pairs (p;, c;), pi,c; € {1,2,..., N}, that is, the
set of elements telling that city c; is in position p; in the solution sequence (notice that being the
TSP’s solutions cyclic permutations, the notion of position requires setting an arbitrary start city).
In this case E is still the power set of K, but the syntax of the ) relations is slightly different
from before, S is in fact defined as S = {€F € E,&% = {(pf, k), ..., (0%, K)} | Uipl =
{1,...,N} A U; cF = {1,...,N}}.That is, the set of pairs must correspond to a permutation
over {1,...,N}.

Set problems: In assignment problems solutions can be usually expressed in terms of ordered

subsets of primitive elements, while in the case of set problems there is no explicit notion of
ordering. Moreover, in most of the assignment problems the solution has a predefined size,
while this is never the case for set problems. Set problems are also in general characterized
by an additional level of complexity with respect to the assignment ones in the sense that
is well expressed by the structure of the environment and solution sets:

DEFINITION 3.6 (SET PROBLEMS IN TERMS OF PRIMITIVE AND ENVIRONMENT SETS): In
set problems, which can be further classified in set covering, set packing and set partitioning
problems, the corresponding of expression 3.2 takes the following form:

E = {€ € ®(K) | instance constraints Qy are satisfied }

S = {&' € (E) | problem constraints Q(K) are satisfied } 63
These expressions point out the fact that the solution set is defined in a more complex
way than in the matching case. Solutions are in this case sets of subsets of elements of
the environment set, which, in turn, are subsets of elements of K. The Q; constraints,
that have been called a bit improperly “instance constraints”, are defined by the actual
characteristics of the instance at hand.

The following example, which considers the specific case of a set covering problem, can
help to clarify the relationships among K, E and S for this class of problems.

EXAMPLE 3.2: PRIMITIVE AND ENVIRONMENT SETS FOR THE SET COVERING PROBLEM

A general (unweighted) set covering problem (SCP) is defined as follows:

min |&’]

Ue=x (3.4)

Elee

& ePE) N UK)

That is, the task is to find a family E' of subsets of elements of the power set of K such that the car-
dinality of this family is minimal and all the elements in the primitive set K are “covered” by the
union of the elements in the family. This is for example the problem that airlines or train companies
have to deal with in order to optimize the assignment of personnel crews to cover transportation
routes. In these cases, K is the set of all routes that have to be covered. Groups of routes can be cov-
ered in principle by the same crew, such that the problem instance comes with possibly overlapping
subsets & of routes, which define the set E (which is the subset of K's power set identified by the spe-
cific instance’s data). The problem’s constraints Q(K) tells that all the routes have to be covered by
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at least one crew. Therefore, a feasible solution is a set £ of groups of routes, &' = {&1,&,...,&n},
with the meaning that a separate crew is allocated for each route group &;. The goal is the mini-
mization of the number of crews (costs) used to cover all the required routes. The problem can be
made more complex by introducing different costs associated to cover each specific group of routes.
SCPs instances are commonly represented in terms of a {0, 1} matrix, whose rows coincides with
the routes of the example, and columns corresponds to crews covering different groups of routes. In
the problem instance 1 entries along column j indicate the set of routes (rows) covered by the j-th
crew (column,).

Instead of relying on the use of primitive and environment sets which well characterize the
problem but their precise definition might be not really straightforward in some cases, in the
following we will mostly make use of the related notion of solution components to characterize
optimization problems:

DEFINITION 3.7 (INSTANCE OF A COMBINATORIAL PROBLEM USING A COMPACT REPRESENTA-
TION): Let C be a finite set of variables such that a solution in S can be expressed in terms of subsets of
C’s elements. In particular, called X' = 8(C), S is identified by the subset of elements of X' for which
the relations in  are satisfied: S C X' N Q(C). Therefore, given the sets S, C and Q(C'), together with
a real-valued cost function J(.S), a problem of combinatorial optimization consists in finding the element
s* such that:

s* = arg

i J(s). 3.5
se{xménQ(C)} (s) (3:5)
Following this representation, an instance of a combinatorial optimization problem can be also compactly
represented by the triple
(C,Q,J). (3.6)

The elements of C, which represent the object of the decisions of the optimization process, are called
hereafter solution components.

3.1.1 Solution components

From definition 3.7 it is apparent that solution components always have a precise relationship
with the primitive and environment sets. In particular, for assignment problems C' coincides
with K, while for set problems C coincides with E. However, here we prefer to speak in terms of
solution components rather than primitive and environment sets, because of their more intuitive
and general meaning of parts of which a solution is composed of :

DEFINITION 3.8 (SOLUTION COMPONENTS): The solution components set C is operatively defined as
the set from which a step-by-step decision process would select elements one-at-a-time and add them to a
set z until a feasible solution is built, that is, until x € S.3

According to this characterization, the notion of solution components plays a central role in
this thesis, since combinatorial optimization is here framed in the domain of decision processes,

3 In general a solution to a combinatorial problem can be either expressed by means of ordered sets (sequences) or
by means of unordered sets. However, the difference between ordered and unordered sets can be always removed by
expressing a generic sequence of components (co,c1, ..., cn;) as an unordered set whose elements are pairs of type
(t,c;),t € IN, with t representing the position index in the sequence. That is, by re-defining the original component
set C as: C’ : C' x N and reasoning on both the pair components. Therefore, in the following a solution will usually
be referred to generically as a set, dropping off the distinction between ordered and unordered sets when not strictly
necessary.
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and the components of a solution are precisely the step-by-step objects considered by the deci-
sions processes. More specifically, ACO’s target will consists in the learning of good decisions
in the terms of pairs of components to be included in the building solutions.
Definition 3.8 implicitly implies that for each set C' of solution components must exist a bi-
jective mapping:
fe: XC®)—= S, (3.7)

such that each s; € S has a finite subset {c},c?,...,c""} € X of solution components as preimage
in X, and this preimage is unique. That is, after a finite number of decision steps, where at each
step ¢ a new component c; is included in the set x¢, the elements in x; € X are expected to
map through fc onto an element s € S. The characteristics of the mapping fc define the level
of correspondence between the problem under solution and the way solutions are represented.
In particular, if fc is not anymore surjective, not all the feasible solutions are going to have a
preimage in terms of a single set of components. Such a choice could rule out the same possibility
of addressing the optimal solution. On the other hand, if f¢ is not anymore injective, the same
solution in S can be addressed by one or more distinct elements in X. Such a choice would
result in a sort of blurred image of the solution set as seen from the component set, since several
solutions could be seen as the same solution, making potentially difficult for an algorithm to
act optimally. In general, when the mapping f¢ is not anymore bijective the representation will
undergo some loss of necessary information. That is, additional information/elements must be
added to a subset z € X of C’s elements in order to map it onto a solution.

In the following, if not explicitly stated, it is always assumed that a lossless representation
model is being used. This is usually the case also for ACO implementations. The rationale
behind the possible use of lossy models is briefly discussed in the next subsection.

It is clear that once a mapping fc has been defined, solution components can be seen in more
general terms as decision variables. At each solution construction step a decision variable c; rep-
resenting any convenient value is assigned. The only strict requirement consists in the fact that
sets of decision variables can be eventually mapped bijectively onto a feasible solution. Since in
some sense it is natural to explicitly associate decision variables to parts of a solution, in the fol-
lowing we will preferably use the term “solution components” instead of “decision variables”.*
Even if this latter would likely make clearer the intrinsic meaning of ACO’s pheromone vari-
ables, which are precisely associated to pairs (c;, ¢;) of decision variables: decision c; is taken,
conditionally to the fact that decision ¢; has been already issued, according to a probability value
which depends on the value of the pheromone variable 7.,.; associated to the pair of decisions
(and ACO'’s activities are aimed at learning the 7’s values in order to identify good decisions).
The way ACO is discussed in this thesis in terms of sequential decision processes, as well as the
recent work of Chang et al. [76], where ACO, departing from the usual application to “classi-
cal” combinatorial optimization problems, is applied to the solution of generic MDPs (therefore,
dealing with stochastic transitions after the issuing of a decision), strongly confirm this inter-
changeable view of pheromone variables as pairs of decision variables or solution components.

3.1.2 Characteristics of problem representations

An optimization problem (S, .J) can be represented according to different models of the form
(C,Q,J) (or, equivalently, according to different choices of primitive and environment sets).
That is, the sets C' and {2 (and, consequently, f¢), can be in principle chosen in a number of
different ways, possibly according to different points of view, yet defining the same abstract
class of problems. However, different choices can result in rather different ways of looking at
and solving the same problem. One example can help to clarify the issue.

# Also due to the fact that in the ACO’s definition [140] only the term solution component has been used. Such that
this term in now widely in use in the ACO’s community.
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EXAMPLE 3.3: DIFFERENT MATHEMATICAL REPRESENTATIONS FOR THE TSP

In the TSP, a generic solution can be expressed as a cyclic permutation o, over the set of the n cities. In
this case, a sort of “natural” representation is the one such that C = {1,2,...,n}, and S is the set of all
cyclic permutations over C. If ¢;;, i,j € C is a cost matrix, then the TSP consists in the minimization of
the following sum of the costs associated to each possible permutation o, (assuming an arbitrary starting
point in the permutation sequence):

min Z Can(i)on(i—i-l)v n = |C| (38)
i=1
on € X, = {permutations over the elements of C'}, (3.9)

where (i) is the i-th city in the permutation, and o, (n + 1) = 0, (1).

A slightly different representation can be the one adopting as component set the set of pairs of the type
(piscy), piscj € {1,...,N}, as it has been done in the Example 3.1. In this case, to each solution
component is associated more “information” than in the previous case. However, the two models can be
seen as practically equivalent.

As an alternative to these formulations, an algebraic formulation of the same TSP can be given by in-
troducing an n x n permutation matrix and using the set of pairs of cities (oriented arcs, in a graph
representation) as primitive set. This formulation exploits the fact that every permutation o, can be bidi-
rectionally associated to a square matrix obtained by permutation of the columns of an n x n identity
matrix. An entry x;; = 1 in the matrix indicates that the arc going from city i to city j is included in the
current solution. When such a representation for the solutions is used, the TSP is formulated as follows:

n
min E CijTgj
i,j=1

i#j

Lij € {07 1} VZ’]

n
ZzU:l j:l,...,n
i=1
n
injzl 7::1,...,77,
j=1

ri—1;+(n—1z; <n-—2 1<i#j<mn,
ri,r; €R, i,7=1,...,n

The third and fourth constraints are related to the same definition of a permutation matrix, while the last
constraint is due to Miller, Tucker, and Zemlin [319]. Without this last constraint the solved problem is a
generic assignment problem, and the Hamiltonianity of the cycles is not in general respected. In the above
formulation, the TSP becomes a mixed integer linear programming problem, due to the fact that the
decision variables x;; are integer but the r variables in the last constraint equation are real. In general,
when the primitive set is the set of the arcs and integer decision variables are used, a correct formulation
of the TSP requires methods from the field of polyhedral combinatorics [384, 207].

It is quite clear that between the two reported formulations the second one is in some sense the most
“difficult” one to express and describe (at least for those who are not really familiar with polyhedral
combinatorics). On the other hand, it allows to consider the problem under geometric and algebraic
perspectives which result quite helpful for theoretical analysis.

Selecting one specific representation for a problem is, in some sense, a pure matter of choice,
once the core mathematical properties underlying the original problem at hand are satisfied.
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However, the choice of a specific representation in a sense defines the model used by the algo-
rithm designer to figure the solutions, and, therefore, the way of thinking about the problem. As
also shown by several experiments conducted by cognitive scientists, different representations
for the solution of a same problem defined in a rather abstract way, can easily suggest different
strategies depending also on the person’s background, and, therefore, can lead to final solutions
of different quality.

Representations can differ not only in the sense of the used language, but also concerning the
amount of information about the “original” problem that is retained in the working model. The
choice of adopting one representation model over another can be explicitly dictated by the inten-
tion of feeding to the class of algorithms at hand a model which is: (i) particularly appropriate for
the algorithms’ characteristics, or (ii) in some sense easier to deal with, in the hope/conviction
that the possible loss of information will not critically affect the ability of the algorithm to find
optimal/good solutions.

These issues are pointed out here since, as it is explained in the following chapters, an impor-
tant preliminary step in the design of an ACO algorithm precisely consists in the definition of
the solution components model which is fed to the ant agents for solution construction and de-
cision learning. And the characteristics of this model greatly affect the final performance of the
algorithm. It will be shown that ACO implementations usually adopts lossless representations, but at
the same time an important loss of information happens for what concerns the variables that are
ACO'’s learning target. However, to understand this point it will be necessary to introduce the
notion of state, which is based, in turn, on that of solution components.

3.2 Construction methods for combinatorial optimization

ACO'’s ant-like agents independently generate solutions according to an incremental construc-
tion process. Therefore, the notion of construction algorithm is at the core of ACO. A generic
construction algorithm is defined here as follows:®

DEFINITION 3.9 (CONSTRUCTION ALGORITHM): Given an instance of the generic combinatorial op-
timization problem in the form 3.5, an algorithm is said a construction algorithm when, starting from
an empty partial solution xo = 0, a complete solution s € S is incrementally built by adding one-at-a-
time a new component ¢ € C to the partial solution.

The generic iteration (also termed hereafter transition) of a construction process can be described as:

.Z‘J‘Z{Cl,CQ,...,Cj}—).Tj_H2{61,62,...7647‘703‘_5_1}, c; €C, ViE{l,Q,...,|C|}, (310)
where x; € X' = §(C) is a partial solution of cardinality (length) j, j < |C| < oco.

The algorithmic skeleton of a generic construction strategy is reported in the pseudo-code of
the Algorithm box 3.1.
The pseudo-code describes in a compact way the general characteristics of a construction pro-
cess, which are:”

e the starting point is a possibly empty partial solution;

5 The work of Zhang [449] contains some useful references and makes an interesting study on group behaviors in
relationship to the adoption of different representations.

6 See Appendix B for a discussion on modification methods, which can be seen as a complementary general approach
to optimization.

7 In the following the terms process, agent, algorithm and strategy are often freely used as synonyms when this would
not provoke misunderstandings. Therefore, expressions like “construction agent” or “construction process” will have
the same practical meaning. However, the explicit use of the term agent will be also used, for instance, with the purpose
of stressing the characteristics of autonomy of the process of solution construction.
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procedure Generic._construction.al gorithm)
t «— 0;
Ty V);
while (z, ¢ S V —stopping_criterion)
¢t — sel ect _.component (C| z4);
x411 < add_conponent (x¢, ¢;);
t—1t+1;
end while
return z;;

Algorithm 3.1: A general algorithmic skeleton for a construction algorithm. S is the set of complete solutions, while
C'is the set of the solution components. Either a complete feasible solution x; € S or a set x¢ of components which
does not correspond to a feasible solution is returned.

e at each step of the process a decision is taken concerning:

— which is the new component to add, given the available set of components and the
status of the partial solution,

— how the component has to be included in the partial solution;

e the decision process is iterated until the partial solution x; becomes a feasible solution
s € S or some stopping conditions become true. Apart from stopping conditions strictly
related either to computational issues or to the quality of the building solution (e.g., if
costs for new component inclusions are additive, a building solution can be discarded if
its associated cost is already over the value of a previously built solution), the process can
also stop if the partial solution cannot be completed into a feasible solution given the adopted
rules for component inclusion.

The partial solutions, that is, the set of all the possible configurations of solution components
that can be encountered during the steps of the construction algorithm, coincides with elements
of the environment set X’. As it has been previously noticed, the majority of these elements is
such that, in general, they are not subsets of some feasible solution set. That is, without a careful
step-by-step checking, the construction process is likely to end up in a partial solution that can-
not be further completed into a feasible solution. It is the duty of the construction algorithm to
guarantee that a sequence of feasible partial solutions, defined as it follows, is generated during
the process:

DEFINITION 3.10 (FEASIBLE PARTIAL SOLUTION): A partial solution x; € X' is called feasible if it
can be completed into a feasible solution s € S, that is, if at least one feasible solution s € S exists, of
which x; is the initial sub-tuple of length j in the case of sequences, or, of which x ; is a subset in the case
of sets. The set of the feasible partial solutions is indicated with X C X'.

It is understood that a process generating a sequence of feasible partial solutions necessarily
ends up into a feasible solution. The set X of all feasible sets x is finite since both the set S and
the cardinality of the set associated to each feasible solution s; are finite. Moreover, S C X, since
all the solutions s; are composed by a finite number of components, all belonging to C.

Each feasible partial solution z; has associated a set of possible feasible expansions:

DEFINITION 3.11 (SET OF FEASIBLE EXPANSIONS): For each feasible partial solution x;, the set
C(z;) € C is the set of all the possible new components c; € C that can be added to x; giving in
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turn a new feasible (partial) solution x;1:
C(LL‘]) = {Cj | 3 Tj41: Tjp1 € X A Tj+1 = T @Cj}, (3.11)

where the operator @ represents the strategy adopted by the construction algorithm to in-
clude a new component into the building solution. In general, the characteristics of the sets
C strongly depend on the precise form of the operator @. This is discussed in the following
Subsection 3.2.1.

The very possibility of speaking in terms of feasible partial solutions and feasible expansion
sets is related to the possibility of checking step-by-step the feasibility of the partial solution in
order to take a sequence of decisions that can finally take to a feasible solution. For reasons
that will be more clear in the following, we make a distinction between the components of the
algorithm managing the aspects of feasibility from those specifically addressed at optimize the
quality of the solution(s) that will be built. In order to check step-by-step the feasibility of the
building solution, we assume that a logical device can be made available to the construction
agent:

DEFINITION 3.12 (FEASIBILITY-CHECKING DEVICE): By feasibility-checking device we intend any
algorithm which, on the basis of the knowledge of the set S and/or of the constraint set €}, is able to
provide in polynomial time an answer concerning the feasibility of a complete solution and the potential
feasibility of a partial solution.

From a theoretical point of view it is always possible to find such a polynomial algorithm
in the case of NP-hard problems [192] and in all the subclasses of the NP-hard one. However,
problems falling in the EX P [192] and related classes of complexity do not have such a property.
However, even in the case of NP-hardness, which is the most common and interesting case, to
allow a practical use of the device the polynomial order should be small. Generally speaking,
the computations associated to the device should be light. When this is not the case, it can result
more convenient to incur the risk of building a solution which is not feasible, that can be either
repaired or discarded. For the class of problems considered in this thesis it is often possible to have
at hand a computationally-light feasibility-checking device. In fact, it is usually easy to check
step-by-step the feasibility of a constructing solution for assignment problems like the TSP or the
QAP. However, for some scheduling or covering problems, this same task can result both more
difficult and computationally expensive to accomplish. Moreover, in the case of max constraint
satisfaction problems this is precisely the problem. However, the point is that here we will not
focus on the design of strategies for smart or optimized ways of dealing with feasibility issues.
Surely this will be an important part of the specific implementations, but we assume that in some
sense this is not the most important part of the story, which is, on the contrary, the optimization
of the quality of the final solution output by the algorithm.

Figure 3.1 shows in a graphical way the generic step of a construction process, pointing out
all the important aspects and their reciprocal relationships in very general terms.

This issue of the feasibility of the final solution has put in evidence the fact that during a
construction process the single decisions cannot be seen as independent. On the contrary, they
are tightly related, since all the decisions issued in the past will constrain those that can be issued
in the future. On the other hand, feasibility is only one aspect of the entire problem of building
a solution. The equally, if not more, important aspect concerns the quality of the solution. It is
evident that the same considerations on the dependence among the decisions apply also when
quality is considered. In general, to optimize the final quality, each specific decision should be
taken in the light of all previous decisions, that is, according to the status of the current partial
solution. This can be seen at the same time as a constraint and an advantage: building a solution
in a sequential way allows to reason on each single choice on the basis of an incremental amount
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Figure 3.1: The t-th step of a generic construction process toward the generation of a complete solution x, € S.
The feasibility-checking device which defines the set C(x+) of feasible expansions for the current partial solution x; is
indicate with the ) box, to stress the role of either the constraints set Q and/or the explicit knowledge of the solution
set to accomplish this sub-task. The specific strategy of selection and inclusion of the new component c. is indicated
by the decision block 7. The dashed contour lines shows the actual subsets of components defining respectively the
partial solution x, and the set of feasible expansions C(x). The chosen component c, belongs to this last. The diagram
shows the case in which a feasible solution x, € S is eventually constructed. The decision strategy m is generically
assumed as making use of at least the information contained in the partial solution in addition to C(x¢). A similar
diagram will be shown for the specific case of the ACO’s ant agents, in order to show the peculiarities of the ACO’s
design with respect to this generic one.

of information coming from the past and also possibly looking into the future through some
form of lookahead.

REMARK 3.2 (STEP-BY-STEP DEPENDENCE ON ALL THE PAST DECISIONS): In very general terms,
if P(cy) is the probability to include component c; at the t-th step under a generic construction strategy
m, then:

P(ey) = P(ct | (ci,ciﬂ,..wcfgi_l)), (3.12)

where ¢; means that component c; has been included at step t = j. Equation 3.12 says that in general
each decision depends on the previous sequence of all decisions, which coincides with the information
contained in the partial solution. More in general, it can be said that each decision depends on the whole
past history of the process.

A specific construction strategy T might decide to drop off all or part of this information at the time of
taking an optimized decision. However, this way of behaving can have a major impact on the performance
of an algorithm adopting such a strategy.

These are the basic key concepts to understand the rationale behind a large part of the con-
tents of this chapter, which discusses construction and decision processes. In fact, in rather
general terms, two construction strategies are going to be seen as different according to the dif-
ferent way of using and/or discarding the information contained in the partial solutions. In
particular, it will be shown that an exact approach, like dynamic programming [20], makes use
of the full information, while a heuristic approach, like ACO, drops off everything but the last
included component.

3.2.1 Strategies for component inclusion and feasibility issues

In Algorithm 3.1 it has been assumed that the construction process proceeds incrementally: at
each step a new component is added to the current partial solution. More in general, a con-
struction process can be conceived as a process proceeding step-by-step, where at each step an
action regarding a single component is carried out. A feasible solution in S can be constructed
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by acting upon the set of solution components starting from the empty set, zo = {0}, and by
iteratively executing one of the following three operations:

o O, inclusion of a new component,
o O,, replacement of a previously included component,
o Oy, deletion of a previously included component.

Therefore, at the j-th step of the process, conditionally depending on the current partial solution,
a component ¢; € C and an operation o; € {O;,0,, 04} are chosen, and the partial solution is
consequently modified. The construction process can end when the resulting ;. is a complete
solution or according to some other convenient stopping criteria.

In the previous case of using only the operation O;, in order to obtain the final feasibility of
the building solution a feasibility-checking device was assumed as necessary. On the other hand,
if all the three operations can be freely used, the feasibility-checking device is still necessary but
it can be in some sense less precise for what concerns the feasibility of partial solutions. In fact,
in this case, at each step a partial solution can grow (O;), or it can be modified without changing
its size (O,), or it can shrink (O,4) by removing previous choices. As a consequence, since it is
always possible to fully repair or backtrack previous choices, it is in principle always possible to
end up in a feasible solution, if the characteristics of the construction process can allow it. On
the other hand, this great flexibility is payed in terms of possibility of cycles generation, lengthy
construction processes, complex decision strategies to implement (both the operation and the
component to act upon must be decided at each step).

These can be seen all as negative features in the perspective of designing and analyzing effi-
cient construction algorithms. Accordingly, as it is shown in the following, the design choice of
ACO has been that of mainly restricting the use to the inclusion operation. With this choice cycles
are not anymore possible, partial solutions undergo strictly monotonic growth, and the number
of possible alternatives at each construction step is much reduced. Certainly, a lot of flexibility
is also lost but the basic operation O; is still powerful enough to allow the construction of op-
timal solutions. In some sense, this choice represents a reasonable tradeoff between flexibility
and computational and design complexity. According to these facts, in the following, in both
the general and ACO-specific discussions, it is assumed that the used operation is always the
inclusion one.

With this choice in principle ACO would need an “accurate” feasibility-checking device in
order to guarantee the feasibility of the solutions. However, even when it is not computationally
convenient to run such an accurate device, the very possibility of discarding some of the con-
structing solutions because of feasibility problems can be seen as in accordance with the general
philosophy of the ACO’s approach, and, more in general, with the philosophy of the “ant way”,
based on the quick generation of a number of independent solutions. In this sense, a small per-
centage of solution that have to be discarded is not expected to really affect the outcome of the
whole optimization process.

REMARK 3.3 (FEASIBILITY AND QUALITY IN ACO): In ACO, the component concerning the feasi-
bility of the constructed solutions is kept logically separated from that concerning their quality. That
is, the ability to quickly construct feasible solutions (or a large majority of feasible solutions) is given for
granted in ACO’s design, the focus being on the ability to optimize their quality.

Extension and insertion strategies for component inclusion

For the case of solutions expressed in terms of ordered sets, two major strategies I for component
inclusion can be identified:
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o I.: extension of the solution by addition at the end of the sequence,
e [;: insertion at any position,

In the case of unordered sets, extension and insertion strategies are indistinguishable. Therefore,
considering the case of sequences, if c;;; is the component selected for inclusion at the j + 1-
th step of the process and x; = (c1,¢g, ..., ¢;) is the current partial solution, then, the (partial)
solution at step j + 1 becomes:

e Extension case:

J)j+1 = (61,62,...,Cj70j+1).
e Insertion case:
Tjt+1 = (017627.-~,Ci—1,0j+1acz’,~~,cj)-
In this case, the insertion of the new component can happen at any position: € {1,2,...,j}.

In particular, ¢ can correspond to the last position, such that the extension case can be ac-
tually seen as a particular case of the insertion one.

3.2.2 Appropriate domains of application for construction methods

The application of construction algorithms appears as appropriate when the cost .J(s) of a so-
lution s can be expressed as a combination of contributions each one related to the fact that a
particular component ¢; is included into the partial solution solution «;. The cost can be either
associated to the inclusion of the component itself, or, more in general, to the component condi-
tionally depending on the current partial solution. This means that a real-valued transition cost
function J must be defined either on the set X of the partial solutions, or on the set C of the so-
lution components. The importance of such a cost function consists in the fact that it can be used
by the step-by-step decision rule to optimize the quality of the generating solution. According
to the fact that C C X', X C X', and the first step of a construction algorithm always produce
a a partial solution with one component, it results that C must be a subset of X. Therefore, the
step-by-step cost function [J can be defined in general terms as follows.

DEFINITION 3.13 (TRANSITION COST FUNCTION): The costs associated to each possible inclusion of
a new component into the current partial solution are assigned by means of a function, called transition
cost function, which is defined as:

J: X xX — R, suchthat

0 (3.13)
J(s:) = Q) T (wjlaj-1),
j=1

where n; is the cardinality of the solution s;, and the operator ® indicates some combination model for the
single contributions J (zj|x;_1).8

In most cases the combination model is an additive one. Appendix C shows some of the
additive combination models most widely in use in the general probabilistic case. Although a
function J satisfying 3.13 can be always trivially obtained by imposing J(z;| - ) = J(s;), if
ds; € S:x; =s;,and J(xj| - ) = 0 otherwise, the interesting cases are those for which also a
non-trivial definition exists and is somewhat “natural” for the problem at hand.

8 In the most general case of probabilistic transition models, briefly considered later on, the function 7 assumes the
form: 7 : X x X x C' — R, that is, the costs get the form J (z|z;—1,¢j—1).
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DEFINITION 3.14 (COST OF A PARTIAL SOLUTION): When non-trivial definitions of the transition
cost function in the form 3.13 are available, it makes sense also to speak of the cost of a partial solution,
defined by the cost made up of all the single transition costs incurred so far:

(@) = Q) T (@jlaj-1), (3.14)

j=1
where J(x¢) is assumed to be equal to 0.

Noticing that two partial solutions differs for one component, it is always possible to define
J as:
j(Cj|.7Jj,1) (315)

More in general, according to the specific characteristics of the problem at hand, it can be possi-
ble to define the cost function more precisely either as:

J(¢;), (3.16)

or,
I (cjlej-1), (3.17)

The first form usually matches the case of set problems (e.g., knapsack problems [299]), while
the second one matches the case of assignment problems defined as sequences (e.g. TSP). In other
cases, like constraint satisfaction problems in their “max” versions (e.g., max-satisfiability [238]),
usually the whole partial solution is necessary to define the cost of the new inclusion, and there-
fore the form of the cost function remains 7 (c;j|z;—1).

EXAMPLE 3.4: GREEDY METHODS

Among the construction methods used in optimization, greedy algorithms are probably the best known
example. In greedy heuristics the stage structure is designed to be simple and to be used for the quick
generation of a hopefully good, but usually not extremely good, solution (the only notable exception being
likely the case of matroids, for which, under some conditions, greedy heuristics are guaranteed to find the
optimal solution [344, Chapter 12]).

The main feature of greedy algorithms consists in the fact that always the solution component which
achieves the maximal myopic benefit is added to the partial solution. That is, the added component is
the one which has associated the minimum transition cost J (xj|x;_1) from the current partial solution
x; or, more in general, from some feature of it, like the last added component in the case of solutions as
sequences. The rationale behind the greedy approach is either the belief, or the hope, that a sequence of
locally good or optimal choices can led to a globally good or optimal solution.

3.3 Construction processes as sequential decision processes

The generic construction process can be conveniently seen in the terms of a sequential decision
process described by a decision policy m. At each iteration ¢, after taking a decision on the basis of
the current 7!, the process “moves” to another decision stage. The outcome of the process is a
(possibly) feasible solution for the original combinatorial problem. Different construction algo-
rithms come with different definitions of the decision stages and of the decision policy, and with
different ways of using the sequential structure in order to take possibly optimized decisions.

REMARK 3.4 (EQUIVALENCE BETWEEN CONSTRUCTION AND SEQUENTIAL DECISION PROCESSES):
The adoption of a construction approach for the solution of an optimization problem implies the definition
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of a sequential decision process on the set of the partial solutions, that is, on the subsets of the solution
components. Instead of solving the problem 3.1 directly on the set S of the solutions, a sequence of sub-
problems is solved, the j-th of which consisting in selecting a component c¢; € C to be included in the
partial solution x; in order to obtain the (partial) solution x ;4. At each stage t the selection is made ac-
cording to a decision policy w*. Therefore, searching for s* on the set S of the solutions becomes equivalent
to search for the optimal decision policy 7*.

The spirit of the transformation of the original combinatorial problem into a sequential de-
cision problem lies in the idea that the decomposition of the original problem into a sequence
of possibly easier problems can be a solution strategy effective in some sense.’ Clearly, the way
stages are defined and the intrinsic characteristics of the problem determine in which sense the
strategy can result effective. In this sense, the role played by the decision policy is central. The
following definitions make more precise this notion.

DEFINITION 3.15 (STATIONARY DECISION POLICY): A policy m = (nt,7%,... «t,...) is a sequence
of decision rules, where a decision rule ©* at time t is a function which assigns a probability to the event
that action w is taken at time t. A policy is called stationary if all its decision rules are identical and
depend only on the current conditions associated to the decision process. In this sense, a stationary policy
associates situations to actions independently of the time step.

A policy is called deterministic if it has non-randomized rules, otherwise is called stochastic.
In the following, in particular for what concerns ACO, only stationary but parametric policies
of the form 7( - ; 7) are taken into account, where 7 is a real-valued vector of parameters. That
is, the functional form of the policy is not changed during the iterations, while the values of the
parameters are possibly changed to reflect newly acquired knowledge on the optimization task.
Moreover, in general, only stochastic policies will be considered, also in the perspective that a
deterministic policy can be seen as a limit case of a stochastic one.

Assumed that the focus is restricted here on stationary (parametric) policies, for a construc-
tion process moving from a feasible partial solution to another feasible partial solution and end-
ing up in a feasible solution, the generic policy is conveniently defined as follows:

DEFINITION 3.16 (DECISION POLICIES FOR CONSTRUCTION PROCESSES): A deterministic decision
policy w(x,C(x)) is a mapping from the set of feasible partial solutions onto the set C' of the solution
components restricted to the set of feasible expansions:

m: X xC—C. (3.18)

A stochastic decision policy for a construction process has the same form but defines a probability distri-
bution over the possible actions that can be selected for the same partial solution.

In the following, a stochastic policy is indicated with 7., where the subscript € indicates in
some sense the level of stochasticity. That is, 7. becomes a deterministic policy for e — 0. A
deterministic policy is said greedy if it always selects the locally best action. A stochastic policy
is said e-greedy if, with a small uniform probability ¢ > 0, also the locally sub-optimal actions
are selected. More in general, an e-soft stochastic policy is one that uses some strategy to assign
a non null selection probability to all the feasible actions. For example, a popular stochastic

9 This idea, as well as the tight connection between optimization and decision/control processes presented here find
their common roots in the seminal works of R. Bellman [20] who in the ’50s introduced the important framework of
dynamic programming, as a way of solving decision and optimization problems through stage decompositions. The fact
that dynamic programming is still one of the most used techniques for solving both combinatorial optimization and
control problems witnesses the general goodness of the Bellman'’s early view, as well as the soundness of the logical
connections drawn here between the notions of construction and decision processes, and, later on, between partial
solutions and states, imperfect information and phantasma, policy search and pheromone, and so on.
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decision rule is the so-called soft-max rule that transforms the action probabilities according to
an exponential function reminiscent of the Boltzmann distribution for the energies in a gas and
then selects the action according to a random proportional scheme.

The equivalence between construction and decision process is of great importance in this
thesis. In fact, it allows to introduce in the next section the important notion of state of the
construction process and the use of a language and of results coming from the fields of control
and reinforcement learning that will favor an insightful analysis of the theoretical properties of
ACO.

3.3.1 Optimal control and the state of a construction/decision process

This section makes more precise the equivalence between construction methods for combinato-
rial optimization and decision process through the use of the notion of state, which comes from
the theory of dynamic systems [448] and optimal control [47].

Informally, the state of a dynamic system can be thought of as the piece of information that
“completely” describes the system at a given time instant. In more precise terms:

DEFINITION 3.17 (STATE): For a deterministic discrete-time dynamic system, the state is a tag or label
that can be associated to a particular aggregate of input-output histories of a system, and that enjoys the
following properties:\°

e at a given instant, the set of the admissible input sequences can be given in terms of the state at that
instant;

o for all the admissible future input sequences, the state and a given admissible input sequence deter-
mine in a unique way the future output trajectory.

It is easy to get convinced that these characteristics are both necessary and sufficient to de-
scribe the evolution dynamics of a controlled discrete-time dynamic system expressed in the follow-
ing compact form:

(3.19)
Yer1 = G(241),

{$t+1 = F(x¢,u),

witht € N, 2, 2,41 € X, where X is the set of the states of the system, y;+1 € C, where C
is the range of the output, and u; € C(x:), where C(x;) is the set of the control actions which are
admissible when the system is in state ;. The use of the set symbols X, C' and C reveals the direct
connections between these sets and those previously introduced in the context of construction
processes. In fact, the partial solution x; at stage j of a construction process has the property of
being a state of the process and can be readily identified with the state of the above system at
time ¢ = j. More in general:

REMARK 3.5 (EQUIVALENCE BETWEEN CONSTRUCTION PROCESSES AND DYNAMIC SYSTEMS):
The sequential decision process associated to a construction strategy can be thoroughly seen in the terms
of a controlled discrete-time dynamic system.

The process is always started from the same initial state ¢, and is terminated when the state
belongs to the set S C X, defined as the set of the final (terminal) states of the control process.

The state-transition application F' : X x C — X is such that the state at time ¢ 4 1 is obtained
by “including” the current control action u; € C(z;) into the state ;. Further, the function

10 Being the notion of state of basic relevance for the theory of dynamic systems, more formal definitions can be found
in anumber of textbooks related to the subject. The contents of this section are partly extracted from the work of Birattari,
Di Caro, and Dorigo [33, 34] which contains more extensive discussions on the notion of state.
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G : X — (C'is such that the new component is observed as the output at time ¢ + 1 of the system
itself. Therefore, the above system can be more specifically written as:

{l’t—H =Ty © uy, (3.20)

Yt4+1 = Ut,

where the operator @ indicates, as before, a generic operation of inclusion. Therefore, it results
that the set of the admissible actions, given the current state, is a subset of the range of the
output: C(x¢) C C.

Now let U be the set of all the admissible control sequences which bring the system from the
initial state x to a terminal state. The generic element of U/,

u= (Up, U1, .-, Up—1),
is such that the corresponding state trajectory, which is unique, is

<$0,$1,...,Iw>,

with z,, € S, and u; € C(x;), for 0 <t < w. In this sense, the dynamic system defines a mapping
S : U — S which assigns to each admissible control sequence u € U a final state s = S(u) € S.

The problem of optimal control consists in finding the sequence u* € U for which the compo-
sition J of the costs incurred along the state trajectory, is minimized:

u” = arg min J(S(u)), (3.21)

where “argmin” denotes the element of the set ¢/ for which the minimum of the composed
function J o S is attained. Using different terms, the problem of optimal control consists in
finding the optimal decision policy 7*, that is, the policy in the set IT of the possible policies that
generates the sequence of actions u*.!!

Given the equivalence between the construction process and the dynamic system 3.19, it
is apparent that the solution of the problem of optimal control stated in 3.21 is equivalent to
the solution of the original optimization problem 3.1, and that the optimal sequence of control
actions u* for the optimal control problem maps bidirectionally to the optimal solution s* of the

original optimization problem.

REMARK 3.6 (PARTIAL SOLUTIONS AS STATES): From now on it is meaningful to speak of the t-th
feasible partial solution of a generic construction process as the state at the stage t of the process, implicitly
referring to the associated discrete-time dynamic system 3.20.

REMARK 3.7 (STATES ARE A CHARACTERISTICS OF THE PROBLEM AND OF ITS REPRESENTATION):
Given a combinatorial optimization problem in the form 3.5, the state set X results from the Definition
3.10 for the feasible partial solutions. That is, the state set is a characteristics of the problem and of its
representation, and it is independent from the specific construction process.

On the contrary, the sets C(x) depend on both the states and the specific characteristics of the construction
process. That is, the chosen construction strategy can be such that some state transitions are not taken
into account, even if feasible in principle.

Clearly, the fact that states are independent from the specific decision process, and only de-
pend on the solutions in the set S and on the adopted model to represent the solutions means
that the state description is actually a characteristics of the problem and of its representation. In
this sense it is equivalent to speak in terms of either (i) “the state of the decision agent according

11 Since the set U is finite, it is guaranteed that .J o S attains its minimum on U.
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to its own representation of the problem” or (ii) “the state of the problem according to the chosen
representation model”. What it is different between these two ways of speaking is the point of
view. In case (i) the representation model is part of the agent’s design: the original combinatorial
problem is in fact transformed in a way suitable to be attacked following the agent’s construc-
tion strategy. In the other case, the representation of the problem and the agent design are in
some sense seen as two separate entities. Using the terminology introduced before, the state set
represents the feasible part of the environment where the decision agent shall act upon.

As it has already pointed out, in the case of the class of problems considered in this thesis
the characteristics of feasibility of the environment, that is, the state set, can be safely assumed
as known and accessible to the optimization/control agent. This enjoyable property in some
sense justifies the transformation of the original combinatorial problem into a decision problem.
In fact, if after the transformation only partial knowledge about the environment could be ac-
cessed the problem would dramatically become much harder to solve, since some form of state
identification or reconstruction would be likely required. That is, some computationally-heavy
form of feasibility-checking device would be required.

Next section shows how the process states and their connectivity can be conveniently rep-
resented in a graphical way. The use of such a graphical representation will be a useful tool to
visualize the characteristics of the state space associated to different problems and algorithms.

3.3.2 State graph

Assuming that only feasible solutions are going to be generated, the set X represents the set
of all possible states that can be reached during the decision stages of the construction process
under consideration. In spite of the finiteness of the set X, the number of reachable states is in
general huge also for “small” combinatorial problems. In general, the dimension of the state
graph grows exponentially with the dimension of the problem for all the NP-hard problems. It
is because of this explosion of states that Bellman spoke of curse of dimensionality [20].

EXAMPLE 3.5: NUMBER OF STATES AND THEIR CONNECTIVITY IN A TSP

In the case of a combinatorial problem whose solutions are the permutations of the elements of a set C of
n distinct elements, the number | S| of feasible solutions amount to n!. The number | X | of possible states
is of the same order of magnitude but clearly bigger:

n

n!
> CT (3.22)

k=1

If n = 50, which is a reasonably small number, |S| ~ 3 - 105 and | X| ~ 8 - 10%4.

In the case of an asymmetric TSP, solutions are cyclic permutations over the set C of the cities iden-
tifiers. Therefore, there are “only” (n — 1)! distinct solutions. In fact, given an n-permutation o =
(c1,¢2,...,cn), all the permutations obtained cycling over the elements of o are equivalent in terms of
the cost of the associated solution. Accordingly, the number of states becomes:

CE +(n—1)! (3.23)

ol
Il

1

In a symmetric TSP the number of distinct solutions, in terms of both cost and permutation pattern,
becomes (n — 1)!/2.

Figure 3.2 shows the state diagram for the above case of solutions expressed as generic permutations
over the set C' = {1,2,3,4}. Each node represents a state, while the direct arcs between nodes represent
possible state transitions, that is, the sets C(x), given a construction process which uses I., that is, which
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appends the new component to the end of the sequence. The related case of an asymmetric TSP with four

cities is reported in Figure 3.3.
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Figure 3.2: State diagram for the case of a generic combinatorial problem whose solutions are permutations over the
set C = {1,2,3,4}. The number |S| of feasible solutions amount to n! = 24. Each node represents a state, while
the direct arcs between nodes represent possible state transitions given a construction process that, starting from an
empty sequence, appends the new component to the end of the sequence. The number | X | of possible states amount to

64 plus the empty starting state.
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Figure 3.3: State diagram for the case of an asymmetric TSP with four cities. Each node represents a state, while
the direct arcs between nodes represent possible state transitions given a construction process that, starting from an
empty sequence, appends the new component to the end of the sequence. The first four layers, from left to right, are the
same as in Figure 3.2. The differences in the last layer, where complete solutions are reported, account for the fact that
in the TSP solutions are cyclic permutations and, from the point of view of the associated cost, all the permutations
obtained by cycling over the elements of a same permutation are equivalent. Each sequence of integers showed inside
the nodes of the last layer is a randomly chosen representative of the set made of the four permutations obtainable by

cycling over the elements of the permutation (e.g., (1,2,3,4) is taken as the representative representative element of
the set of solutions {(1,2,3,4),(2,3,4,1),(3,4,1,2), (4,1, 2, 3)} which all have the same cost value).

As shown by Figures 3.2 and 3.3, it is natural to represent the set X of the states associated
to a combinatorial problem (C, 2, J) by means of a directed graph, called state graph, defined as
follows:

DEFINITION 3.18 (STATE GRAPH): The state graph is a direct sequential graph G(X, C) whose node set
coincides with the state set X, and the edge set C represents the set of all possible state transitions. Each
node of the graph G(X,C) represents a state x; of the problem which can be reached by a construction
process, that is, a partial or complete feasible solution. The set of the edges (z;,z;41) € C € X x X
is such that each departing edge represents one of the actions c; € C(x;) feasible when the state is x;.
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Therefore,
C=J c@). (3.24)
x,€X

As it has been stressed in Remark 3.7, the set C, that is, the connectivity among the nodes,
depends on both the problem constraints and the specific characteristics of the construction pro-
cess, which can limit the feasible transitions to a subset of those in principle allowed by the
constraints. In particular, the connectivity is affected by the characteristics of the operation set O
(see Page 50) which defines the precise nature of the actions that can be executed on the selected
component. However, the use of the operations of replacement and deletion, O, and Oy, has
been previously ruled out in favor of the exclusive use of O;. Here, the use of the state graph
can provide a further, effective, visual support to this previous choice. In fact, once reasoning in
terms of graph connectivity, it is evident that deletion and replacement operations would easily
determine an overwhelming degree of edges and cycles. This is clearly evidenced by a compar-
ison of Figures 3.4 and 3.2, which report the state diagram for the same TSP but for construction
processes using different operations O. In Figure 3.2, the construction process, starting from
the empty sequence, is appending each new component to the end of the sequence, that is, it is
using the extension form I, of the inclusion operation O;. On the other hand, the construction
process in Figure 3.4 can make use at each step of anyone of the three operations O;, O,, Oq.
The difference in connectivity patterns between the two diagrams is striking. The transition
dynamics associated to the use of all the three operations is far more complex than those de-
termined by restricting the use to the O;. The example clearly shows the relationships between
possible/feasible transitions and algorithm characteristics, and provides a strong support to the
previous choice of ruling out the use of deletion and replacement operations, when not strictly
necessary.

A remarkable effect of using only O; consists in the fact that the state graph possesses the
enjoyable property of being a direct acyclic graph, that is, a sequential graph, which can be conve-
niently partitioned. In fact, the initial configuration z, = (), as the only node with no incoming
edges, and the set S of the terminal nodes from which no edges depart, can be singled out in the
graph. More in general, the whole set of nodes X can be partitioned in n + 1 subsets:

X:X()UXlU"'UXn, WlthXZijim, fOI'?:%j, (325)

where n is the length of the longest solution in S. The generic subset X; contains all and only
the nodes x; such that the configuration they represent is a set of ¢ components.

A cost function must be defined together with the graph G, to be the graph a complete repre-
sentation of the optimization problem 3.1. The transition cost function J (Equation 3.13) defined
at Page 51 associates a cost to every transition between adjacent partial solutions. Therefore,
such a function also associates a cost J;; to every arc (z;, z;) € C of the state graph. On the other
hand, J(z) tells the cost of state x, given by the composition of all the single costs J;; associated
to the state components.

The state graph G(X,C), together with the function 7, brings all the necessary information
to solve the original problem, being a complete representation of it (when the component set C'is
complete in the sense that exists the bijective mapping fc of Equation 3.7).

REMARK 3.8 (COMBINATORIAL OPTIMIZATION AS A SHORTEST PATH PROBLEM): In terms of the
sequential state graph G(X,C) the optimization problem 3.1 can be stated as the problem of finding the
path of minimal cost from the initial node x to any of the terminal nodes in S. The form of the
optimization criterion J defines the precise way according to which the single costs J;; incurred during
the path have to be combined. In the common practice additive combination models are used as overall
cost criteria.
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The state graph is a graphical representation of the state structure of a combinatorial problem
given the general characteristics of the construction process. In a sense, given for granted the
inclusion operation, the state graph can be safely regarded as entirely associated to the problem
characteristics (and to the way solutions are represented in terms of components) and not to the
specific algorithm.

According to this, on the state graph nothing is said about the decision policy 7 actually
used to walk between the nodes of the graph in order to reach a terminal node corresponding
to a good solution. On the other hand, the graph G(X,C), together with a policy mapping
defined on the state set, is a complete representation of a specific construction (sequential deci-
sion) process. The influence diagram, introduced in the coming Subsection 3.3.4 is the graphical
tool used to represent the state transitions, the applied decision policy, the information used by
the decision policy to take decisions (information which, in general, might not coincides with
the full state information), and the incurred costs. When the decision policy makes use of full
state information, an alternative to the use of influence diagrams can be the same use of state
diagrams, with the addition of the selection values assigned by the mapping 7 to each single arc
of the state graph. However, while the influence diagram is intended to explicitly represent the
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Figure 3.4: State diagram for the case of an asymmetric TSP with four cities as in Figure 3.3. The difference between
the two graphs consists in the different strategy used by the construction process. In this case the process can use at
each step any one of the three general operations O;, O, Oq explained at Page 50. The transition arcs between the
nodes of the fourth layer are not reported in the graph; otherwise that would have been almost unreadable.




3.3 CONSTRUCTION PROCESSES AS SEQUENTIAL DECISION PROCESSES 61

decision process, the state graph is more intended as a topological representation of the possible
dynamics of the process.

3.3.3 Construction graph

Another graphical tool to represent the sequence of decisions in a construction/decision process
not in the terms of state transitions but in the terms of sequence of included components is the
so-called construction graph G (C, L) (also indicated here as components graph):

DEFINITION 3.19 (CONSTRUCTION GRAPH): Given a combinatorial optimization problem in the form
(C,Q,J), the construction graph is defined as the finite directed graph having the component set C' =
{er,c2,... en}, N < oo, as node set, and the finite set L = {lc,c, | (i, ¢;) € CY, |L| < |C?, defined
over a subset C of the Cartesian product C x C, as the set of the possible node connections/transitions.

The construction graph is intended here as a graphical representation of the generic con-
struction process which adds step-by-step a new component to the building solution until an
z, € S is reached.'? The construction graph can serve as a tool for visualization and analysis com-
plementary to the state graph. It will result particularly useful to discuss ACO’s characteristics,
since the pheromone values guiding the step-by-step construction of solutions can be precisely
associated to the weights of the construction graph’s arcs.

To our knowledge, the precise notion of construction graph has been introduced for the first
time to describe the construction processes happening in ACO. In particular, in the ACO’s formal
definition given by Dorigo and Di Caro [140], a graph with the same properties of the graph here
called construction graph is used as problem representation fed to the ant agents. The precise
term “construction graph” has been used for the first time by Gutjahr [214], with a slightly
different but substantially equivalent meaning than in [140]. After that, the same term has been
used several times in ACO’s literature, usually to describe a graph with the same properties as
the graph defined in [140]. Here the term is used essentially with the same meaning as in [140]
but is considered under the wider perspective of a general tool to describe and reason about
construction and decision processes.

In fact, graphs with the same structure of the construction graph are commonly used to
as a tool to visualize and reason on combinatorial problems, independently from the fact that
the problem is solved or not following a construction approach. For instance, the TSP is often
expressed in terms of a graph like that shown in Figure 3.5. Since the solution of a TSP is the
Hamiltonian path of minimum cost, it is evident that such a graph representation well suits the
problem: the closed path including once and only once all the nodes and whose cost, in terms of
the sum of the weights associated to each crossed edge is minimal, precisely corresponds to the
searched solution of the instance.

More in general, the usefulness of construction graphs lies exactly in the fact that it exists an
equivalence between state trajectories and path on the construction graph which results from the
one-to-one correspondence between the sequence of decisions and the generated state trajectory
discussed at Page 55:

REMARK 3.9 (EQUIVALENCE BETWEEN SOLUTIONS AND PATHS ON G¢): The sequence of compo-

nents (cg, €1, C2,...,Ct,...,C,) associated to the sequence of decisions of a construction process can be
put in correspondence to a directed node path o. = (co,c1,¢2,...,Ct, ..., Cy) on the construction graph.
In turn, this path can be put in correspondence with the path o, = (xo, 1, %2, ..., T4, . .., Z,) followed

by the same process on the (sequential) state graph. Each solution s € S can be associated to a unique

12 The construction graph can be enriched with the addition of a node ¢ = @, which has no incident edges, and which
is the node from which the construction process starts. It is the corresponding of the node z¢ on the state graph.
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Figure 3.5: Graphical representation of a symmetric TSP with 5 cities. The dashed Hamiltonian path is an example
of a feasible solution whose cost amounts to the sum of the costs associated to each one of the set of edges belonging to
the path.

path on the construction graph, while the opposite is clearly not true (likely, most of the some paths will
not correspond to any feasible solution).'®

In order to be able to put each solution of the optimization problem in correspondence with
a path on the construction graph, the graph connectivity must be such that all the component
transitions which are in principle feasible are also made possible in practice on the construction
graph. In general, if the graph is fully connected this requirement results automatically satisfied.
On the other hand, the connectivity of the construction graph can be realized in a more precise
and space-wise way on the basis of the component transitions that are actually feasible as it can
result from an analysis on the state graph.

The equivalence between paths on the two graphs can be more compactly expressed by
means of a contraction mapping o:

DEFINITION 3.20 (GENERATING FUNCTION OF THE CONSTRUCTION GRAPH): The construction
graph can be seen as obtained from a contraction [384] of the state graph through the application of a
mapping

0: X — C, (3.26)

here called generating function of the construction graph,'
o(xi) = c, (3.27)

that maps a state onto a component which coincides with the last component that has been included
during the construction process.

The function p associates to every element of X an element in C such that every ¢ € C has
at least one preimage in X, but generally the preimage is not unique. The notation o~ !(¢;) =
{z¢ | o(x) = ¢;} indicates the set of states z; whose image under g is ¢;.

The function g induces an equivalence relation on X: two states x; and x; are equivalent accord-
ing to the representation defined by g, if and only if o(z;) = o(x;). In this sense, the mapping o
can be seen as a partition of the set X.

13 Actually, in the original work of Gutjahr [214] the construction graph is precisely defined as the graph whose
Hamilton paths starting from node cg can be put in correspondence with the set of feasible solutions through a generic
function ®.

14 This particular name comes from the similarity with the “generating function of the representation” defined by
Birattari, Di Caro, and Dorigo in [33], which is introduced later on.
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The state graph G(X,C) is therefore transformed (or, equivalently, contracted) into the con-
struction graph G (C, L) according to the partitioning induced by ¢ which maps the states into
components and defines L as the set of oriented edges (c;,¢;),?,j € C, for which an oriented
edge (z;,z;) exists on the state graph and z; and x; are the preimages under ¢ of ¢; and ¢;,
respectively. Formally:

L= {(ci,c]) | I (z;,z;) € C:ci = o(x;), ¢ = Q(J?j)}. (3.28)

Therefore, an oriented path on the construction graph can be used as a representation of a
construction process, since it reports the sequence of component inclusion. A fully connected
construction graph can be always used as representation of a construction process, in spite of
the specific characteristics of the process itself. However, in order to use a construction graph
to visualize a specific construction process, the connectivity patterns are expected to reflect the
specific characteristics of the process itself. In a sense, full connectivity describes the problem,
more than describing the specific construction process adopted to solve the problem. This fact,
as well as the use of construction graphs as visualization tools, can be better appreciated with
the help of the following example.

EXAMPLE 3.6: CHARACTERISTICS OF CONSTRUCTION GRAPHS FOR A 3X3 QAP

Let us consider the the case reported in Figure 3.6 of a generic symmetric 3x3 QAP with three activities
a1, az, ag and three locations 11,1z, 13. The bold faced nodes in the graphs represent activities, while the
other nodes represent locations.

Both graphs can represent construction graphs. However, from the fully connected graph on the left noth-
ing can be said about the actual construction process, which can in principle proceed by selecting locations
and activities in any mixed order, possibly properly pairing them at the end of the process in order to ob-
tain a feasible solution.

On the other hand, the graph on the right tells much more about the specific construction process under
consideration. In fact, transitions are now possible only between one activity and one location and vice
versa, but not between two activities or two locations. Therefore, the construction process shall proceed by
adding pairs (ay,l;), k,j € {1,2,3}. In this case, a 6-path on the graph can be put in direct correspon-
dence with a solution, once each edge (ax, l;) is intended as a pair of undirected weighted edges (therefore
making the graph a multigraph): one edge has weight J (ax|l;) and represents the cost of pairing ay
with 1;, while the other edge has null weight and is used for each transition happening after the inclusion
of a pair activity-location. For instance, the path (1,3), (3,2), (2,1), (1, 3), (3, 2) is such that edges with
non-null costs are only those used for transitions from an activity to a location: (1,3), (2,1), (3,2). The
null cost edges are in some sense necessary to represent on the graph the continuity of the construction
process, which otherwise would make jumps.

It is apparent that the construction graph alone does not carry the same information carried
by the state graph. Therefore, it can be used to provide some level of description of the construc-
tion process but, in general, it cannot be used to realize it (in the sense of using only this graph
information to take the decisions). For this purpose it is necessary to have some external “feasi-
bility device”, using either the state graph or the problem constraints, in order to define at each
step the set of feasible transitions. That is, it is necessary to restrict the set A'(c¢) of components
adjacent to node ¢ = g(z), to the set N, (¢) = N(c) N C(z). In the following the set N'(c) is called
the neighborhood of node ¢, while N, (c) is the feasible neighborhood of ¢ defined conditionally to
the fact that x is the preimage of c in the mapping . Since the preimage is not unique, it results
that:

No(e)=N(e)n | c@). (3.29)
{z | e=o(2)}
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Figure 3.6: Construction graphs for a symmetric 3x3 QAP. The bold-faced nodes represent activities, while the others
represent locations to which activities have to paired with. The meaning of the two graphs is explained in the text of
the Example on the preceding page.
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In the following N, (c) will be used to indicate both the feasible neighborhood of ¢ in general
terms (no particular state is specified) and the feasible neighborhood of ¢ associated to a specific
state z,. In the latter case the expression for AV, (¢) becomes:

Nz, (¢) = N(e) N C(xy). (3.30)

In order to complete the equivalence between solutions and paths on the construction graph,
it is necessary to add a weight function J- which assigns a real-valued cost to each transition
on the graph G¢. The previous example showed the potential problems which such a way of
proceeding. The weight function J¢ should be consistent with the cost function J associated
to state transitions. This function can be always defined on the state graph and is related to
the criterion J by the relationship J(s;) = Z?zl J(xj]|z;-1), assuming an additive criterion and
a length n; of the solution (see Equation 3.13). However, differently from the case of the state
graph, on G¢ it is not always possible to define a proper cost function, that is, a function which is
related to J in the same way 7 is. In fact, as it has been also discussed at Page 52, for some classes
of problems it is necessary to know the state to assign a cost to the inclusion of a new component
(e.g., max contraint satisfaction problems). That is, the step-by-step cost function is of the form
J(¢j|z;j—1). Clearly, such a situation cannot be represented tout-court on the construction graph.

For those cases in which it is possible to define a weight function of the form Jc(cj|c;),
the sum of the values of J¢ long the edge path followed on G¢ during the construction of a
solution s € S effectively amounts to the value of J(s). Therefore, it is possible to establish a
perfect equivalence between paths on the construction graph and solutions of the optimization
problem.

A similarly fortunate situation also happens when the step-by-step cost function has the form
Jc(¢;). In this case the cost can be seen as related to the nodes more than to the edges. Therefore,
it can be more appropriate to speak of a node path instead of edge path. These different situations
are evidenced in Figure 3.7.

When it is possible to define on G¢ edge (or node) paths whose additive costs correspond
to solutions costs, and with the necessary precautions concerning the connectivity aspects, it
results that:

REMARK 3.10 (OPTIMAL SOLUTION AS MINIMUM COST PATH): Searching for the mingegs J(s) is
equivalent to the search on G (C, L) of the path of minimum cost which corresponds to a feasible solution
to the optimization problem. If 3 is the set of all possible paths of arbitrary but finite length realizable on
the construction graph, then:

s* = arg min J(s) = arg min_ J(o), (3.31)
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Figure 3.7: Different ways of mapping problem costs on the construction graph. The first graph from the left is an
example of a problem (e.g., TSP) in which costs can be defined as J (c;|c;), that is, they can be associated to edges
(ci, cj) on the construction graph. In the reported case costs are symmetric. The bold-faced elements in all the three
graphs indicate where the costs are mapped onto. The middle graph refers to a problem in which costs are associated
to the inclusion of the single component c;, independently from the actual state (e.g., knapsack problems). Therefore,
costs are in the form J (c;) and can be associated to each node c; of the construction graph. The last graph to the right
is the equivalent of the middle one but shows how the same result of associating costs to the nodes can be obtained by
associating costs to edges of the graph. Costs are reported only for nodes 1 and 2, while bold-faced edges refers to node
1 only. Every node c; has a pair of input/output edges. The edge (c;,c;), has associated a weight equal to J (c;),
while the opposite one has a weight equal to J (c;). That is, all the incident edges to a node c; have a weight equal to
J(¢i). In this way every node transition to c; incurs in the same cost c;, which is in practice the cost to include the
component c; independently from the previous component or state. Therefore, it is always possible to reason in terms
of edge path, with costs associated to the edge weights.

where the notation has been a bit abused, intending with ¥ N S the subsets of the path set X
which correspond to feasible solutions, and with J(¢) the evaluation of the path itself according
to the sum of the single cost contributions either in the form J¢/(c;41|c;) or Jo(cit1).

Domains of application of the construction graph

From the discussions so far, it is apparent that the construction graph can be a particularly ap-
propriate tool to reason on construction processes applied to problems whose solutions are nat-
urally expressed in terms of sequences (e.g., TSP) and when the process inclusion operation is
the extension one I.. In fact, in these cases, the construction graph is a faithful representation
of the process and solutions can be directly associated to paths. The cost of inclusion of a new
component ¢; conditioned to the fact that ¢; is the last included one, is usually well defined in
these cases. More in general, the transition cjqst — Cnew, Which is exactly the one reported on
the construction graph, can be seen as playing a special role (e.g., in greedy methods for TSP
is common to select the new city as the one which is “closest” to the one last included in the
sequence). That is:

REMARK 3.11: The construction graph appears as well suited to represent processes for which the notion
of pair of components, or equivalently, of transition between components, plays a sort of privileged
role. It will be shown in the next chapter that this is precisely the case of ACO.

Also in the cases of set problems (e.g., the knapsack problem), in which the cost is associated
to each single included component independently from the state, the path on the construction
graph can be effectively used to represent solutions. In these cases the cost of the solution can
be evaluated either in terms of costs associated to each single node or costs associated to node
transitions (as it has been shown on the two rightmost graphs of Figure 3.7).
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On the other side, when for example the insertion operation I; is used, this is not anymore
true. The followed path cannot be directly associated to the solution actually constructed since
all the already included components can play the role of being the one next to which the newly
selected one is put. Also, the sum of the weights associated either to the edges or to the nodes
does not correspond anymore to the actual solution’s cost. The path ¢ = (¢, c1,¢2,...,¢,) can
actually represent any of the solutions in the set of the permutations of the elements of 0. The last
added component plays no special role in this case. In some general sense, the last component is
not an effective feature of the actual process state (see for example [23, 27] for insightful discus-
sions on the selection of effective state features). Accordingly, the information associated to the
construction graph appears inadequate to properly describe the construction process. A similar
situation can happen also in the cases of problems of max constraint satisfaction, independently
from the specific inclusion strategy.

In spite of its limitations, the use of a construction graph can be still very helpful to obtain
a compact graphical representation of the state graph, whose exponential dimension for large
problems poses practical limitations to its usage. On the other hand, with respect to the influence
diagram the construction graph adds some useful information. In particular, it can capture some
core topological characteristics of the decision process.

The notion of construction graph can be extended and made more general by adopting dif-
ferent forms for the transformation function . That is, the construction graph can be thought
as a representation of a construction process which explicitly makes use of state features to take
the step-by-step decisions, where the generating function ¢ can precisely represent the adopted
strategy for feature extraction from the states. This sort of extension can be envisaged also for
the case of ACO. A practical discussion of this issue is given in the following example which
show how to generate a construction graph which properly represents an insertion strategy.

EXAMPLE 3.7: A MORE GENERAL GENERATING FUNCTION g FOR A TSP CASE

Let us consider the already discussed case of a construction process using the insertion strategy while
constructing solutions for a TSP. Partial solutions are represented as sequences of components, x,, =
(co,c1,¢2,- .., cpn). States can be effectively compacted according to the many-valued function:

0i(xn) = {co,c1,¢2,...,Cn}, (3.32)

which associates to each sequence x., the set of its elements. That is, the sequence information is lost. This
amounts to a considerable reduction in the dimension of the node set with respect to the state graph. A
construction graph whose nodes represent the states x as projected through the mapping o;, has 8(C)
nodes, a number which has to be compared to §(C"), C' = C x N (see Footnote 3 at Page 43 for the
precise definition of C'). Two adjacent nodes o;(xy,) and o;(x,,—1) differ for one single element in their
sets of definition: 0;,(x,) = 0i(tn—1) Uci, ¢; € C, ¢; & 0i(xn_1). Node pairs (0;(xn—1), 0i(xx))
are connected through a set of n + 1 oriented edges incident to p;(x,). Each edge has a different weight
which corresponds to one of the n + 1 different insertions of the component c; into g;(x,—1). Such a
multigraph [344] can effectively represent the construction process using insertion. Moreover, a node-
edge path can be put in direct correspondence to a solution, once edges are ordered always according to
the same criterion with respect to the insertion position to which they refer to.

The example wants to show at the same time an alternative way of defining a construction
graph and the difficulties of such a task. In fact, it is evident that the construction (multi)graph
obtained by applying the function ¢; might be too complex to be used as an handy representation
to reason on the construction process.

According to the fact that ACO makes use of a problem representation in terms of a construc-
tion graph to dynamically frame the memory of the past generated solutions (see next chapter),
the definition of a different sort of construction graph based on a different definition of o is
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seen in the following as a way of proposing a new, likely more general, definition of ACO (see
Section 4.4).

3.3.4 The general framework of Markov decision processes

From the previous definitions and discussions on the concept of state, it is apparent that at each
node x; € X of the state graph G(X,(C) the only information that is necessary to determine
feasible actions and the future cost of a whatever path bringing to a terminal node is actually
the knowledge of the current state z; and of its cost J(z;). That is, in more general terms,
the path followed from z to z; does not matter for what concerns the future: the information
associated to «; summarizes all the necessary information. This is the property that informally
characterizes the same concept of state as defined in Subsection 3.3.1. Since what is known in
the literature as Markov property [367, Chapter 4] is precisely related to the concept of state, it is
clear that the state, when correctly conceived, is always a state in the Markov sense. Accordingly,
when described in terms of its state, any discrete-time system is intrinsically Markov.'> 16

According to this equivalence, the state description of a process can be reformulated in the
terms of a Markov chain. In particular, the arcs in the state graph representation can be more in
general thought as representing probabilistic state transitions: every possible state transition can
happen with a certain probability value which is associated to the arc. The deterministic case
considered in this thesis can be seen as a limit case of the probabilistic one. More in general, the
state graph can be associated to the structure of a generic Markov decision process (MDP), that is,
a Markov chain generated by explicitly issuing control actions at the states [229, 353].17

An MDP is a basic modeling framework for sequential decision processes. In a broad sense,
it is the main framework of reference for decision making. The range of interest of MDPs is
much wider than that of the ACO framework, but it is useful to reason about ACO referring
also to the modeling tools, the language, and the algorithms proper of the MDP field. In fact,
this will help to make clearer which are the specificities of the decision problems faced by ACO,
as well as the theoretical properties and limitations implicit in the ACO’s design. An indirect
confirmation of the usefulness of using such a language comes from the fact that the first proof
of convergence to optimality for ACO algorithms, given by Gutjahr in [214], precisely made use
of the notion of MDPs (actually, also other subsequent convergence proofs and discussions from
the same author [215, 216]) make use of the same notion).

A Markov decision process is a controlled stochastic process that: (i) assumes that every
process state depends only on the previous process state and not on the history of previous
states (Markov assumption), (ii) assigns costs (or rewards) to state transitions.'® More formally,
an MDP is finite state automaton with a state-transition feedback function described by the 4-
tuple (X, U, T, J) where:

e X is a finite set of problem states, representing the environment;

e U is a finite set of actions;

15 Birattari, Di Caro, and Dorigo [34, Page 192] give a detailed mathematical proof of this intuitive equivalence in the
general case of a stochastic discrete-time system.

16 The often found expressions like Markov order n-th, have to be seen as a way of dealing with systems whose proper
state can be encoded by retaining information from the last n decision steps, but it is in practice more convenient to focus
on the single decision step and make explicit from how many steps information has to be maintained in order to build a
proper state.

17 Probabilistic transitions mean the following situation. If NV (z;) = {azjl _H,a:? PR ,:cé? 1} is the set of states
reachable from z; in one step, then, after issuing at state z; the control action u;, the state x; 11 € N (z;) will be the
next state with a probability equal to P(x§ L1lzg,ug).

18 In the following, consistently with the terminology used so far, which refers to minimization problems, only cost
models are considered. The case for rewards would refer to maximization problems.
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o T': XxUxX — [0, 1] defines the transition probability distribution P(z;|x;, us) that describes
the effect of actions on the world state;

e 7 : X xU x X — R defines a cost model that describes costs associated with a state
transition under some action.

Usually, once a Markov model is defined for the system under study, the aim is to exploit the
characteristics of the model to either search for the optimal action policy 7* or to study the
dynamics of the system under an assigned policy 7 (e.g., probability of reaching each terminal
state, asymptotic state occupancies). In general, solving an MDP means to compute either: (i) the
policy 7* which minimizes the overall expected cost incurred when starting from one specific
state, or, (ii) the policy 7* which minimizes for all the states the overall expected cost incurred
when starting from a state sampled over the whole state set according to an assigned probability
distribution, or, (iii) the overall expected cost, as in (i) or (ii), but for a specific assigned policy
w. For a Markov chain the objectives are similar, except for the fact that the system can only be
observed and not directly controlled.

When all the aspects defining the MDP at hand are precisely known and the cost model is
additive, the methods of dynamic programming, and in particular value iteration and policy itera-
tion, described in Subsection 3.4.2, are among the most common and effectice ways of dealing
with MDP solution. When this is not the case (e.g, the characteristics of the Markov environ-
ment are not fully known in advance), other techniques must be be used, like for instance A*
algorithms [336] (that address the situation in which the goal states are not known in advance),
or those algorithms developed in the field of reinforcement learning (e.g., Q-learning [442, 414]),
which address both the problem of the complete lack of the environment model and that of
delayed rewards (which cannot be dealt efficiently by dynamic programming).

The literature on Markov processes is extensive. The textbook [353] contains a detailed and
quite comprehensive presentation of the subject. In Appendix C a short overview on the charac-
teristics and properties of Markov decision processes and partially observable Markov decision
processes is given. The discussion has focused on the general case of a stochastic model for
state transitions, even if in the class of combinatorial problems meant to be solved by ACO state
transitions are supposed to be strictly deterministic.

Graphical representations for MDPs

The most informative graphical way used to represent the dynamics of an MDP, and, more in
general of a decision process, is an influence diagram [229], which reports all the information
related to the followed trajectory in the state space of the process. The influence diagram is
complementary to the state diagram, which shows the general connectivity among the states,
and the transition graph, which has a node for each state and an action node for each state-
action pair, with the action node positioned on the arc connecting the two end-states. Basically,
the transition graph reduces to the state graph in the deterministic case since for each issued
action only one specific state transition can happen. Figure 3.8 shows a transition graph. In the
following, since the focus is on systems with deterministic state transitions, only the state graph
is considered.

Figure 3.9 shows the influence diagram for a single process step, while Figure 3.10 shows
a whole trajectory with the accumulated cost value. Circles represent chance nodes and corre-
spond to states of the controlled process in two consecutive time steps, the rectangle stands for a
decision node that represents action choices, the diamond stands for the value node representing
the cost associated with transitions. Directed links represent dependencies between individual
components.
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Figure 3.8: Transition graph for a 3-states MDP with two available actions { A, B} and probabilistic state action
transitions. Small black solid circles represent the actions that can be issued at each state. The directed arcs originating
from them shows the possible state transitions. The pair of numbers beside each arc express respectively the probability
of that state transition after taking the indicated action and the incurred cost.
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Figure 3.9: Influence diagram representing a running step of a Markov decision process. Circles represent chance
nodes and correspond to states of the controlled process in two consecutive time steps, rectangles stand for decision
nodes that represent action choices, diamonds stand for the cost associated with state transitions. Directed links

represent dependencies between individual components.

Overall incurred cost

Figure 3.10: Expanded influence diagram representing a trajectory of a Markov decision process. Modified from [219].

States of a model versus complete information states

In some philosophical sense, it can be assumed that every process is intrinsically Markov," that
is, it always exists at least one state representation of it, with the states possessing the charac-
teristics stated at Page 54. On the other hand, the model of the process which is available to, or
chosen by the agent can be or not Markov. That is, the agent representation of the process under
study, can be either a whatever Markov representation or a non-Markov one. Where a “what-

19 At least in the classical world. In the quantum world the situation appears far more complex.
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ever Markov representation” means a model whose mathematical properties are such that the
Markov property holds but its relationship with what can be termed the intrinsic/exact under-
lying state representation can be arbitrary. At the two extremes, the agent model can bring the
same information as the exact model or can bear no meaningful relationships with it.

To understand these facts, let us consider a physical process that, for what concerns the pre-
diction of its behavior, is perfectly described in terms of a state space X and a set of differential
equations F(X) defining the time evolution of the state variables in X. This is an “intrinsic”
representation of the system. Let us consider now a prediction agent which adopts a model of
the system based on a different set of variables, Z, which are for example defined on a small
subset Z C X of X. In this case, the prediction agent using Z will not be able, in general, to
provide fully satisfactory predictions of the system’s behavior, because the adopted description
is not anymore a proper state description. The information carried by the states of the agent
model is expected to be incomplete with respect to that carried by the exact state set X. Therefore,
it is reasonable to expect that in this case the quality of the predictions will not be so good as in
the case of using the set X. However, it is correct to say that the elements in Z are the “states”
of the adopted representation model, as long as these elements precisely play the mathematical
role of states for what concerns the model. That is, as long as a state equation in the form of
Equation C.1 can be defined. A posteriori, it will be the goodness of the predictions that the Z-
based model will be able to produce that will in some sense decide if the choice of the set Z was
or not a proper choice to represent the system under study. Likely, it will turn out that the agent
model is just an “unsatisfactory” Markov model for the system under study.

This is to stress that the intrinsic characteristics of a system, whose understanding are the
ultimate object of scientific investigation, must be seen as separated from the specific character-
istics of the model adopted by an agent to predict or control the behavior of the same system.
The Markovianity or not of a model is just a mathematical property which is assigned to the
model at design time. If the characteristics of the chosen model really match those of the sys-
tem at hand, this is another story. The level of the matching can be only assessed on the basis
of the chosen evaluation metrics. For instance, a Markov model able to provide 70% of correct
predictions can be accepted as a good model and used in practice even if it is clear that that 30%
of incorrect predictions reveal that some of the model’s states are not in correspondence with
the “true” system’s states. The search for representation models corresponding to maximally (or
fully) predictive state models for the system under study can be seen as the ultimate target of
science, resulting in a possibly never ending process of definition and refinement of agent mod-
els (e.g., see [232, 99] for insightful discussions on this subject). Generally speaking, finding the
correct state model of a system means that the model “explains” and perfectly predicts and/or
control the system’s behavior. Clearly, in the majority of the cases such an achievement simply
cannot be reached. This can be easily understood on the basis of the fact that real-world systems
involve the use of real-valued variables that cannot be practically measured and stored with the
required arbitrary precision (while in the quantum world the Heisenberg’s principle put even
more tight limits to knowledge). However, reasonable compromises can and have to be found
in practice by defining convenient evaluation metrics to score the overall quality of a model.

REMARK 3.12 (COMPLETE INFORMATION STATES ARE KNOWN FOR THE CASE AT HAND): For
the case of the class of combinatorial problems considered in this thesis, a fully predictive state descrip-
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tion (hereafter also called complete information states) is assumed to be known.?® In fact, the state
description X comes directly from the problem’s definition (C, 2, J) which is available to the agent.

In a sense, the case considered here is a fortunate one. In fact, for instance, once a Markov
representation model based on states other than the complete information states described so
far is adopted, we exactly know where and in which sense there might be a loss of necessary
information. We can already predict a sort of sub-optimal performance. In other contexts the
situation is much different, since the complete information state variables and their dynamics
might not be known in advance, and there might be no cue to understand what and if something
is missing in the adopted agent model. While here the target might be the definition of a more
manageable representation model starting from the knowledge of the complete information state
model, in other situations the target might be the discovery of an appropriate state set which
could satisfactorily approximate the complete information one, and this discovery that has to be
done in the ignorance of the precise characteristics of the complete information states.

In order to account for the specific characteristics of the class of problems at hand, in the
following the term state will always refer to the complete information states Therefore, in a sense,
it must be clear that we are talking not of the states of a whatever state-based representation
model but of states carrying all the useful and necessary information.

EXAMPLE 3.8: MDDPS ON THE COMPONENT SET C'

In some literature related to ACO, a structure equivalent to the fully connected construction graph has
been used to represent the walk of an ant in terms of an MDP whose states coincide with the nodes of
the graph (i.e., they are solution components), and state transitions coincides with the next component to
include:

MDPg, = (C,C,T,J),

where each node ¢; € C has |C| — 1 possible actions/transitions corresponding to transitions to all the
other nodes but itself, T says that transitions are deterministic, that is, the probability T'(c;|c;,u;) = 1 if
u; = c¢;, 0 otherwise, and J assigns a real-valued cost to each transition.

It is easy to understand that, while such an MDP is formally correct, it is at the same time quite useless for
computing, learning or evaluating an action policy m in terms of actions w to select at each state. In fact,
representing the steps of a construction process as a walk through the nodes starting from c, at each node
all the transitions are possible and there is no information regarding the actual feasibility of the single
choices. Actually this fact implies that there are no terminal states. That is, nodes, that once reached are
not left anymore for either the presence of a repeatedly selected self-transition, or the absence of out edges.
Terminal nodes would represent the completion of a solution. Without terminal nodes the walk on the
graph would last indefinitely while accumulating costs. In this way the walk cannot be representative
of the process of building a feasible solution of finite length. Therefore, on such a state and transition
sets, without any additional technical assumption, is in general impossible to build a feasible solution.
Accordingly, the related MIDP cannot be really solved in order to discover in any efficient way the optimal
action policy 7*.

On the other hand, admitting a non-stationary MDPg,,, that is, one in which the transition probabil-
ities change at each step according to an external process, the construction graph can fully represent
the construction process. In fact, if at each step t the transitions probabilities are modified such that
Ti(cjlei,uj) = Lifu; = ¢; A u; & Hye, 0 otherwise, where H, represents the set of the nodes visited so

20 The knowledge of the state description can be safely assumed for the case of static combinatorial problems. For the
case of dynamic and distributed problems (e.g., network routing), this assumption does not hold anymore, since such
a knowledge would require the knowledge of both the dynamics of the input traffic processes and the current status of
the packet queues over the network. However, as it is explained in the following, the assumption still holds for what
concerns the feasibility of the choices. It will be always possible to guarantee the feasibility of the routing decisions once
a decision is considered feasible if it does not give rise to a permanent cycle.
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far, then the non-stationary MDPg,, faithfully represents the construction process and can in principle be
used to compute the value of the optimal policy. However, it is clear that this is a trick, since the external
process is supposed to know the complete state of the process. Unfortunately, non-stationary MDPs are
not easy at all to solve, therefore, this solution would incur computational problems similar to those faced
when trying to solve an MIDP defined on the state graph.

EXAMPLE 3.9: MDPS ON THE SOLUTION SET S: LOCAL SEARCH

So far the focus has been on construction processes. Accordingly, the states have been intended in the
sense of the state of a process constructing a complete solution. As it is discussed in Appendix B this is
not by far the only and even the most popular strategy used in optimization algorithms. On the contrary,
it is common practice to search directly the set of the complete solutions.

Let us consider for instance a pure local search algorithm [344]: the search proceeds step-by-step from a
complete solution s; € S to another solution s; € S situated in the neighborhood of the current one,
sj € N(si). The search stops when a local minimum siop; € Siope C S is reached, with Siops = {s €
S| Vs; € N(s), J(s;) > s}. Such a sequential decision process on the solution set can be represented in
the terms of an MDP:

IC|
MDPs = (S, [[ xC, T, Trs),

where H‘Cl xC indicates the Cartesian product of order |C| of C, T depends on the characteristics of
the neighborhood N, and is such that if s € S}, no outer edges depart from s;ops, while the incurred cost
Jrs(sjlsi,a), a € H‘Cl xC, is equal to 0 for each transition which does not bring to a local minimum,
and it is equal to J(s;), Vsj € Siopt.

Most of the convergence proofs or the same design of several stochastic algorithms which search directly
the solution set have been done after modeling the algorithm steps in the terms of an MDP which looks
very alike this one, possibly without the direct association between local optima and terminal states (e.g.,
see [376, 1, 55, 300] for some among the most interesting works done according to this perspective).

The recent work of Chang et al. [76] considers the application of ACO to the solution of generic MDPs,
without any specific reference to what the MDP states precisely mean. Therefore, states could coincide
with the solution set, as in the case of MDPrg. In this perspective it could be interesting to study the
possibility of letting ACO learning the state transition policy for an approximate procedure of local search,
that is, a local search which does not explore the neighborhood exhaustively. The outcome of ACO could
used to define an optimized subsampling strategy for the neighborhood. This would be a combination of
ACO and local search rather different than the usual ones, in which ACO is in a sense used to provide
effective starting points for local search. Another application of learning notions to the optimization of the
starting points of local search using MIDP notions is the work of Boyan and Moore (2000) [55] (see also
Section 5.3).

3.3.5 Generic non-Markov processes and the notion of phantasma

It is a fortunate situation when it is possible to have at hand a satisfactory Markov model of a
process. In fact, in this case several appealing properties are satisfied and a plethora of methods
exist to solve the problem in an effective way. On the other hand, it often happens that the avail-
able information cannot amount to that of a state or of a sufficient statistics of it. it. Therefore,
a proper MDP cannot be designed. The class of POMDP (see Appendix C) models extend the
validity of the properties of MDPs to the case in which not a state, but an observation model for
the underlying states is available and can be used to reconstruct the true state through the step-
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by-step observations. In the more general case, such an observation model is either not available
to the agent with the necessary precision, or is not stationary, ending up in a generic non-Markov
representation of the system, independently from the fact that the underlying process is or is
not a Markov one. The fingerprint of a non-Markov situation is that, for necessity or choice, the
underlying complete information states are not anymore accessible to the agent. In general, this
fact dramatically affects the characteristics of the control task, and, accordingly, of the possible
control strategies.

In the case of NP-hard problems the state description explodes exponentially with the prob-
lem dimension. This fact implies that it is very unlikely that, in general, a whole state trajectory
has exploitable superpositions with previously generated ones (clearly, it depends on the pol-
icy used to generate the solution, and the more the policy is stochastic, the less there will be
exploitable superpositions):

REMARK 3.13 (LEARNING STATE TRAJECTORIES IS PRACTICALLY INFEASIBLE): Therefore, in the
perspective of solving the optimization problem using a memory-based approach as it is the case for ACO,
it is practically infeasible to gather and use memory about solutions in terms of state trajectories.

For this, the focus must shift from states to some compact representation of them. That is,
apart from the use of a state model for what concerns feasibility, an optimization agent is in some
sense forced to make use of a non-Markov representation model.

To reflect the centrality of the the agent’s point of view in the need for a “compact” represen-
tation of the problem to act upon, Birattari, Di Caro, and Dorigo [33] have introduced the term
phantasma, which is a generalization of the concept of state for the generic case of non-Markov
representations:

DEFINITION 3.21 (Phantasma): A phantasma, adopting the Greek term used by Aristotle with the
meaning of mental image,?' plays the role of the agent’s phenomenal perception of the underlying
system, that is, all what is known and retained about the system at time t for optimization purposes. The
phantasma is the result of how the agent see the system to control under the lens of the chosen/available
representation.

In the definition, the expression “for optimization purposes” has been put with the explicit
purpose to stress the fact that, in general, since the phantasma does not bring the same informa-
tion as the state, it corresponds to a non-Markov representation and therefore it cannot be used
to construct feasible solutions. However, it can be used for the purpose of optimization.

REMARK 3.14 (PHANTASMA AS SUBSET OF STATE FEATURES): The use of phantasmata can be seen
as equivalent to the projection of the state set on a much smaller feature set, and then using the features to
either compute or learn decisions. The introduction of features implicitly involves state aggregation, and
can be conveniently seen as a contraction in the terms of the state graph. When the selected features do
not represent sufficient statistics, that is, if they do not summarize all the essential content of the states
for the purpose of control (e.g., see [23, 27]), the resulting policies are expected to be suboptimal. More in
general, a feature set is an effective one when it can capture the dominant aspects in the states.?

21 Aristotle (384-322 BC) De Anima: “The soul never thinks without a mental image (phantasma).” The same term was
reintroduced in Medieval epistemology by Thomas Aquinas (1225-1274) in the Summa Theologiae. The term phantasmata
(instead of phantasms) will be used in the following to indicate the plural of phantasma.

22 In control theory, the process that carries the state into what has been call here a phantasma, is related to the concept
of state-space reduction and terms like imperfect or incomplete state are used. Here a new term is introduced to stress the
facts that: (i) the phantasma can be in principle radically different from the state, while the terms “incomplete” and
“imperfect” reminds more of an entity which is either a sub-part or a noisy version of the complete information state,
(ii) we are addressing in special mode the case in which the complete information state is perfectly known but it is
explicitly projected into a lower dimensional feature space for the purpose of memory and decision, such that the agent
is purposely reasoning on a well defined phantasma of a state.
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The parallel with the definitions in Subsection 3.3.3 is evident. In fact, as in the case of the
construction graph, the definition of a phantasma set results in a compact representation of the
state set which can be described in terms of an appropriate transformation function. Therefore,
most of the reasonings of Subsection 3.3.3 can be duplicated and generalized here.

DEFINITION 3.22 (GENERATING FUNCTION OF THE PHANTASMA REPRESENTATION): Given a
state set X, a phantasma set Z,. is be obtained through the application of a mapping v : X — Z, (that
has been called in [33, 34] the generating function of the representation), that maps the set X of the
states onto the set Z,. The function r associates to every elements of X an element in Z, such that every
phantasma z, € Z, has at least one preimage in X, but generally the preimage is not unique.

The notation r~!({2;}) = {z.|r(z,) = 2} indicates the set of states 2, whose image under r
is z;. The function r induces an equivalence relation on X: two states x; and x; are equivalent
according to the representation defined by r, if and only if r(z;) = r(z;). In this sense, a rep-
resentation can be seen as a partition of the set X. From the phantasma set Z, it is possible to
define, in parallel with the state graph, the phantasma representation graph:

DEFINITION 3.23 (PHANTASMA REPRESENTATION GRAPH): The phantasma representation graph
(or, shortly, either the phantasma graph or the representation graph), is the graph G,.(Z,.,U,), whose
edge set U, C Z, x Z, is the set of edges (z;, z;) for which an edge (x;,x;) € C exists on the state graph
and x; and x; are the preimages under r of z; and z;, respectively. Formally:

U, = {(zi,zj) | Iwi, z;) € C:z=r(x;), 25 = r(mj)}. (3.33)

When the system is described through a generic representation r, the subset U..(t) C U, of
the admissible control actions at time ¢ cannot be usually described in terms of the phantasma z;
alone, but needs for its definition the knowledge of the underlying state x;. In this sense, because
of the loss of topological information, the graph G, cannot be in general used to construct feasible
solutions. Moreover, the parallel of the weight function C of G for the graph G,. cannot be defined
in a straightforward manner for a generic r, analogously at what happened in the case of the
construction graph. In fact:

REMARK 3.15 (CONSTRUCTION GRAPH AS A PHANTASMA GRAPH): The construction graph is ob-
tained as the result of specific choice r = g, with o the same as in Equation 3.20, that is, o(x;) = ¢;.

EXAMPLE 3.10: A PARAMETRIC CLASS OF GENERATING FUNCTIONS

Let us consider a generic construction process. According to the fact that the state is made of components
added one-at-a-time, a sort of “natural” class of representation generating functions is that mapping a
state x; onto a phantasma z; defined by the sequence of the last n components added during the construc-
tion process. That is, in the particular case of states as sequences, if x+ = (Co,C1,C2, -+« Ct—n, Ctent1s-- -5 Ct)
is the state after t decision steps, the function r,, maps x, onto the phantasma z; = (¢t—n,, Ct—nt1,-- ., Ct)-
For n = t the phantasma reduces to the state, while for the other extreme case of n = 1 everything but
the last step of the construction process is forgotten. In this latter case, the obtained graph coincides with
the construction graph. This situation is also indicated with the term memoryless in related literature
on generic decision processes (e.g., [278, 353]), to stress the fact that only the last “observation” of the
process is retained and used as state feature.

As it has been anticipated and as it will be discussed in depth later, ACO ant-like agents
make use of a construction graph to represent their status for what concerns quality optimiza-
tion and framing and use memory. Equivalently, it can be said that ACO’s ants make use of a
problem representation in terms of phantasmata. That is, they purposely compact the informa-
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tion retained about visited states. This determines some sort of aliasing of distinct states which
induces a very specific criterion for generalizing previous experience. In particular, the represen-
tation/construction graph is used to encode the values of the pheromone variables, which, in turn,
are the main parameters of the ant decision policy.

3.4 Strategies for solving optimization problems

This final part of the chapter is entirely devoted to a discussion on general-purpose approaches
to optimization, loosely classified according to the characteristics of the results they can gen-
erate and the class of problems that they address. The discussion is necessarily incomplete.
The purpose is not to provide an extensive overview of optimization problems and methods,
which would require an entire thick chapter for the most superficial of the overviews. But rather
to point out some basic and abstract notions which are in some general sense related to ACO
and which in the following will help to get a better understanding of “where” ACO is posi-
tioned within the wide universe of optimization strategies. In this sense, the following pages
can be properly seen also as a high-level description of ACO's related work in terms of parallel
approaches. This section is complemented by the contents of Appendix B, which discusses the
important class of optimization strategies indicated here with the term “modification methods”.

After a brief discussion in-the-large on optimization strategies, which is provided in the next
Subsection 3.4.1, in the following pages the focus is shifted on general-purpose strategies for
decision optimization and learning. The starting point of the discussion will be dynamic pro-
gramming [20, 23], which represents, both from a conceptual and historic point of view, a fun-
damental bridge between optimization and control. Dynamic programming allows to discuss
the central issue of the use of state information to solve optimization problems. The importance
of dynamic programming lies also in the fact that it is at the same time a quite general-purpose
and exact approach. Very few other optimization frameworks share the same properties (e.g.,
branch-and-bound and some of its derivations, and matroids). However, dynamic program-
ming is also straight to implement, it does not require to search for bounds or any other complex
additional “device” or particularly exotic formulation. The core of dynamic programming is the
comprehensive use of information about the states and their transition structure. Information
that dynamic programming exploits possibly at the best by computing in an effective way the
value of each state and using these values to compute the optimal decision policy. However,
the famous Bellman'’s curse of dimensionality [20] is still there, and for large instances this power-
ful and general state-based approach is not anymore computationally feasible. Clearly, “large”
is a relative notion, which directly depends on the available computing power. For example,
nowadays “large” for TSP instances means definitely bigger than 10* nodes, while thirty years
ago the “large” threshold already started at much below than 10 nodes. However, no matter
what large precisely means in numerical terms, the “curse of dimensionality” opens the doors
to the application of approximate methods and heuristics, either relying or not on some state in-
formation and state-values computations. The number of implementations of algorithms falling
in these broad categories is huge. Actually, just considering the vast literature in the domain
of operations research, it is apparent that a plethora of different optimization schemes and im-
plementations have appeared so far. Some of them are very effective and also quite general,
potentially embracing several different classes of problems (e.g., simplex, lagrangean relaxation,
and branch-and-cut methods [384]). However, these algorithms are not brought into the discus-
sion here since the focus is on classes of algorithms which are seen as directly related to ACO,
and, in particular, to the possible different uses of state and memory information in order to get
good or optimal solutions.

In this perspective, Subsection 3.4.2 discusses the impact of using state information and com-
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puting state values, Subsection 3.4.3 briefly discusses approximate methods for computing state
values, and Subsection 3.4.4 describes policy search strategies, seen as a general class of optimiza-
tion/decision strategies which, in opposition to dynamic programming, bypass the assignment
of values to states. ACO is actually seen in this thesis mostly as an instance of a policy search al-
gorithm.? Therefore, the main characteristics of the policy search framework will be discussed
with some detail, pointing out the different possibilities in terms of design choices, in order to
better understand later the meaning of the ACO-specific ones.

3.4.1 General characteristics of optimization strategies

Given a generic optimization problem in the form argmin,eg J(s), the ultimate objective of any
optimization strategy is to find the element(s) s* € .S at which the global minimum of the crite-
rion J is attained. A global optimization problem, either a combinatorial or a continuous one, is
hard to solve to optimality in the general case.? For finite combinatorial problems, the simplest
solution strategy guaranteed to find the optimal solution consists in the exhaustive enumeration
of all the possible solutions in the set S. Clearly, this approach becomes computationally infea-
sible for large problems. Once this “blind” enumeration is ruled out, the alternative becomes
the search for reqularities in (.S, .J) that can be exploited in order to effectively reduce the search
space. That is, in order to either (i) focus the search on only those regions where the optima
(or the best solutions) are expected to be found according to analytical or heuristic criteria, or (ii)
enumerating only those solutions that can be still optimal according to a criterion that step-by-
step automatically rules out all those solutions that certainly are not optimal. In some sense, the
alternative to blind enumeration is some form of biased or informed search. Different strategies
differ for the way of defining and/or using such a bias.

The issue is if and under which conditions informed search can still guarantee to find the
optimal solution. In general, different algorithms, can provide not only solutions of different
quality, but also different levels of formal guarantees concerning the quality of the generated
solutions with respect to the searched optimal one. Usually, the amount of available resources in
terms of time and space puts strong limitations on both expected quality and formal guarantees.

Those algorithms which are guaranteed to generate the optimal solution in non-asymptotic
time (or space) are called exact algorithms. If asymptotic time is made available, exhaustive enu-
meration can always provide the optimal solution with the likely simplest algorithm and in finite
time. An algorithm which can guarantee the optimal solution only asymptotically is expected to
show a rate of convergence toward the optimal solution at least better than that of random search,
which is the stochastic counterpart of the exhaustive search, and which can be seen as the sim-
plest algorithm that can guarantee the optimal solution in asymptotic time. In random search
the evaluated solutions are sequentially withdrawn according to a uniform probability distribu-
tion defined over S. In a sense, sampling according to a uniform probability distribution reflects
a maximum-entropy situation: nothing is known about 5, therefore the only theoretically justified
strategy consists in uniformly sampling from it. On the other side, any “informed” algorithm
will use or collect knowledge about S, such that it makes use of this knowledge to adapt the
characteristics of the sampling distribution. However, if the algorithm’s parameters are not set
in a proper way, it can easily happen that the rate of convergence to the optimal solution re-
sults worse than that of pure random search (e.g., see [375] for the case of “badly” designed
simulated annealing algorithms). In this sense, an important conceptual difference exists be-
tween continuous and combinatorial optimization. While exhaustive enumeration is impossible

23 This is however only one specific way of interpreting ACO. Other different readings can be, and are, currently
adopted. Each different reading can serve to emphasize different aspects. This allows to import methods and results
from several different fields.

24 The focus here is on problems that by necessity or by choice must be solved in algorithmic, not analytical, way.
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in the continuous case, it is in principle always a possible alternative in the combinatorial one.
Therefore, while an approach asymptotically able to generate the optimal solution is in some
sense reasonable on the continuous, on the other side it might be of questionable utility in the
combinatorial case if its rate of convergence is worse than that of blind enumerations.

For large instances of NP-hard problems, the class of problems in which we are interested
in here, it is in general infeasible to always run exact algorithms efficiently since they will all
have worst-case exponential complexity. To cope with this intractability, a number of different
strategies have been devised in order to get solutions which are good in some well-defined
sense. Approximation algorithms produce not optimal solutions, but solutions that are guaranteed
to be a fixed percentage away from the actual optimum. Exponential algorithms have worst-case
exponential complexity, but are often successfully applied to solve to optimality instances of
reasonable size. This is the case of branch-and-bound algorithms, which are a general form of
intelligent enumeration technique. Algorithms in which the stochastic component plays a major
role cannot usually give any guarantee for what concerns the finite-time case but can guarantee,
in some probabilistic sense, to asymptotically find the optimal solution once a proper setting of
the parameters is done (e.g., simulated annealing [253] genetic algorithms [202, 226], and ACO).
The algorithms inside this class can be generally seen as specific implementations of Monte
Carlo statistical methods [367, 374] (see Appendix D for a brief introduction on Monte Carlo
techniques).

EXAMPLE 3.11: BRANCH-AND-BOUND

The branch-and-bound methods [384, Chapter 14], together with dynamic programming [20] are
among the most notable forms of intelligent enumeration techniques. In particular, branch-and-bound
algorithms are based on the idea of partitioning the solution set and of using lower bounds to construct a
proof of optimality without exhaustive search. That is, a search tree is built, where each node represents
a partition of the set of solutions and each child of a node is a subset of that partition (this is the “branch”
part). An algorithm is available for calculating a lower bound on the cost of any solution in a given subset
(the “bound” part). The search tree is searched by using the lower bounds to remove whole subtrees,
effectively reducing the number of checked solutions. Clearly, both the partitioning and the way the
lower bound is defined have a major impact on the performance of the algorithm. Under some reasonable
assumptions a branch-and-bound algorithm is guaranteed to find the optimal solution. Moreover, it enjoys
the property that if the algorithm is stopped at any time and the solution s is output, this means that the
solution s is within a ratio (s — sy,) /sy, from the optimal one [344, Page 444], with sy, being the lowest
lower bound of any still alive node in the search tree. Unfortunately, the computational load required to
obtain good solutions is often quite heavy, and it is not always easy to find effective lower bounds.

In general, since it cannot be guaranteed to find the optimal solution in non-exponential
time/resources for each possible instance in the case of NP-hard problems, an algorithm is ex-
pected to at least generate the optimal solution once exponential or asymptotic time is allocated.
In a sense, this is a minimal requirement, that guarantee that the algorithm does not get stuck
forever in sub-optimal areas. However, the ability to asymptotically reach the optimal solution
usually does not provide any hint concerning the performance achievable in the more practical
cases when non-exponential and limited time and space resources are made available.

REMARK 3.16 (GOOD ALGORITHMS IN PRACTICE): Informally speaking, a good algorithm can be
defined as one which can: (i) asymptotically or exponentially guarantee either the optimal solution or
a precise, possibly very small, distance from it, and (ii) in finite and non-exponential time/space show
satisfactory empirical evidence that it can find solutions of good quality in most of the practical instances
of interest.
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This is the case of several popular algorithms like simulated annealing, genetic algorithms
and the same ACO, which are all (meta)heuristics:

DEFINITION 3.24 (HEURISTICS): An algorithm which does not provide any kind of formal guarantee
on the quality of the output that it will generate is called a heuristic.

In general, a heuristic focuses the search on regions where good solutions are expected to
be found according to heuristic criteria. In this sense, a variety of different strategies have been
adopted, each using a different bias to optimize the ratio between the expected quality of the
solutions and the use of computational resources. Local search [344], simulated annealing [253],
genetic algorithms [226], population based incremental learning [11] and tabu search [199, 200]
are all notable examples of heuristic methods which have proven to be very effective in finding
good solutions given limited resources.?

Topological issues

Since the main purpose of using a heuristic is to obtain good performance in a short running
time, there is usually some level of arbitrariness in the design choices of the algorithm. The
likely principal source of arbitrariness when designing a heuristic for a combinatorial problem
stems from the intrinsic arbitrariness related to the basic notion of neighborhood of a solution
point, and accordingly, to the arbitrariness in the definition of the topological characteristics of
the problem at hand. In fact, while in continuous spaces the notion of neighborhood of a solution
point is defined in some natural way (e.g., in Euclidean way), this is not the case for combinato-
rial problems. According to which criterion two solutions should be considered close or related
in some topological sense is a pure matter of choice in a typical combinatorial situation. It is
in general not possible to attribute to the solution set defining a combinatorial instance struc-
tural properties which are independent from the arbitrarily chosen topology. Or, in other words,
which are independent from the characteristics of the algorithm which is used to search the
set (see also the discussion on modification methods in Appendix B). On the other hand, in a
problem of continuous optimization, the natural Euclidean notion of neighborhood allows the use
(when possible in practice) of the derivatives to find the directions taking to a local optimum.
And each local optimum is know to be a local optimum with respect to the problem landscape,
while in the combinatorial case a local optimum is an optimum with respect to the specific topol-
ogy which has been chosen to deal with the problem instance. Under a different topology the
same local optimum likely will not be a local optimum anymore, if it was not the global one.

This brief and informal discussion served to point out the potential problems related to the
definition of a strategy of biased /informed search which would result at the same time effective
in practice and theoretically justified.

5 Actually, all these algorithms are classes of algorithms, where the algorithms in the same class share some funda-
mental properties and can be practically implemented according to a variety of different heuristic components. In this
sense, they are all metaheuristics (see Definition 1.1). For most of these metaheuristic, a proof of asymptotic convergence
to the optimal solution has been found for some specific instances in the class. In this sense, since a guarantee on the
performance can be guaranteed, even if asymptotically, it is questionable if they should be still looked as heuristics or
not. However, since such a guarantee is usually available only for very specific instances in the class, it is reasonable to
keep referring to them as heuristics.
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EXAMPLE 3.12: CONVEX PROBLEMS AND LINEAR PROGRAMMING

The advantage of a naturally defined metric, as it is the case for continuous search spaces, can be really
appreciated when thinking of the important class of convex problems. The problems in this class are in
some very general sense the easiest to solve to optimality because it is possible to fully exploit the character-
istics of continuous problem landscapes and the finiteness of combinatorial landscapes. For these problems
both the criterion J and the set of definition of the optimization variables are convex. These facts imply
that a local optimum is also a global one. On the contrary, in the general case, the relationship between
either a local optimum or a generic solution s € S, and the searched s* is hard to establish. When both
J and the constraints Q) on the solution sets are linear, convex problems become linear programming
problems, which represent an important bridge between continuous and combinatorial problems. In fact,
even if the definition set for the variables is R™ the characteristics of convexity reduce the problem to the
selection of a solution among a finite convex set of possible solutions, making de facto the problem a com-
binatorial one. Khachiyan [251] firstly showed that it exists a polynomial time algorithm to solve linear
problems, by defining the so-called ellipsoid algorithm, which is, however, not really useful in practice
because of its complexity and numerical instabilities. However, both the widely known simplex algo-
rithm [101] (which is not polynomial) and all the innumerable successive variants of it, and the interior
point methods (which have weakly polynomial complexity) initiated by the work of Karmarkar [242],
are all effective ways of solving linear problems up to hundred of thousands of variables and constraints.

The use of states

If the notion of neighborhood is always somewhat arbitrary, on the other hand, the notion of
state is an intrinsic general characteristic of the problem, and the topology on the state set is well
defined. This is why the notion of state plays a special role and the state structure can be used to
define general-purpose exact optimization strategies like, in particular, dynamic programming [20,
23].

Dynamic programming is based on the decomposition of an optimization problem into a se-
quential decision problem of the form previously discussed. Each decision taken at the different
stages of a decision process results in some immediate cost but also affects the costs incurred in
future decisions, such that, in general, the quality of the resulting solution conditionally depends
on all the issued decisions. The optimization challenge consists in finding the best tradeoff be-
tween immediate and future costs. That is, when at state x;, the decision u; should be issued
taking into account both the immediate cost J (|x;, u;) and the desirability of the resulting next
state z; in the perspective of reaching a terminal state z; € S. Dynamic programming, how it
is explained in the next section, provides a mathematical formalization of this tradeoff by intro-
ducing an efficient way to assign the correct value of desirability to states. The core idea in dynamic
programming consists in the use of value functions to organize and structure the search for good
decision policies.

DEFINITION 3.25 (VALUE FUNCTION): A value function is a function V : X — IR which assigns
a real value to each state in the terms of either the cost-to-go from that state to a terminal state or the
accumulated cost from the initial state, according to the current action policy w. Accordingly, the value
of each state x € X is indicated by V™ (x).

That is, taking the state x as a starting state, the combination of the costs incurred after each
state transition while moving from z to z; € S by applying the current policy 7, or vice versa
from x, to x, represents the value of state « under that policy. If transitions are probabilistic
this value can be only assigned as an expectation. According to the terminology used in the
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context of dynamic programming, the value in terms of cost-to-go correspond to the use of
backward recursion, while the use of accumulated costs corresponds to the use of forward recursion.
These two equivalent models are discussed more in detail in the next subsection. The notion of
value function can be generalized by that of utility function, which assigns to a state a value
representing, in any convenient sense, the utility of being in that state.

When the cost structure is additive, the use of value functions to describe the structure of
problem states results in an efficient way to compute the optimal action policy. Since the state
structure carries all the important information about the problem, dynamic programming meth-
ods, when properly designed, can guarantee optimality in non asymptotic time (for deterministic
problems).

To emphasize the special role played by the use of states and state-values, a clear distinction
is made between the vast classes of algorithms which make use or not of these notions:

REMARK 3.17 (THE VALUE-BASED AND POLICY SEARCH APPROACHES): The approach to problem
solution which makes use of value functions is indicated with the term value-based (e.g., [27]), since
it relies on the estimation of the value of occupying a particular state of the environment or of taking a
particular action in response to being in a state.

On the other hand, policy search methods (e.g., [350]) are that vast class of methods searching for optima
directly in the space of the possible decision policies bypassing the direct assignment of a value to states in
the sense specified by value functions.

Value-based methods are the general methods of election when a complete model of the
problem (states and costs) is known, accessible, and in practice computationally tractable. On
the other hand, when a trusting state description is neither available nor computationally tractable,
policy search methods appears more suitable for use. Unfortunately, in the general case, the
use of either incomplete state information or not state information at all results in algorithms
which come with no guarantee of optimality (at least non in finite time). However, policy search
methods amounts several among the most popular and efficient optimization heuristics, like the
already mentioned genetic algorithms, simulated annealing, local search, tabu search, and ACO.

In a sense, the use or not of state information and value functions creates a clear distinction
among algorithms. Two major classes of general approaches can be identified on the basis of
the amount of the problem information they make use of. The following sections discuss the
characteristic of these two classes more in detail, showing, in particular, the practical problems
related to value-based approaches and supporting in a sense the design choices of ACO, which
relies on state information only for what concerns feasibility. Clearly, also policy search is by
no means free from problems, but it is expected to be more robust than value-based approaches
when phantasmata must be used instead of states due to the large cardinality of the state set.

3.4.2 Dynamic programming and the use of state-value functions

Dynamic programming consists in an efficient way to compute the optimal decision policy by
using value functions, and, in particular, by exploiting the properties of global consistency ex-
isting among the optimal state values.

Let us consider the general case of a finite horizon MDP with undiscounted total cost cri-
terion and probabilistic state transitions (see Equation C.5 in Appendix C). The value function
derives directly from the optimization criterion and takes the form:
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The above equations define one-step relationships between the values of pairs of states under
the same action policy. That is, the state values are not independent but tightly related to each
other. The knowledge of the value of state x; can be used in turn to compute the value of state
xj—1, once the cost of the transition from z;_; to x; is known as well as the probability of such
transition under the current policy and state transition structure.

The joint set of the V™ (z)’s values for all x € X represents a direct evaluation of the policy .
In fact, each V(z) tells which is the sum of costs which one is expected to incur from that state.
We will see in the Subsection 3.4.4 that without a value function, and, more in general, without
states, it becomes much less straightforward to evaluate a policy.

The relationship 3.34 can be even further expanded and made an n-step relationship:

V(@)= E™|co+er+eat ... cn+ VT (20) ] oo = x‘| Vze X (3.35)
with C; = j(l'i-&-l‘ xl,uf)

All these equations express the global consistency existing among the state values under the
generic policy w. But more interesting is the case for the optimal policy 7*, which is the one that
is searched:

DEFINITION 3.26 (BELLMAN’S OPTIMALITY EQUATION [20]):

V*(z) = ueH(l]l(I; )E’T* T (@1 2o, ul )+ V*(2e41) ‘ Xy = x], Vo e X. (3.36)

In simple terms, the Bellman’s (one-step) optimality equation expresses the fact that the value
of a state under an optimal policy must equal the combination of the costs following after taking
the locally best action for that state and keeping acting according to the optimal policy. The
validity of the Bellman’s equation is based on the Bellman’s principle, which can be shortly and
informally stated as:

DEFINITION 3.27 (BELLMAN’S PRINCIPLE): In a state graph all the sub-paths of an optimal path must
be in turn optimal sub-paths.

The Bellman’s optimality equations define a precise relationship between state values and
optimal policy. Therefore, they can be used in turn to compute the optimal policy. The equa-
tions are actually a system of |X| nonlinear equations in |X| unknowns. If all the necessary
information on the environment are available (i.e., states, state transitions and costs dynamics),
then in principle one can solve the system with any one of a variety of available methods. Once
V* has been computed, 7* is any policy which is locally (in the sense of the states) greedy with
respect to the V* values. Therefore, locally optimal choices result in a globally optimal policy:

7 (x) = arg min | J(w41| 20, 0) + V(2i41) | 2 = x} Vo € X, (3.37)

ueU (x)
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The set of states for which the Bellman’s relationships must hold in general depends on the
initial conditions. If any € X can be a starting state, then Equation 3.37 must be solved for all
the possible states. In fact, since each state-value is related to the others according to 3.36, to be
optimal a policy must necessarily optimize the joint values of all states. When only a subset of
the states can act as starting states, then the Bellman’s equation needs to be solved only on the
related subset of the problem states. That is, in general, the following relationship must hold:

V™ (z) < V™(z), Y7 A x € X interested by the initial conditions. (3.38)

For every finite discounted MDP an optimal policy 7* satisfying the relationship 3.38 exists
in the set of the stationary deterministic policies [369]. In the case of different cost criteria, the
situation becomes more complex, and relationships more sophisticated than 3.38 have to be
used to derive the optimal policy. For example, the notions of gain and bias optimality are used
to weight in different way the relative contribution given by the costs associated to transient,
recurrent and adsorbing states in the Markov chain. The optimality metric called n-discount-
optimal [431], relates the discounted and the average frameworks providing a quite general way
to define optimality in any MDPs (the Mahadevan’s paper [287] contains an insightful discussion
and good references on this subject).

Among the different ways for solving the system 3.36, dynamic programming is a sort of
general template of election. In fact, under the name of dynamic programming goes a collection
of iterative techniques which explicitly exploit the Bellman'’s relationships among the state value
functions.

The description of the state values relationships given in the previous equations is based on
what is called backward recursion, since the values are implicitly computed from the terminal to
the initial states. Equivalently, a forward recursion formulation can be used. The value of a state
is in this case the accumulated cost starting from the initial state. The Bellman’s equation for a
deterministic case becomes:

V()=  min  J (] 2e_y,ul )+ V(i_1), (3.39)

uelU(z¢—1)

that has to be compared to the one of backward recursion:

Vi(z) = min J(xe1] ze,ul )+ V(@) (3.40)
uw€eU (x¢)

In practice, backward recursion requires the precise knowledge of terminal states, while forward

recursion does not, but needs a breadth-first search to expand each state value. In the forward

case the state value corresponds to the accumulated cost from the starting state, while in the back-

ward case the value is the cost-fo-go to a terminal state. Both models can be usually applied to

the class of combinatorial problems of interest in this thesis.

In spite of the specific (backward/forward) model, dynamic programming is always based
on (i) the characterization of the optimization problem in the terms of the Bellman’s optimality
equations 3.36, and (ii) on the definition of two main ways to solve the equation system: policy it-
eration and value iteration. The literature on dynamic programming is extensive, since it has been
widely used in the fields of control, reinforcement learning and operations research. Therefore,
it is not really necessary to explain here the details of these two techniques. It suffices to say that
both are based on the simple scheme of generalized policy iteration [414] , reported in the pseudo-
code of the Algorithm box 3.2, in which phases of policy evaluation and policy improvement are
alternated. Policy evaluation means that the equation system 3.34 is solved, exactly or approx-
imately for a specific policy 7, and the values of V™ are computed. In the policy improvement
phase, the policy 7 is changed in order to go towards the direction of optimizing the costs-to-go
of of the states according to the newly estimated values of V". If both the phases are carried out
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by taking into account the whole set of states and the improvement step is done being greedy
with respect to the computed value functions, the process is guaranteed to converge to the optimal
policy under some mild additional mathematical conditions (see for example [27, 23, 414, 279]
for extensive discussions on the subject).

procedure General i zed_policy.teration()
t«— 0;
7 < assign.nitial _policy();
while (- policy_stable)
V71 «— eval uat e_pol i cy(m);
Te41 < 1 prove_policy (V7™ my);
t—1t+1;
end while
return 7y;

Algorithm 3.2: Algorithmic skeleton for generalized policy iteration [414].

The scheme of generalized policy iteration can be applied also when a policy search approach
is used. This would be the case in which the two phases of policy evaluation and policy improve-
ment are carried in some way which does not explicitly involve the use of value functions (see
Subsection 3.4.4 where policy search is discussed). The same ACO framework, can be seen as a
form of policy search based on generalized policy iteration.

REMARK 3.18 (COMPUTATION BOOTSTRAPPING): The key idea of dynamic programming methods
consists in the fact that the computations of the state values are based on the values of successor or prede-
cessor states. That is, state values are propagated between the states such that the computation of the value
of each state is carried out on the basis of the computations carried out for other states. This general idea,
which is based on the fact that the Markov property holds, is effectively called bootstrapping in [414].

Bootstrapping can be a very powerful tool to speedup the process of computing the state
values for all the required states. Once is known that two states are adjacent, that is, that there is
a precedence relationship between them, then after the updating of the value for one of them, the
value also for the other state can be consistently updated. All these discussions can be extended
to the more general case in which the state values are updated not as the result of systematic
solution of the equations, but rather using the outcomes of state trajectories obtained through
some sampling procedure (i.e., by collecting new data through the application of Monte Carlo
techniques). In these case, statistical estimates of the expected state values are progressively built
according to the sampled data.

A systematic use of bootstrapping results in an efficient way to compute state values, and, in
turn, the optimal policy. However, for large problems, this way of behaving becomes infeasible
in practice and must be likely ruled out. The following example show this fact with a practical
example of dynamic programming using forward recursion applied to a combinatorial problem.
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EXAMPLE 3.13: DYNAMIC PROGRAMMING FORMULATION FOR A 5-CITIES TSP

Let us consider the case of a 5-cities asymmetric TSP. The state graph for a 4-cities TSP was shown
in Figure 3.3. Based on that state representation, Figure 3.11 shows the state graph used by dynamic
programming in this case. Each node is identified by a label of the form ({x}, ), where {xz} is a subset

Figure 3.11: State graph used by dynamic programming in a 5-cities TSP.

of nodes, which does not include the initial node 1, and corresponds to the paths from node 1 which pass
through all the nodes specified in {x} and ends in j. The value of each state (x, j) is computed by applying
the Bellman'’s equation:

VI{iti)=ca; j=2...,5

V({e},d) = min [V({x} \ J, i) +ci]} Vo e £({2,3,4,51),5=2,....5 A {a} £
Basically, at every node of the graph a minimization operation is carried out and the path that is associated
to the minimal value is stored. Proceeding by carrying out these minimizations layer by layer, at the
last node, labeled as ({2,3,4,5},1), the minimum cost path is available. The number of arcs in the
graph for a generic n-cities problem, that is, the number of addition and comparison operations, is equal
to [344, Page 450]:

z_:j(j ~1) ("; 1) F(n—1)=mn-2)(n—12"3+n—1)=0n2"). (341

=2

The number of nodes, equivalent to the required storage locations, is:

n—1
Zj(” J_ 1) = (n—1)2""2 = O(n2"). (3.42)
j=1

It is clear that, even if the organization of the computations is very well structured and the optimal
solution is quaranteed (under some milds assumptions on the characteristics of the costs) for high values
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of n the approach becomes practically infeasible if implemented without any modification, while nowadays
heuristic methods can easily solve to optimality TSPs up to thousands of cities [237].

Generalizations of the basic dynamic programming approach

The application of dynamic programming requires full knowledge of the Markov model. When
this is not the case, or, more in general, when some components of the Markov model are not
explicitly available or manageable, the basic dynamic programming ideas must be properly re-
vised and adapted.

For instance, if one know does not know where the terminal states are in the search space
(e.g., this might be the typical case of learning from an unknown environment), backward re-
cursion cannot be used. Forward recursion can be still used but if the number of states is large
the stage-by-stage breadth-first operation is usually too heavy to carry out. An effective alterna-
tive in this case are the A* algorithms [336], which combine forward recursion with a domain-
specific function h(z) used to estimate V(z) for the states ahead. The estimation function h re-
quires little or no state “look-ahead”, yet it can still bring to an optimal solution assumed that
h(z) > V(x), Vo € X. That is, when h is a heuristic function which never underestimates the
value of a state. The variant of A* called Real-Time A* [16] modifies some A* behaviors in order
to quickly get a possibly good, even if not optimal solution, and which can incrementally learn
from experience.

Another common situation is that when the costs are always zero except for the transitions
to terminal states (e.g., a foraging agent looking for food gets its reward only when it actually
arrives to the food site). This is the case of delayed rewards/costs, which is typical in reinforcement
learning domain. This situation cannot be tackled efficiently by dynamic programming, since it
is not possible to discriminate the value of all states far more than one transition step from the
terminal states. This case, as well as that in which the states but not the transition and cost func-
tions of the Markov model are known in advance, are domains of application of reinforcement
learning algorithms like Q-learning [442] and SARSA [414], which generalize the bootstrapping
ideas of dynamic programming. For instance, Q-learning constantly adjust the estimate of V(z)
while back-propagating later rewards to the earlier stage. Q-learning does not need the knowl-
edge of the transition function or of the cost function: after executing an action it needs only to
receive from the environment a cost signal which depends on the current environment state and
issued action. Upon receiving the action, the state of the environment changes according to a
probabilistic state transition whose knowledge is not required, since it is assumed that the new
current state can be identified by the controlling agent. However, if the environment’s model is
available, this information can be fruitfully used inside Q-learning-like schemes (e.g., [415]).

REMARK 3.19 (THE MARKOV MODEL IS ASSUMED FULLY ACCESSIBLE): In general, for the class of
combinatorial problems considered here the characteristics of the Markov model can be always assumed
as accessible to the optimization agent. However, a straightforward application of dynamic programming
would result either computationally infeasible in practice for medium/large NP-hard problems, or possibly
flawed when the situation is not stationary (e.g., communication networks problems).

Bootstrapping and Monte Carlo techniques

One can think that it could be possible to partially alleviate the computational burden by using
some compact representations or phantasmata instead of states. Actually, the point is that the
Bellman’s equations, and the Markov property, which make bootstrapping possible, hold only
for states.
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REMARK 3.20 (BELLMAN’S OPTIMALITY EQUATIONS HOLD ONLY FOR STATES): The Bellman’s
principle and equations are really meaningful when applied to states. In fact, if applied to entities which
do not have behave like states (e.g., phantasmata) the expectations will be computed on the basis of wrong
probability distributions, resulting in policies which do not coincide with the optimal policies that would
be obtained by using the system’s complete information states.

To see this, let us rewrite the value function by expliciting the expectation operator:

Vi) = 3 Pr(um,x) l 3 Pr(al|z,u) [j(x’| ) + V“(a:’)] ] (3.43)
uelU r’eX

If = represents for instance the last observation, and this does not coincides with the state, then
the weighting probabilities Pr(u|r, z) and Pr(z'|z, u) are expected to be wrong. In fact, the last
observation alone is not expected to be sufficient to determine the correct probability models for
the transitions in the system. If this would be the case this would mean that the observations
enjoy the Markov properties, that is, they would coincide with the states, but this hypotheses has
been ruled out at the beginning of the reasonings. Once the Bellman’s equations are solved using
the “wrong” transition probabilities, the resulting policy is not expected to be the optimal one, in
the sense of being optimal with respect to the underlying complete information states. More in
general, the resulting policy might have no meaningful relationships with the policy that would
have been obtained by solving the Bellman’s optimality equations using the states of the system
under study. Singh, Jaakkola, and Jordan [391] discusses several practical examples of such a
situation, showing how unrelated can result the behavior and performance of “optimal” policies
computed according respectively to states and observations. While Littman [278] investigates
more specifically the characteristics of memoryless policies.

These facts does not mean that is always inappropriate to use value-based strategies in non-
Markov situations. Actually, this has been done, and sometimes also with good success (see for
example [280, 277] for applications of value-based approaches in POMDPs using observations
instead of information states). However, in order to be such an approach successful, the state
aliasing determined by the agent representation of the underlying Markov problem has to be
minimal. That is, most the distributions of the adopted observation model must be peaked
around the true states. Moreover, it can greatly help if the agent can find alternative ways to
include some information from its past history at the time the policy is estimated and updated
(e.g., in [280] eligibility traces [414, 442, 392] are used for this purpose).

REMARK 3.21 (BOOTSTRAPPING AND GLOBAL PROPAGATION OF INCORRECT ESTIMATES): It
must be understood that the use of Bellman’s equations means that the state structure is seen as a fully
connected network of propagating estimates. A change in one estimate propagates all over the net-
work moving through adjacent nodes. If this can be clearly seen as an effective way to save computations,
it must be seen also in terms of a system which is potentially extremely fragile: a single locally “wrong”
estimate can propagate throughout the whole state network determining globally wrong estimates.

Therefore, for instance, if phantasmata are used instead of states, it can easily happen that
incorrect estimates are built for some phantasma and quickly propagated, creating an overall
status of inconsistency. A similar situation can happen in the case of dynamic optimization
problems (e.g., routing in communication networks): because of the problem’s dynamics, local
state estimates can become out-of-date while they are still traveling across the network and being
used to build up other (wrong) estimates. These facts actually make value-based methods less
robust than those based on policy search. If the situation is static, the whole state structure is
known and accessible, and no errors happen, value-based methods result very effective. On the
other hand, if anyone of these conditions do not hold anymore the system can potentially show
a dramatic negative drop of performance.
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The main alternative to information bootstrapping to build estimates of state values consists
in the use of Monte Carlo techniques, intended here in the sense commonly used in the field of
reinforcement learning (see Appendix E and Appendix D). That is, each state value is updated as
if it were independent from the other state values.

REMARK 3.22 (MONTE CARLO UPDATING VS. BOOTSTRAPPING): Monte Carlo updatings can be
safely applied to both states and phantasmata. However, they are clearly less efficient than bootstrapping
in case of states.

EXAMPLE 3.14: MONTE CARLO UPDATES

Let us consider the general case of updating state-value estimates after new data are available from ex-
perience. Let h = (zo,x1,...,%s), Ts € S, be the last sampled state trajectory and Jy, the total cost
accumulated at the end of the experience. Assumed that costs are additive, the estimates V (x),x € h, can
be properly updated on the basis of the observed costs J (xk|rx—1), k = 1,...,s. The Monte Carlo up-
dating consists in using the observed costs-to-go v(x;) = Y ;_; 1 J (xr—1]xk) to update independently
each V (x;), possibly in the form of some averaging: V(z;) = oV (x;) + (1 — a)v(z;), o € [0,1]. On the
other hand, using the Bellman’s equations not only the observed costs-to-go but also the just updated value
of the adjacent state V (x;41) could have been used to update V (z;) (e.g., this is the strategy adopted in the
important class of reinforcement learning algorithms called temporal differences (TD) [413, 392, 414],
which exploits both Monte Carlo and dynamic programming aspects). Appendix D contains some more
discussions on these same issues.

3.4.3 Approximate value functions

In the previous subsection it has been said that value-based methods require the use of states,
and, for the case of large combinatorial instances, this requirement might easily results into
computational infeasibility. However, this fact does not completely rule out the use of these
methods. In particular, they can be used together with some form of approximations, such that
the valuable state information is maintained but some compromises are accepted concerning the
way this information is represented in and exploited by value functions.

In this perspective, the most common and likely general way of proceeding is by using ap-
proximate value functions. Instead of using V'(z), a function

V(z; 0), z€X,0€R" (3.44)

is used, where 6 is a small vector of parameters. V (z, ) is a compact way to represent the value
function, since only the (small) vector of parameters # and the functional form of V(- ,6) are
stored, while the values for each state z € X are generated only when required. For instance,
V (x,6) can be a neural network and 6 the weights of the connections. The weights can be updated
in order to minimize some error measure (e.g., least mean square) between V (z,6) and V() after
a state trajectory is in some way generated and all the incurred costs are observed. Once a V (z, )
which is a faithful approximation of V(z) has been in this way built, V(z, #) can be in turn used
inside the framework of the Bellman’s equations to compute the policy which is greedy with
respect to the values of the approximate value function itself.?® There is a variety of different
possibilities to pass from approximate value functions to “approximate” policies, according to
the different characteristics of the problem. The book by Bertsekas and Tsitsiklis [27] contains an

26 Here the discussions has focused so far on value functions, but most of the results for value functions can be
extended to Q-functions, which are functions of the form Q(x,u) derived directly from value functions. In general,
reasoning in terms of Q-functions is more effective in terms of computations, but the basic concepts remain practically
the same.
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exemplary treatment of the whole subject. A notable and effective class of algorithms based on
these notions and specifically designed for combinatorial optimization problems is that of rollout
algorithms of Bertsekas, Tsitsiklis, and Wu [28] (discussed in Section 5.3.

Without diving into unnecessary details, what is interesting to remark here is the fact that us-
ing approximate value functions reduces the problem of the computation of the (optimal) value
function to the learning of the values of a parameter vector 6. The hypotheses behind this trans-
formation is that if V is a good approximation of V*, then a greedy policy based on V is in turn
close to the optimal policy 7*. An important general result in this sense is that if || V — V ||=¢,
for some ¢ > 0 and for all states, where || - || is a maximum norm, then if 7 is a greedy policy
based on V it results that [27, Page 262]:

20€
1—a’

[vr—vei=< (3.45)
for an a-discounted MDP.

Clearly, since an approximation is used, the learned V*(z, #*) can in principle bear no mean-
ingful relationships with the real V*(z). The appropriate choice of (i) the approximation archi-
tecture, (ii) the parameter vector ¢, and (iii) the procedure to optimize the values of 6, (iv) the
ways of sampling the state trajectory (possibly using Monte Carlo techniques, see Appendix D),
are all of primary importance to minimize in some meaningful sense the chosen error measure
between the functions V and V*

3.4.4 The policy search approach

The two previous subsections have discussed both exact and approximate value-based meth-
ods. While the effectiveness of such methods has been pointed out, the computational problems
potentially related with their use might limit their practical application.

In general, when a state description of the problem at hand either cannot be used in practice
in terms of value functions or it is not fully available, optimization algorithms from the class of
policy search might result more effective than those from the value-based class.

Policy search has been broadly defined in Remark 3.17 as the class of all those algorithms
which bypass the assignment of values to states to compute the decision policy. The search for
an optimal policy is executed directly on the policies” definition space, not “indirectly” through
the computation of state values. Clearly, being such class of methods defined by a “proscription”
rather than a “prescription”, is expected to embrace a really vast number of different possible
implementations.

The fact that policy search does not rely on value functions means also that it is not either
anymore necessary to use states since it is not anymore necessary to compute their values. There-
fore, it is possible to define the policy’s domain in more general terms:

REMARK 3.23 (GENERALIZATION OF THE POLICY’S DOMAIN): Generalizing the previous Defini-
tion 3.16, in the case of policy search a policy can be seen as a mapping from history of observations and
actions to actions. Or, more generically, from agent situations, whatever this could mean, to actions.
Clearly, this does not preclude the policy for being defined on the underlying state set:

m:ZxU—U, (3.46)

with Z C X, and U C C. Assuming without loss of generality that the policy is stochastic, this means
that:
Te(z,u) =Pr(ug=ul|z=2), z€Z uelU(z) (3.47)

The use of the letter Z wants to reflect the fact that, according to Definition 3.21, the policy is
generically defined on a phantasma set.
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If on one side the very possibility to define the policy’s domain in terms of any convenient
set of state features gives great freedom to an algorithm designer, it is by no means free from
complications with respect to the value-based case.

In particular, once neither states nor value functions are in use anymore, it is not precisely
defined how a policy can be evaluated, and, in turn, optimized. In the value-based case, the value
of a policy is automatically expressed in terms of the state values. One clearly wants to find
the policy that optimizes the joint costs-to-go for each state. On the other hand, it has already
pointed out (Remark 3.20) that Bellman'’s relationships only hold for states. Therefore, when
history of observations which do not coincide with complete information states are used, is in
general not anymore possible to optimize the value of each observation of each underlying state
(e.g., see [391]). This fact implies that in these cases a different, and in some sense more general,
definition of quality and optimality of a policy must be given, other than that expressed by
Equations 3.37 and 3.38.

Let us call h; the history of a whole cycle of interaction of length ¢ steps between the agent
and the environment. Each h; results in a sequence of actions from the agent and associated cost
signals from the environment. The combination of the costs incurred during the whole length of
the agent’s history represents the numerical outcome J(h|7) resulting from the application of
the agent’s current policy. This value is clearly a measure of the quality of the adopted policy. If
the policy is stochastic, and/or the starting point is assigned according to some distribution of
probability over the states, the value of the policy must be calculated in terms of an expectation.

DEFINITION 3.28 (VALUE OF A POLICY WHEN THE POLICY DOMAIN IS NOT THE STATE SET):
Since any policy . defines a conditional distribution Pr(h|r.), h € H, on the set H of all the possible
histories of the agent, the value V of policy 7. is the expected overall cost computed according to this same
distribution:
V(r.) = B™ [J(h)} = 3" J(h)Pr(hlr.). (3.48)
heH

This definition coincides with that based on state values once the histories are intended as infor-
mation states. While in the value-based case the value function V' defined on the states can be
directly used to evaluate the policy, in the case of not using states the quality of a policy must be
in general evaluated by executing the policy itself (or by simulating its execution) to observe the
resulting costs. This fact asks for an effective sampling strategy in the set of the agent possible
histories in order to obtain unbiased and low variance estimates for the policy’s value.

It is apparent that the policy which minimizes the value of the expected value V is the policy
which minimizes also the original combinatorial problem. In practice, the optimal policy 7*
is that which assigns probability 1 to the agent history h* corresponding to the minimal cost
value J* of J. Any other policy which assigns a probability greater than one to histories ~ with
associated cost J(h) > J* is in some sense sub-optimal. However, according to the fact that the
policy can be safely assumed to be a stochastic one, it is satisfactory to find a policy 7. which
minimizes the expected value in probabilistic sense:

Pr{ | Vi =V ||> 5} =0, forsomed >0, (3.49)

and for some suitable norm || - ||. This relationship expresses the fact that, in the general case,
a policy search algorithm can only guarantee asymptotic convergence in probability. This fact can
be easily understood as the result of the missing state information. Search in the policy set
amounts to the search in the same solution set of the original global optimization problem. The
core difference between value-based methods and generic policy search methods consists in the
fact that the formers exploits the underlying state structure of the problem, while the latters do
not exploit any particular information concerning the intrinsic structure of it.
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However, it is an empirical evidence that optimization/decision algorithms based on the pol-
icy search general scheme are usually quite effective, often able to provide performance better
than those provided by their value-based counterparts for large problems. Popular metaheuris-
tic like genetic algorithms, simulated annealing, iterated local search [357], population based in-
cremental learning [11], evolutionary strategies [172], genetic programming [260], and the same
ACO, can all be seen as specific implementations of policy search algorithms for optimization,
while the successful application of policy search in control and reinforcement learning domains
is ever increasing (a comprehensive treatment of this specific subject and a list of applications
can be found in [350]). To not to mention the excellent performance showed by policy search al-
gorithms in the case of application to telecommunication network problems, which pose severe
restrictions on the ability to know and use problem states. This specific subject will be throughly
discussed in the second part of the thesis.

Broadly speaking, the empirical evidence for good performance can be likely explained by
considering the proscription nature of policy search, which does not impose a precise way of
designing an algorithm, as in some sense dynamic programming does. This design flexibility
can easily accommodate for a wide range of possible strategies, and, in particular, for strategies
ad hoc for the problem at hand. Therefore, if dynamic programming methods naturally exploits
the general characteristics of a problem in terms of its state structure, the design of policy search
can be addressed at the exploitation of the specific characteristics (known, learned or supposed)
of the problem. How it is easy to figure out, this fact can often result in the design of rather
effective algorithms.

Design issues for policy search algorithms

At a general level, three major design components can be identified, from which the global
characteristics and performance of the resulting algorithm largely depends:

1. the functional form of the policy 7,
2. what the history information z; € Z retained at time ¢ consists of,

3. how the set of possible histories is sampled to evaluate the policy in an effective way.

The functional form of the policy determines how the available information is used to assign
a value of desirability to the different choices and according to which mechanisms the selection
actually happens. Therefore, the characteristics of the policy defines also the level of exploration,
which is usually an important aspect of a policy search algorithm since it affects the sampling of
agent histories. Monte Carlo techniques for stochastic sampling are in this sense a fundamental
tool often used to design this part of the algorithm, as well as the part concerning with how to
sample histories in order to obtain unbiased and and low variance estimates for policy evalua-
tion and improvement.

Regarding the retained history information, it is clear that when a state description is avail-
able and manageable, it can be fruitfully used. For instance, z; values can coincide with the
states ;. On the contrary, in the more general case of using a non-Markov representation, differ-
ent choices for Z can easily take to dramatically different behaviors and quality. As it has already
remarked, sufficient statistics, or state features which conserve the dominant aspects in the states
should be used in order to reduce the negative impact coming from the loss of state information.

It is evident that different design choices for just these three major aspects can result in algo-
rithms with different characteristics.
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From global optimization to learning on parametric spaces

In spite of the available freedom when designing a policy search algorithm, searching in the
space II of all possible policies still means solving a huge and usually non-convex problem of
global optimization which is by no means easier of the original combinatorial problem. There-
fore, one more general and rather popular design strategy consists in transforming the policy
search problem at hand into a learning problem of reasonably small size:

REMARK 3.24 (FROM OPTIMIZATION TO LEARNING ON A PARAMETRIC CLASS OF POLICIES): The
global optimization problem consisting in the search for the optimal stochastic policy can be conveniently
transformed into a possibly easier problem by restricting the possible policies to a single parametric
class of the type:

7e(-5 0),7(0), (3.50)
also shortly indicated with 7. (). In this way, the policy search optimization problem is transformed into
the problem of learning the values to the parameter vector 0 such that the value of V (7(6)) = V7(0) is
optimized. That is, the problem becomes the search foe the 0 such that:

= in V7 51
0" = arg gggv (0), (3.51)
7l =7(67),
where © is some space of definition for the parameter vectot.

In the next chapter, ACO will be exactly seen as such a form of policy search, with the
pheromone array playing the role of vector of learning parameters.

The learning problem 3.51 still involves the solution of a global optimization problem, but
this time in the space © of the parameters, which is possibly a continuous but low-dimensional
space © C R". Again, a variety of approaches are possible, especially if the problem cannot
be made a convex one. The choice of the specific parametric class to which the policy belongs
is critical to make the new problem being solved a meaningful representative of the original
optimization problem. In fact, the ultimate objective is clearly that:

7(6%) = 7, (3.52)

with 7* being the optimal policy of the original problem. In non asymptotic time this objective
is in general hard or even infeasible to obtain. Reasonings similar to those of Subsection 3.4.3 for
the case of approximate value functions apply also here.

Because of these facts a popular way of behaving consists in focusing not anymore on the
global optima but rather on the local ones, as is often the case also for attacking the original
combinatorial problem by local search procedures. However, this way of proceeding makes
particularly sense since the problem is now defined on a continuous space, and there are effective
ways of finding local optima using either analytical or numerical gradient information:

REMARK 3.25 (GRADIENT TECHNIQUES): One of the most popular and general approaches to deal
with the parametric problem 3.51 consists in the application of the well-established gradient techniques
[374, Chapter 7]. That is, the parameter vector is iteratively modified in the direction of the gradient of the
policy’s function 3.48. Where the gradient direction is computed analytically, numerically, or according to
the result of a procedure of statistical sampling. Under some mild mathematical assumptions an iterative
procedure is guaranteed to reach at most asymptotically a local optimum which depends on the starting
point.

This approach is becoming more and more popular in the field of reinforcement learning,
which is now heavily focusing on policy search methods after a first phase of intense devel-
opment of value-based techniques. The Peshikn’s doctoral thesis [350] contains very insightful
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discussions, algorithms, and loads of up-to-date references concerning policy search in general,
and the joint use of stochastic gradient methods in particular. Specifically relevant to ACO is
the work of Meuleau and Dorigo [313] which presents an interesting application of stochastic
gradient methods to design an ACO algorithm for a TSP case.

While the formal guarantee of convergence makes gradient methods quite appealing, on the
other side, they present the drawbacks of depending on the choice of the starting point, which
implicitly defines the attraction “basin”, and of being quite sensitive to the setting of the internal
step parameter and of the used sampling technique.

Apart from the pro and cons specific to gradient methods, the question is if it is more con-
venient to focus the available computing resources on the search of a single local optimum (or
possibly multiple local optima, if the procedure is restarted), or rather on a search across the op-
timizing landscape according to some heuristics, without focusing on a particular basin. This is
a form of the dilemma concerning the tradeoff between exploration and exploitation. The use of
one or another approach is mostly dictated by personal taste and by specific objectives. In some
cases it can be more appealing to have some guarantee that a local optimum is attained at the
end of the algorithm execution, in spite of the fact that in principle the optimum can be of very
poor quality. In other cases, like it often happens in the context of operations research, the main
objective is to find during the execution time of the algorithm a solution of good quality, it does
not really matter neither if it is a local optimum or not or if the algorithm can asymptotically
converge.

3.5 Summary

In this chapter we have defined /introduced the formal tools and the basic scientific background
on which we will rely on to define and discuss ACO in the next chapters. That is, we have set
up a complete vocabulary of terms and notions that will allow us to show important connec-
tions between ACO and other related frameworks and that will allow us to adopt a formal and
insightful language to describe ACO.

The considerable length of the chapter is due to the number of different topics that have been
discussed, that range from the representation of combinatorial problems to the characteristics of
general solution strategies, from the use of sequential decision process to the use of learning
strategies in combinatorial optimization. More specifically, the chapter has, in order:

e introduced the class of combinatorial optimization problems addressed by ACO,

e discussed the role and characteristics of different abstract representations of the same com-
binatorial optimization problem at hand,

o defined the notion of solution component and its characteristics in terms of decision vari-
able,

e provided a formal definition and an analysis of construction methods for combinatorial
optimization,
e made explicit and discussed the relationship between construction methods and sequential

decision processes and, in turn, optimal control,

e discussed in formal way the notion of state of a decision process and the related notion of
state graph as a graphical tool to represent and reason on sequential decision processes,

o defined the notion of construction graph as a graphical tool, derived from the state graph
through the application of a generating function, which is useful to visualize and reason
on sequential decision processes using a compact representation,
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e discussed the general characteristics of MDPs, the framework of reference for decision
process, as well as the potential problems deriving from using a Markov model which is
based on state features rather than on the complete information states of the problem,

o defined the important notion of phantasma, which is a generic function of state features
adopted in ACO during solution construction as a manageable representation of the true
state of the process, and is used for the purpose of memory, learning and taking decisions,

e defined the notion of phantasma representation graph which is equivalent to a gener-
alization of the construction graph and is used de facto in ACO to frame and visualize
pheromone variables,

e discussed the characteristics of some general approaches to combinatorial optimization,
focusing in particular on the differences between those approaches directly relying on the
notions of state and state-value function (value-based) and those that do not rely on them
(policy-search), and stressing the relative differences in terms of used information and
expected finite-time performance,

e discussed and formally characterized the specific case of policy search strategies based
on the transformation of the original optimization problem into the problem of learning
on a set of policies defined over a low-dimensional parametric space, which is precisely
the strategy that will be followed in ACO, with the pheromone array playing the role of
learning parameters.

The rationale behind the selection of the discusses topics has to be found in the fact that
ACO is seen in this thesis as a multi-agent metaheuristic for combinatorial optimization featur-
ing: construction of solutions by the agents according to stochastic decision policies, repeated
solution generation, use of memory to learn from generated solutions in terms of learning the
values of the parameters of the decision policy, definition of the parameters of the decision pol-
icy as a small subset of state features. It is therefore evident that, in order to properly discuss
ACO in these terms, it was in a sense necessary to introduce first the notions introduced in this
chapter. In fact, in relatioship to combinatorial optimization, the chapter precisely considers the
issues of: sequential decision processes, incremental learning by sampling and using memory,
taking decisions under condition of imperfect (not state) information. The content of this chap-
ter will allow to draw important connections between ACO and the frameworks of dynamic
programming, MDPs, and reinforcement learning. In turn, this will allow to get a clear under-
stating of the limits of ACO, especially in terms of amount of used state information, as well as
of the possible general ways to improve it.

The chapter was not intended to provide a comprehensive and detailed treatment of all the
subjects that are considered, which would have been out of the scope of this thesis, but rather to
give a bird-eye view on all of them, emphasizing the connections among the different subjects
and their aspects that were identified as the most important ones in the perspective of being
used to discuss ACO.

The high-level original outcome of the chapter has consisted in the definition of several use-
ful notions, as well as in putting on a same logical level several different frameworks, disclosing
their reciprocal connections, and extracting their general core properties in relation to combi-
natorial optimization issues. The chapter (together with all the appendices from A to E) can
be also seen as a reasoned review of literature on heuristic, decision-based, and learning-based
approaches to combinatorial optimization.
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CHAPTER 4

The Ant Colony Optimization
Metaheuristic (ACO)

In this chapter the ACO metaheuristic is defined, in two steps. First, we provide a formal de-
scription of the metaheuristic which is substantially conformal to that given in the papers were
ACO was first introduced by Dorigo, Di Caro, and Gambardella [142, 140]. Nevertheless, the
description given here contains several new aspects and makes use of a slightly different lan-
guage for the purpose of: (i) emphasizing the relationships between ACO and the important
and well-established frameworks of sequential decision making and reinforcement learning, (ii)
making explicit the methodological and philosophical assumptions behind ACO, (iii) making
clearer the different role played by all the components at work, and (iv) highlighting at the same
time the major limits and some of the possible ways of improving the metaheuristic.

In the second step, we revise and extend the original definition of the pheromone model and of
the so-called ant-routing table in order to either increase the amount or improve the quality of
the used pheromone information. In the original definition, pheromone variables 7;; are asso-
ciated to pairs of solution components, in the sense that they express the utility of choosing a
component ¢; € C to add to the solution being constructed conditionally to the fact that com-
ponent ¢; is the last component that has been included. In the new proposed characterization
of the pheromone model, pheromone variables are more generically associated to pairs consti-
tuted by a state feature and a solution component. That is, they represent the learned goodness
of choosing component ¢; when (, is a set of features associated to the current state z € X,
with {, = o(z), and g is a feature extraction mapping. This new way of looking at pheromone
variables is the direct result of the discussions of Chapter 3 on the relationships between state
and phantasma, and value-based and policy-search methods. Moreover, while in the original
definition the selection probability of each feasible choice is calculated on the basis of one single
pheromone variable, the revised definition removes this constraint. At decision time multiple
pheromone variables can be taken into account, and selection probabilities can be more generi-
cally assigned on the basis of any arbitrary function combining these values.

These extensions and generalizations allow to fit into the revised ACO’s definition all those
ACO implementations that have followed the 1999’s original definition. That is, also those im-
plementations that, for practical reasons, contained few design elements which did not find
their counterpart in the early definition, as it is the case of several implementations for set and
strongly constrained problems. That is, classes of problems that did not have been really at-
tacked before 1999 (at that time the majority of the applications were in the fields of bipartite
matching problems and telecommunication network problems). In this respect, it is useful from
both a theoretical and practical point of view to revise the ACO definition, even if so far it was
felt as “physiological” that implementations can contain small deviations with respect to the
prescribed ACO’s guidelines. In any case, the revised definition is given according to the same
spirit of a posteriori synthesis that drove the earlier systematization effort and resulted in the
first definition of the ACO metaheuristic.
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The work on ant programming [33, 34] co-authored with Mauro Birattari and Marco Dorigo,
as well as the number of comments received during the years that have passed since ACO was
first defined, have given a major contribution to the way ACO is described and discussed in this
chapter.

In our view of ACO we have given a central role to the construction aspect, to solution sam-
pling, and to the amount and characteristics of state information which are brought into the
pheromone model for the purpose of learning effective decisions for the ant construction processes.
Our way of looking at ACO is however not the only possible one. The same issues can be con-
sidered under a number of slightly different points of view, with each point of view susceptible
of emphasizing different aspects. For instance, other authors have stressed more the relation-
ships between ACO and distribution estimation algorithms (e.g., [44, 455]). On the other hand,
it is always fruitful to have available different readings of the same general approach. This can
in fact facilitate to import methods and results from different fields, as well as can suggest new
domains of application.

Organization of the chapter

The chapter starts with Section 4.1, whose subsections are devoted to the formal definition of the
ACO metaheuristic. The description proceeds according to three hierarchical levels that roughly
correspond to the three major design phases of an instance of an ACO algorithm: representation
of the problem and definition of the characteristics of the pheromone model (problem-level),
strategies for solution construction (ant-level), and pheromone updating and daemon actions
(colony-level). Subsection 4.1.1 discusses the issue of the representation of the problem that is
adopted by the ant-like agents to construct solutions and frame memory of the quality of the
decisions that belonged to the generated solutions. The subsection is organized in two other
subsections, each one dealing with a separate issue related to solution generation: 4.1.1.1 dis-
cusses the role of the state graph, and, more in general, of state information, to guarantee solution
feasibility, while Subsection 4.1.1.2 introduces the pheromone graph, that describes the structure
and organization of the pheromone variables and is used for learning/taking decisions possibly
optimized in the sense of the final quality of the solution. Subsection 4.1.2 describes in full detail
the actions of an ant agent during its life cycle aimed at constructing a solution. Subsection 4.1.3
describes the behavior of ACO at the level of the colony, therefore describing the activities of
pheromone management, action scheduling, and daemon modules.

Section 4.2 describes Ant System, the first ACO algorithm, but also an important reference
template for a number of subsequent algorithms and a quite didactic implementation of the
general ACO ideas.

The subsections of Section 4.3 report general discussions on the ACO’s characteristics. Sub-
section 4.3.1 extensively discusses the role and use of memory in ACO, the properties of the
learning problem considered by ACO, the importance of using Monte Carlo sampling and up-
dating for the pheromone variables, and the potential problems with the learning approach fol-
lowed by ACO and, more in general, by distribution estimation algorithms. Subsection 4.3.2
discusses different strategies for pheromone updating, pointing out the key role played by this
aspect in order to obtain good performance in practice. Subsection 4.3.3 discusses the capabilities
of ACO in terms of solving shortest path problems, comparing ACO to classical label-correcting
and label-setting methods.

The conclusive Section 4.4 points out the practical and theoretical limits of the pheromone
definition in ACO and proposes new and improved definitions. Subsection 4.4.1 discusses the
fact that ACO, in its original definition, envisages only one way of building the pheromone
model from the state set: the current state is always projected onto the node of the pheromone
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graph that correspond to the single component coinciding with the last included one. This
scheme in some cases simply cannot be applied, while in others appears as a too restrictive one,
since only a minimal amount of state information is retained. Therefore, in Subsection 4.4.2,
a new, more general and not restrictive way of defining the characteristics of the pheromone
model is defined. In addition, a new and more general way of using pheromone variables at
decision time is also defined.

4.1 Definition of the ACO metaheuristic

The general architecture of ACO is seen here as organized in a hierarchy of three logical blocks,
each corresponding to a major step during the process of designing a new instance of an ACO
algorithm. The main purpose of using such a perspective is to make explicit all the design
choices that have to be made, their role, and the rationale behind them. Starting from the bottom
of the hierarchy, the three logical blocks are:

The problem representation and the pheromone model. The ACO metaheuristic is a family of
multi-agent algorithms to solve combinatorial optimization problems defined in the generic
form of Definition 3.7. The representation of the combinatorial problem exploited by the
ant-like agents is split in two, one part concerns the feasibility and the other the quality of
the solutions they construct. The representation is used by the ant-like agents to construct
solutions and exploited by the collective stigmergic mechanisms to store and exchange in-
formation. The specific characteristics of the problem representation are one of the most
important fingerprints of ACO, since they precisely define the structure of the ACO’s col-
lective memory, which is encoded in the form of pheromone variables. In the following,
a specific association between problem representation and pheromone variables is also
termed pheromone model.

Since pheromone values are used to take possibly optimized decisions, ACO’s activities
are aimed at learning “good” pheromone values, that is, good decisions that can allow
to construct optimal or near-optimal solutions. On the other hand, the issues related to
the feasibility of the solutions are considered of minor importance. In the sense that it
is assumed either that a feasibility-checking device computationally light is available to
support the step-by-step decisions, or that discarding (or “repairing”) a small percentage
of solutions because of their infeasibility does not really affect algorithm’s performance
(see discussions an Section 3.2 and its subsections).

The characteristics of the ant-like agents. Each agent is an autonomous construction process
making use of a stochastic policy and aimed at building a single solution to the problem
at hand, possibly in computationally light way (such that a number of solutions can be
generated, in accordance with the underlying philosophy of the ant-way, as discussed in
Section 2.4). The ant-like agents are at the core of the ACO metaheuristic. They are the
instrument used to repeatedly sample the solution set according to the bias implemented
by pheromone variables. A bias which is continually updated to reflect the information on
the problem gathered through the same process of solutions generation.

The management of the activities of the entire colony of ants. The colony’s management tasks
involve the generation of ant agents, the scheduling of optimization procedures other than
the ants (e.g., local optimizers) and whose results can be used in turn by the ants, and
the management of the pheromone, in the sense of modifying the pheromone values (e.g.,
evaporation) and deciding which ants can and which ants cannot update the pheromone
values according to the quality of the solution they have constructed.
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Looking at Figure 1.2 of Section 1.3, it is immediate to identify to which blocks of the diagram
these three logical components correspond to: the two blocks in the middle-bottom part of the
Figure are in relationship with the representation aspect, the big circle on the left summarizes
the actions of the ant agents, while the remaining diagrams in the middle-right part are related
to the global management of the activities of the colony and to the adoption of external modules.
In the following of this section, each one of the three elements of this hierarchy composing the
ACOQO'’s architecture is described in a separate subsection, starting from the characteristics of the
problem representation, which is at the bottom level of the hierarchy.

411 Problem representation and pheromone model exploited by ants

The representation of the optimization problem at hand is seen as split in two parts: one con-
cerning the feasibility and one the quality of the generated solutions. In this way we can point out
what information is used /necessary for what purpose.

4.1.1.1 State graph and solution feasibility

Given an instance (5, J) of a combinatorial optimization problem in the form arg minses J(s)
(3.1), the set of elements that serve to express it in the compact form (C, €, J) (3.6) represent
the problem’s representation model. Choosing a model means choosing a finite set of components
C = {c1,¢9,...,¢ne 1, No < o0, together with a mapping fc (3.7) to project a component set
onto a solution. This is the model which is available to the ACO’s ant agents, and the critical
design choice consists in the choice of the component set. As discussed in Remark 3.7, a model
(C,Q, J) automatically defines the state set X of the problem.

For the practical reasons discussed in Subsection 3.2.1, from now on we assume, without loss
of generality, that ACO’s ant-like agents makes use of only the inclusion operation O; and of one
of its two possible forms, extension (I.) and insertion (I;), during the steps of their construction
process. Therefore, the 4-tuple (C, fc, X, I), I € {I., I;} uniquely defines the state graph G(X U
{20},C; J), which represents the state structure of the problem adopted by the ACO’s agents
for the construction of feasible solutions.! As explained in Subsection 3.3.2 the definition of the
weight function J, which assigns a cost to each state transition, can be derived from the same
definition of the problem instance or, for dynamic instances, can result from the output of some
external process.

Using the ant metaphor, it can be said that the ant-like agents “live” on the state graph.
Starting from the empty state z, they move from one state z; to an adjacent one z,4; until a
complete feasible solution z,, = s € S is reached. At each state transition they incur in a cost
J (x¢41|z), that without loss of generality we assume additive, such that the overall cost of the
built solution equals to: J(s) = 1% J (x¢]zs—1).2

As it has been already discussed, the information associated to the state graph, at least for
what concerns the feasibility of the partial solutions, is supposed to be “easily” accessible to the
agents. That is, at each state x of the construction process the ant agents can make use of the
state graph information to potentially derive the set C(x) of feasible components that can be still
added to the building solution x.

1In the following, when it does not create misunderstandings, X is used always with the meaning of X U{z¢}, where
x0, as it as been previously discussed is the empty set. The same policy is adopted for C, that will have the meaning of
C U {co}, where, again, co is the empty set.

2 Notice that while for notation convenience the cost of the final solution s has been indicated hereafter as J(s), which
is the problem’s cost criterion, more in general the actual cost used by the algorithm in the perspective of updating
pheromone might be some function Js of J(s), with Js # J(s). For instance, the [J’s costs can be assigned as the
squared values of the actual costs, such that cost differences between different solutions are more marked. This sort of
artifice is often used in optimization. In the jargon of evolutionary algorithms, it is spoken of objective function (the “real”
function) and fitness function, the one directly used by the algorithm.
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From a practical point of view, it is clear that the state graph is not meant to be available in an
explicit form, since it would require an exponential space allocation, infeasible for large NP-hard
problems. On the contrary, it is assumed that the feasible expansions sets C(x) can be generated
on-the-fly by each ant a;, on the basis of the available information on the problem in terms of the
constraints {2, and using the contents of its private memory H, (see next subsection), which con-
tains the history, that is, the sequence (co, c1, ..., c;) of the already included components. As it
has already pointed out, for some classes of problems, it might happen that the sets C(x) cannot
be efficiently generated at each decision step. In these cases, either a computationally intensive
feasibility-checking device has to be adopted (likely at the expenses of the total number of gen-
erated solutions), or some, possibly negligible, percentage of constructed solutions will have to
be discarded because they will not be feasible (notice that for some classes of problems it might
be appropriate to use some form of backtracking, that is, using also deletion and replacement
operations in order to safeguard feasibility).

EXAMPLE 4.1: PRACTICAL FEASIBILITY-CHECKING USING ANT MEMORY IN A 5-CITIES TSP

Let us consider a TSP with n cities, C = {c1,ca,c¢s,...,¢,}, and let us focus on the construction
process of a single ant agent. The constraints Q) say that a solution must be an Hamiltonian path,
that is, each city must be in the solution only and only once, and the path must be a cycle. Start-
ing from the empty set xo and from an empty private memory H = (), the ant adds the first city
¢; to the solution: x1 = (c;). The city is also added to its private memory: H = {¢;}. In x,
the set of feasible expansions can be easily computed as the one containing all the cities but the al-
ready included ones: C(x1) = C \ 'H = {c1,¢2,...,¢Ci—1,Cit1,.-.,cn}. If ¢ is the component added
at the next step, xo = (c;,¢;) and H = {c;,¢;}. Again, the set of components that can be still
included in the solution to generate in turn a feasible partial solution are quickly obtained through
Clz2) = C\'H = {c1,¢2,...,Ci—1,Cit1,---,Ci—j,Citj,-..,Cn}. The process can be iterated until
C = 'H and a feasible solution is reached.

4.1.1.2 Pheromone graph and solution quality

The state information is used in ACO for building, when possible, feasible solutions. The state
graph represents in a graphical way all the possible steps of an ant construction process toward
the generation of a feasible solution. However, as it has been discussed in the Subsection 3.4.2,
a direct use of the state structure, in the optimal sense indicated by value-based methods, is
computationally infeasible for large problem instances. In Subsection 3.3.3 the construction graph
has been discussed as a compact way to represent sequential decision processes. ACO precisely
makes use of the equivalent of a construction graph G¢ to represent the decisions of the ants
for what concerns the optimization of the quality of the constructing solutions. The state graph
information being devoted only to feasibility issues.

The construction graph G (C, L) is much smaller than the state graph G(X,C) and in the
orginal ACO’s definition is used for the specific purpose of framing collective memory in the
form of pheromone variables, with a pheromone variable 7;; being associated to the real-valued
weight of the arc (7, j) connecting the pair of nodes (i.e., components) (¢;, ¢;). According to this
fact, the ants’ construction graph is preferentially indicated here as pheromone graph, since is also
a representation of the adopted pheromone model, that is, of the association between problem
representation (components) and pheromone variables. Moreover, as it was discussed in Sub-
section 3.3.3, the construction graph can be of limited usefulness in some cases, and it cannot
describe adequately pheromone variables in the case of the extended ACO definition given at
the end of the chapter. Therefore, in the following the term pheromone graph will be preferred
over the term construction graph, and will indicate in more general terms the graph describing



100 4. THE ANT COLONY OPTIMIZATION METAHEURISTIC (ACO)

the relationship between pheromone variables (that is, the variables used at decision time) and
the adopted problem representation in terms of solution components. G (C, L) is the finite di-
rected graph whose node set coincides with the component set with the addition of a node ¢
which is connected to all the other nodes but has no incident arcs. While the set L of the con-
nections among the nodes is defined over a subset C of the C’s Cartesian product, C' C C x C-
L = {lee; | (ciye5) € C}, |L| < N&. As it has been discussed in Subsection 3.3.3, without loss
of generality L can be safely defined as L = C x C, such that the graph results fully connected.
The weights associated to the edges play a central role in ACO:

DEFINITION 4.1 (ARRAYS OF PHEROMONE AND HEURISTIC VALUES): The pheromone graph is a
directed weighted graph, that is, for each l.,., € L two real-valued mappings (or, equivalently, one
function mapping to R?) are defined:

7:CxC =R, 4.1)
n:CxC—R. (4.2)

According to the finite nature of the set C, these mappings can be equivalently seen in the terms of either
lookup tables or arrays. The set of the values of all the T’s values is called the pheromone array (or
pheromone table, or even pheromone trails, which is reminiscent of the biological context of inspira-
tion), while the set of the n’s values is called the heuristic array (or heuristic table). The mappings 4.1
and 4.2 can be more in general parametric, resulting de facto in arrays of dimension higher than two.

Both T and n) play the role of parameters of the stochastic decision policy . of the ant-like agents.

The values of the pheromone array represent the collective long-term memory of the search process
carried by the ant agents during the whole execution time of the algorithm. The T's values are used by the
ants to take decisions while constructing solutions, and are in turn modified according to the quality of
the resulting solutions.

The values of n come from any process independent from the ant actions. They can represent either
some a priori about the problem, or be the result of processes running concurrently with the ants.

From the same definition it is apparent that pheromone is associated to pairs of components®
and represents a measure of the estimated goodness, or utility of the pair in the following sense:

REMARK 4.1 (PHEROMONE MEASURES THE GOODNESS OF A PAIR OF COMPONENTS): The value
of pheromone 7., ., is a measure of the estimated goodness of having in a solution the pair of components
(¢i,¢;). That is, the set of pheromone values 7c,.,, ¢; € N (c;) assigns a value of desirability or utility to
each possible choice/transition that can be issued conditionally to the fact that the current position on the
the construction graph is node c;. The value of this desirability is the incremental result of the collective
learning process realized through repeated solution generation by the ant-like agents.

The notion of “position” on the construction graph will be made clearer in the following.
However, in accordance with the common usage of a construction graph, it is apparent that with
“position” we mean that ¢; is either the last component included into the solution or a reference
component selected from the current state (e.g., similarly to what was discussed concerning the
relationship between insertion operation and construction graphs in Example 3.7). In particular,
since in this first part of the chapter, as it was stated in the opening of the chapter, we provide a
definition of ACO which is fully compliant with the original one given in [140, 142], the position
on the pheromone graph precisely coincides with the last component that has been included into the
solution being built. That is, the last included component is taken as the representative feature of
the state in order to take an optimized decision. This way of proceeding, which is particularly

3 Accordingly, in the following the notations ¢, 5> Tigs and 7(l¢; ¢ y ), are treated as equivalent. Analogously, 7, ¢ o Mijs
and n(le;e y ) are also considered as equivalent.
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suitable for matching problems, does not fully account for the use of insertion operations or,
in general, for more sophisticated ways of considering state features that have been actually
used in the ACO community to deal with classes of problems other than matching ones. The
revised definition of ACO given in Section 4.4 corrects this flaw. Whereas, for now we will keep
considering the exclusive use of the last state component.

The heuristic values play a role similar to that of pheromones but they are not the result of
the ant actions. Typically, 7;; is the inverse of the cost 7 (c;|c;), coming from the same problem
definition, of adding the component c; right after the already included component ¢; (or, in the
case of set problems, the cost of including c;, as it has been precisely discussed in relationship to
Figure 3.7).

EXAMPLES 4.2:  BI- AND THREE-DIMENSIONAL PHEROMONE AND HEURISTIC ARRAYS

The case of a TSP with n cities, C = {c1,¢2,¢3,...,cn} can be seen as a paradigmatic example of
a problem requiring “standard” bi-dimensional pheromone and heuristic arrays. In fact, in this case,
pheromone variables are naturally associated to pairs of cities (or, equivalently, to the edges connecting
pairs of cities). The value of 7;; represents the so far estimated goodness of including city c; in the solution
when the last included city is c¢; (or, more in general, when c; € x; is taken as the representative feature of
the current state x;). As it can be immediately understood, with this choice 7;; is assigned independently
from the actual state x;, that is, is independent from both the step in the solution sequence and the specific
set of cities already included in the solution. The heuristic values can be properly assigned in terms of the
instance-defined costs for traveling between pairs of cities, that is, n;; = J (c;, ¢;).

The case when three-dimensional arrays might be required is well described by a real-life situation in
road networks. In fact, each road intersection can be considered as a decision point i where a set of feasible
alternatives, that is, of possible turns is available to the drivers. Let us imagine to maintain at each decision
point pheromone variables to help the drivers to find the quickest way to their destination. Clearly, each
different destination requires a different set of pheromone variables, because the related information is
possibly different. Therefore, each possible turn in the same road intersection should have a separate
measure of goodness for each possible destination that can be reached taking that turn. In this situation,
a 3-dimensional array of pheromone, T;;q4, is required. Each T;;q can serve to express the goodness of
choosing, at decision point i, the j-th turn among the set of possible turns, when the final destination is
d. The heuristic information could be represented by the actual distance in kilometers to the destinations
(which does not take into account neither the quality of the roads nor the expected traffic). As in the case
of the TSP example, here too the previous path followed by each driver should be taken into account to
properly weight the goodness of each available choice. For instance, a driver might have arrived at road
junction i after a decision taken at junction k where there was a traffic jam toward junction j, which
actually was the minimum-distance direction toward his/her destination d. At junction i, due to delays in
information updating, the driver might find that turn h is indicated as the most desirable toward d, with h
actually bringing to j, which was the jammed junction. A “memoryless” driver would then take the turn
h and heading toward j, where he/she will find a jammed situation, and will possibly find himself/herself
back to k, making in this way a tedious loop.

This road network example has the same characteristics of routing problems in communication networks,
and, more in general, of multicommodity flow problems, where at each node a packet must be forwarded
according to its final destination.

The whole ACO'’s strategy is about learning and using the pheromone-encoded goodness
values. Accordingly, the pheromone graph plays a central role in ACO being the graphical
representation of the pheromone (and heuristic) lookup tables, that is, the frame where the core
learning processes happens. At each different state of an ant construction process, Go shows
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the values and the organization of the information which is made available to the ant for the
purpose of optimization. This information is partly the result of a process of collective learning,
the pheromone, and partly the result of a process exogenous to the ants, the heuristic values.

DEFINITION 4.2 (ANT-ROUTING TABLE): For every ¢; € C, the complex of the pheromone and heuris-
tic information, T.,c; and ne,c;, Vc; € N (¢;), related to the ¢;’s outer edges, is the totality of state-local
information which is made available to the ant-like agents to take an optimized decision about the next
state to move to (where, as just pointed out, c; has be to intended as the last component in the state se-
quence, while in the revised definition it will represent just one of the considered state features). Any
functional composition

Alei) = Tijomiz,  Vej € N(ew), (4.3)

of this information is called an ant-routing table (e.g., A(c;) = 75} - nfj, A(e;) = ari; + 6nij). The
entries of the table will be indicated in the following using either the notation [a.,.;] or [a;;]. The subset of
the pheromone and heuristic values which refer to the components which are still feasible given the current
state x, is termed the feasible ant-routing table, and is indicated as A,, (¢;) = A(cilze) = [aijlz, -

The next section shows how in practice the ants take their decisions using the information
framed in the pheromone graph, and in particular, resulting from the ant-routing tables.

4.1.2 Behavior of the ant-like agents

The activities of the ant-like agents are modeled after those of real ants. Real ants forage for food
by moving on the terrain according to a continuous decisional process: at each step the moving
direction is selected in relationship to the local intensity of the pheromone field, the morphology
of the terrain, and other variables all usually modeled in probabilistic terms. The ant path from
the nest to the food site is therefore constructed in an incremental way following the decisions
of a stochastic policy. The ACO’s ant agents behave similarly:

DEFINITION 4.3 (ANT-LIKE AGENTS): The ACO’s Ant-like agents can be defined as autonomous
decision processes ay, that construct solutions through the generation of a sequence of feasible partial
solutions.* Transitions between the process states happen according to the decisions resulting from the
application of a stochastic policy m. parametrized by the values T of pheromone, encoding the long-term
memory about the whole search process, and by additional heuristic values 1), representing a priori in-
formation about the problem instance or run-time information provided by a source different from the
ants.

A priori, the ant agents are neither “simple” nor “complex” in absolute terms. Their design
complexity is dictated by the characteristics of the solutions of the problem at hand, by the
available computing power and by specific design choices. The complexity of the single ant
is the result of the selected tradeoff between minimization of computational requirements and
quality of the generated solution such that a consistent number of solutions of possibly good
quality can be generated during the algorithm’s execution time. That is, good quality solutions
are expected to be the result of a collective learning process to which each ant provides a substantial
but not critical contribution, in the same spirit of the ant-way discussed in Section 2.4.

4 However, by design or by necessity ants can also be allowed to generate infeasible solutions. This aspect has already
been discussed, whereas in the following, without loss of generality, we will focus on the case in which feasible solutions
are eventually built.

5 When speaking in terms of generic ant-like agents it is common to hear the word simple to describe the characteristics
of the agent. Asithasbeen already discussed in Section 2.4, simple is a quite empty word if not referred to the complexity
of the task at hand. Moreover, we are looking for efficient solutions to difficult problems, we do not have the availability
of the billions of years Nature had, and our targets and constraints are rather different from Nature’s ones. Therefore,
pragmatism must always take over what are usually sort of “religious beliefs”.
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Using the ant metaphor and graphical representations, the ant-like agents can be pictorially
visualized as making their way towards a complete feasible solution in two nominally different
but in practice equivalent ways:

e Hopping between adjacent states on the state graph but using the information stored on
the pheromone graph to take optimized decisions. That is, the ant searches for a path
of minimal cost on the sequential state graph G, but projects its state z; € G on the cor-
responding node c¢; on G¢ (c; being the last included component) and makes use of the
associated ant-routing table information A, (¢;) to take possibly optimized decisions.

e Moving step-by-step directly on the graph G¢ but using state information (or, more gener-
ically, by using the constraints ) of the problem definition and the private memory H) to
single out at each step the actions that are still feasible as defined by the set C(z;), with
x¢ being the current partial solution. In this case, the search for a solution of minimal cost
is reduced to the search for a feasible path of minimal cost on the construction graph. As
previously pointed out, for some classes of problems/operations it is not straightforward
or even possible to directly map paths on the construction graph onto feasible paths. How-
ever, once the path is built in a way such that it can correspond to a feasible solution, as
it is the case here since state information is assumed to be used step-by-step, it is always
possible to define a generic function fc (see Definition 3.8) to map the G¢’s path onto a
feasible solution (this is for example the approach followed in [214]).

In practice, adopting one of these two views to represent the ant construction process is
a pure matter of choice, the final effect being the same. The approach of looking at the ants
as moving on the construction graph, without mentioning the state graph was adopted in the
original ACO’s formal definition, given in [140]. On the other hand, hereafter, it has been chosen
to keep also the reference to the state graph, in order to make explicit which information is used
for feasibility and which is used for quality optimization. Among other nice features, this way of
proceeding will allow to get a clear understanding of which amount of state information ACO is
making use of, and of the precise relationship between the ACO’s heuristic approach and exact
value-based construction approaches like dynamic programming.

The life cycle of the generic ant-like agent a;, aimed at constructing a solution, is as follows:

e The ant starts the path construction process at the node x of the state graph. The building
solution is zp = 0. The ant’s internal time ¢, is initialized to 0. The ant-like agent has a
private memory H* (or, equivalently, an internal status), used to record possibly useful infor-
mation associated to the ant journey toward building a solution. In particular, H contains
the identifiers of all the visited nodes. At t; = 0, H*(t;) contains only the information
about the starting point z.°

o At each state a decision is taken regarding the new component to include into the solution
being constructed. The decision should possibly take the ant to another feasible state,
while, at the same time, should try to optimize the overall quality of the final solution.

e The aspect concerning the feasibility is managed using the information associated to the
state graph. On the basis of the current state =, and of the selected inclusion operation, the
set C(x) of feasible decisions for the current state x, is identified. The ant’s private memory
H*(t) and the constraints 2 can be used in practice to instantiate C(z;) as explained in
Subsection 4.1.1.1.

6 In the following, for notation’s clarity sake, the ant identifier k is dropped when unnecessary.
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e For the purpose of optimization, an ant at state x; can be seen as being projected onto the

the node ¢, of the construction graph that corresponds to z; through the function (see also
Subsection 3.3.3 and Equation 3.20)

o(wt) = ct, (4.4)

which maps a state onto the component which is the last component that has been in-
cluded in the state set during the construction process. That is, for what concerns quality
optimization, the ant projects its current state ; onto the last included component ¢; and
decides as it was in that precise “state” ¢, (which can be see as the state of the “wrong”
MDP discussed in Example 3.8). The set of the pheromone and heuristic values associated
to the outer edges of node ¢;, the ¢;’s ant-routing table .A(c; ), constitutes all the information
which is made available to the ant for the purpose of optimization and which is passed to
the ant decision policy 7.

Using the terminology introduced in Subsection 3.3.5, it can be also said that the ant per-
ceives its current state x; as the phantasma c, obtained through g, the generating function of
the representation.

In the revised ACO’s definition the ant state can be seen as projected on more than one
single node (which accounts, for instance, the case when insertion strategy is used). That
is, not a single one but a collection of ant-routing tables are made available to the decision
policy. Therefore, anticipating the revised ACO’s view, we can say that the ant state z; is
projected through ¢ not onto a component but more generically onto a phantasma z;. For
now it is assumed that the phantasma z, coincides with {¢;}, with ¢, being the last added
component.

REMARK 4.2 (STATE FEATURES FOR DECISIONS): The focal idea here is that, for the purpose of
optimization, the ant state is projected onto a single component / phantasma, and the locally related
ant-routing information is used. This projection amounts to a process of feature extraction from
the current state which discards most of the state information. However, it still allows to obtain good
performance in practice, as it is shown by the performance of ACO’s implementations discussed in
the following of the chapter.

The decision about the new component to include is taken by applying a stochastic decision
policy . which is usually stored in the form of a lookup table. Its entries represent the
probability of including a component ¢; conditionally to the fact that p(xz;) = ¢;, with
¢; € N(¢;) and N (¢;) is the neighborhood of ¢;, that is, the set of nodes on the pheromone
graph which are connected to c; by the ¢;’s outer edges.

When the ant is in state x;, 7. serves to map the pair (¢¢|z;, N, (ct)) to a component
c € Ny, (ct), where N, (¢;) C C is the feasible neighborhood of ¢; on G- given that the
current state is x; (see Equation 3.30).

Memory about past solutions participates in the 7’s decisions in the form of parameters: for
each pair (¢;, ¢j) a separate parameter, the pheromone value 7;;, is maintained and updated
during the algorithm’s execution, and represents an estimate of the goodness of having
the pair (¢;, ¢;) in the solution set. A second set of parameters, the heuristic values 7, this
too associated to the weights of the edges of the pheromone graph, is also used by ..
However, as already explained, the 7 values result from a process different from that of the
ants.

According to all these facts, 7. assumes the following general form:

Te(clz, Na(€); o (0)s TN () = Ky K € Ny(e) CC, (4.5)
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where the expression 7y, () indicates the set of pheromone values 7, for all the pairs
(¢, k), k € Ny(c) (and analogously for the case of nu, ())-

Pheromone and heuristic values play the role of local parameters of the policy: only infor-
mation which is strictly related to c is used at node ¢ = p(x) to take the decision. This is
analogous to what happens for (memoryless) real ants, in which each step-by-step decision
is only affected by the local intensity of the pheromone field as well as by the local morpho-
logical characteristics of the terrain (a role that can be seen as played by the heuristic values
7). Since the policy’s parameters are actually the weights of the construction graph’s edges,
is evident that is the information associated to this graph, that is, the information associ-
ated to phantasmata and not to states, which is used to take possibly optimized decisions
exploiting some memory of the past generated solutions.

REMARK 4.3 (POLICY’S CHARACTERISTICS): ACO does not specify the precise functional form
of me. However, once projected the ant state on c; the policy is expected to select the next component
¢j € N(c;) according to a probabilistic selection rule after assigning a probability value p.,., =
pij to each choice c; feasible in c; given that the current state is x.

That is, on the basis of the 7 and 1 values, a goodness [a;;] is assigned to each feasible
choice according to the functional composition of 7;; and 7,; specified by the form A, (c;)
of the feasible ant-routing table. These goodness values are then normalized between [0, 1]
in order to obtain probability values

Qij

plj = 5 v {] | Cj € Nw(ci)7 aij € Az<cz)}7 (46)

ZC]‘ eNz(ci) Aij
which are finally used by 7. to select the next component.

Therefore, the expression 4.5 for . can be also rewritten in the more compact form:

Te(Az(c) =k, KEN(c) CC, 4.7)

In the same way ACO does not defines the implementation details of the 7’s decision
rule, it does not precisely define either the way how the 7 and 7 values are functionally
combined in the ant-routing table. However, it is clear that this is one of the most critical
choices that must be done at design time in order to obtain good performance. In practice,
it is common to use forms of either e-greedy or e-soft policies (see Section 3.3) for 7., while
A is usually defined as a weighted sum or multiplication of the values of 7 and n: a;; =

(aTij + Bniz), aij = (75 "r]iﬁj)'

e Once the new component ¢;;1 has been selected by means of ., the partial solution x;
is updated by including c¢;1 in z; according to the chosen inclusion strategy (see Subsec-
tion 3.2.1), giving in turn:

Ti+1 = Tt O Cey1. (4.8)

The ant agent a;, then metaphorically moves to the state x:11, while its projected position
on the construction graph becomes that of node ¢;+1 = o(z¢+1).

o Realizing the state transition x; — x4, the ant incurs in a cost J; which is summed (or
more generically composed) to all the other costs incurred since its starting time. The cost
J is in general depending on the state transition, thatis, 7, = J (2441, %), but, according
to the cases, it can be also expressed more simply as J; = J(¢i+1,¢:) or J = J(ci41) (see
discussions at Subsection 3.2.2 and Subsection 3.3.3).
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e During the phase of solution construction, also called the forward phase, the ant can in prin-
ciple also carry out some update of the values of the pheromone array, typically along the
path that it is just following. This behavior is indicated with the term online step-by-step
pheromone update. For example, the ant might step-by-step decrease the value 7;; corre-
sponding to the selected choices ¢; — c¢;, in order to reduce the probability that other
ants in close time will follow the same path it has just followed, therefore resulting in an
increase of the overall level of path exploration.

However, ACO leaves complete freedom in this sense: it is up to the algorithm designer
to decide if pheromone values have to be updated or not during the forward phase. More-
over, in case of updating, ACO does not prescribe any precise strategy for doing it (e.g.,
pheromone values can be either increased or decreased according to the modalities speci-
fied by the chosen function).

o The sequence of operations carried out by an ant at each forward step can be summarized as
follows, with z; and c¢; being respectively the current positions on the state and construc-
tion graphs:

C — Te (Cta N’Ct (Ct); TN, (c)s TING, (ct))a cE N%t (Ct) - C’
I't+1 — Tt &b C,
ctr1 < o(@ey1)
J(@es1) — J(21) @ T (Te41,24),
HE+1) — {ctr1, 2es1, I (@e1) ],

Tererss < Or(Tererirs J(Teg1)) /% OPTIONAL /.

(4.9)

The last expression is labeled as optional since it concerns with online step-by-step pheromone
updates. The function ¢ indicates a generic function for carrying out these pheromone up-
dates.

e The ant iterates all the previous set of operations until a terminal node z;, = s, € 5, is
reached, that is, until a feasible solution is built.” Let (cg,c1,co,...,cs) be the sequence
of component inclusions executed by the ant during the forward phase. Using the in-
formation stored in its private memory, the ant can then evaluate the quality of the built
solution by computing the overall cost J(s;) of the solution, typically as the sum of the
single costs J;. The final cost J(sy) is communicated to the logical module that has been
termed pheromone manager. The pheromone manager, whose precise implementation char-
acteristics are left undefined in ACO, has the duty to decide if the ant, according to the
quality J(sy) and possibly other characteristics of the built solution, has or has not to carry
out some updating of the values of the pheromone variables corresponding to the pairs
(e, ci41), t=0,...,s — 1, belonging to the solution.

e If the pheromone manager selects the ant for updating, then it communicates to the ant
the amount A7 of pheromone updating, and the ant enters the so-called backward phase:
using the contents of its memory the ant metaphorically (or physically, in the case of dis-
tributed systems) retraces the steps of the solution just built, and at each visited node on
the pheromone graph it updates the value of the weight of the edge associated to the com-
ponent chosen during the forward phase at that node. For instance, if during the forward
phase, in ¢; = p(x) the ant selected c;41 as new component, then, when in z; during the
backward journey, the ant updates the value of 7,., ., that is, the weight of the directed
edge that in G connects the nodes ¢; and ¢;4;.

7 Here we are considering the case of building feasible solutions. However the ant can stop its forward actions
according to any criterion, or it can even end up into an infeasible solution.
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REMARK 4.4 (PHEROMONE UPDATING): Pheromone values are precisely updated according to
the function At which depends on the specific implementation and can be any function of the
solution quality J(s) and of the current pheromone values. However, the values of the pheromone
variables are meant to express the estimated goodness of selecting one specific component c;
when the considered state feature is c;. Therefore, the updating function is expected to increase
the desirability of the choice (c;|c;) possibly proportionally to the quality ~ 1/J(sy) of the built
solution. That is, proportionally to the quality of the sampled solution to which the pair (c;, c;)
belongs to.

e The sequence of actions executed by the ant during each backward step can be summa-
rized as follows, with = and ¢ being respectively the current positions on the state and the
pheromone graphs:

Kk — H(t—1)|c,

T < AT(Tue, J(s7)),
x—H({t—1)|x, (4.10)
c+— K,

t—1t—1,

where H(t — 1)|c and H (¢ — 1)|z indicate the entries in the ant memory respectively for the
component and the state sets visited at time ¢ — 1 during the forward phase.

o Finally, when the ant-like agent either reaches again the starting node z (in the case it was
selected for updating) or reaches the state s;, and it is not selected for updating, it cleans
up the used resources and is removed from the system.

The whole set of actions of an ant agent during its lifetime is summarized by the pseudo-code
of Algorithm 4.1. It should be read together with the pseudo-code of Algorithm 1.1, with the life
cycle of an ant agent being clearly part of ant s_const r uct _sol uti ons_usi ng_pher onone() .
On the other hand, the influence diagram of Figure 4.1 summarizes the ant actions for what con-
cerns one step of the forward phase and graphically shows the different but complementary role
played respectively by the state and the pheromone information.

4.1.3 Behavior of the metaheuristic at the level of the colony

The ACO metaheuristic proceeds iteratively, by the continual generation of ants/solutions and
the updating of the parameters of the decision policy used in turn to construct the solutions
themselves.

All the activities of scheduling and management of the ant actions and pheromone updates
can be logically seen as happening at the level of the colony, which is in a sense the ACO’s higher
level from the hierarchical design point of view introduced in the opening of this Section 4.1. In
Figure 1.2 the diagrams labeled as schedule activities and pheromone manager precisely correspond
to these colony-level activities. Moreover, as it as been already mentioned and also shown in the
same figure, besides ant-related activities, at this higher level of the colony ACO can also include
the optional daemon actions, which consists of extra activities, possibly using global/centralized
knowledge, which share no immediate relationship with the biological context of inspiration of
the metaheuristic.

8 Usually, all the single pairs of choices making a complete solution are rewarded in the same way, avoiding the thorn
issues of a differentiated credit assignment.



108 4. THE ANT COLONY OPTIMIZATION METAHEURISTIC (ACO)

procedure Ant - agent |ife_cycle()
set _i nt er nal _par anet er s();
t — 0;
xy < Starting.state();
ct < o(we);
J(xy) « 05
H(0) « {0, co, J(T0) };
while (z; € S)
Az, (cr) < get _ant -routing-tabl e(zs, ce, H,Q, 7w, (c1) NG, (e))s
C— T, (.Ag;t (ct));
Tey1 — T DG
Ct+1 < Q($t+1)§
J(@i41) — J(21) © T (241, 20);
H(t+1) «— {ces1, o1, (@e41) |
if (online_step_by_step_pheromone_update)
Tererss < St €p_by_st ep_updat e_pher onone(r,c,.,, J (1), H);
end if
t—t+1;
end while
S Ty
J(s) « eval uat e_sol uti on(s);
online_delayed_pheromone_update — r epor t _t o_pher onone_nanager (s, J(s));
if (online_delayed_pheromone_update)
ATt «— get _pheronone_vari ati on_frompher onmone_nanager (J(s));
foreach¢;,c; € H,i=0,1,2...,t—1, j=i+1 do
Te,e; < Updat e_pher omone(r,.;, A7, H);
end foreach
end if
renoval _fromt he_syst em();
end procedure

Algorithm 4.1: Pseudo-code description of the behavior of an ACO ant-like agent. The meaning of the symbols can be
found in the text. In the spirit of the metaheuristic, the functions and procedure calls used in the code specify an action
to be executed but do not specify how the action is precisely carried out. The arguments passed to each procedure call
represent the set of variables that, in general, are expected to be required to carry out the specified action. Specific
implementations might not use all the arguments reported here.

Each one of these different activities happening at the colony level, that is, (i) scheduling
of the actions, (ii) pheromone management, and (iii) daemon actions, are discussed the three
subsections that follow.

4.1.3.1 Scheduling of the actions

The generation of ant agents, as well as the updating of the pheromone values and the activa-
tion of daemon actions can be realized according to either distributed or centralized, concurrent
or sequential, synchronous or asynchronous schemes, depending on the characteristics of the
problem and of the design of the specific implementation.

REMARK 4.5 (SCHEDULING OF THE ACTIVITIES): ACO does not make any particular prescription
in this sense. The schedul e_acti viti es construct of the pseudo-code of Algorithm 1.1 in a sense
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Figure 4.1: Influence diagram representing one step of the forward construction process of an ant-like agent in ACO.
The part in the diagram representing action selection (the . rectangular block) is split in two parts, one for feasibility
and one for quality. The observations/phantasmata z;, which in practice correspond to one or more components,
contribute to the quality part, while the states x; to the feasibility part. In order to better appreciate the peculiar
characteristics of the ACO’s process model it is useful to compare this influence diagram with the diagrams reported
in Figures 3.9 and C.1 respectively for MDPs and POMDPs.

summarizes all the possible realizations, leaving to the algorithm designer complete freedom in defining
how the various activities are scheduled and synchronized and whether they should be executed in a
completely parallel and independent way or according to some kind of synchronization.

For instance, in the case of telecommunication networks, the problem characteristics usually
strongly suggest the adoption of a distributed and completely asynchronous design, avoiding
any procedure that would require global knowledge. On the other side, in the case of the of-
fline solution of combinatorial problems, the architectural design which is considered the most
appropriate for the scope of the algorithm can be freely chosen. For instance, a monolithic,
completely centralized and synchronous design can result as very effective in order to obtain
business-critical time performance.

An aspect pertinent to the activities scheduling and which is particularly important in terms
of the quality of the final solution concerns how ants are scheduled.

Static and non-distributed problems: In this cases is common practice to repeatedly generate
groups of m, ants, where each generation ¢ corresponds to what is called an algorithm iter-
ation. Once all the ants of the group have completed their solution-building tasks, the so-
lutions are evaluated and the results passed to the pheromone manager. Some pheromone
variable are possibly updated and the algorithm passes to the ¢ + 1-th ant generation (if
a daemon component is also present, this is usually activated at the end of each iteration
or after some number of iterations). The process is iterated until the algorithm’s stopping
criterion is satisfied.

REMARK 4.6 (RELATIONSHIP WITH POLICY EVALUATION): Thinking in the terms of the gen-
eralized policy iteration discussed at Page 82, it is apparent that the group of ants at each iteration
evaluate, possibly in only partial way, the current decision policy (i.e., the effectiveness of the cur-
rent pheromone values), and then the outcomes of this partial evaluation are used in turn to modify,
possibly improve, the policy by updating its parameters.” Under this perspective, it is clear that

9 A form of policy iteration involving a partial evaluation of a policy is also called an optimistic policy iteration [27].
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the value chosen for my, that is, the cardinality of the solution set used for policy evaluation, can
potentially play a major role concerning the quality of the final solution output by the algorithm.

A quick but inaccurate evaluation can either bring to wrong updates or easily take the al-
gorithm to get stuck in some local optimum. On the other side, an accurate but computa-
tionally expensive evaluation can allow the implementation of effective updates but, at the
same time, can dramatically reduce the number of generations, and, accordingly, of possi-
ble policy improvements. Unfortunately, in the general case, given limited computational
resources there is no an exact recipe to assign the optimal balance between the accuracy of
the evaluations, that is, the number m; of ants per generation, and the frequency of policy
updatings, that is, the number of iterations. However, in the practice, ACO’s implementa-
tions seem to be quite robust to different “reasonable” choices concerning the value of m;,
which is usually between 5 and 50.

Dynamic and distributed problems: Similar problems arise in the case of this class of prob-
lems, and in particular referring to telecommunication networks. However, in this case,
the ant generation is usually done in distributed and asynchronous way and there is no
notion of algorithm iteration. Each node generates ant agents according to some private
or common frequency generation w;, and it can see the outcomes of only those ants which
pass through it. The main challenge in the case of online network problems like adaptive
routing, consists in the ability of the algorithm to adapt to the ever changing global traf-
fic patterns by using only local information. At this aim, it is clear that a high frequency
generation of ant agents would continually provide the nodes with large amounts of fresh
information on the global traffic patterns. However, if it is true that more agents means
more information, on the other hand, too many agents could easily congest the network
with control packets, producing in turn a negative effect on the transmission of data pack-
ets. Therefore, in this case too, a critical tradeoff problem is associated to the ant schedul-
ing process. Again, in practice ACO’s implementations (AntNet algorithms in particular)
seem to be rather robust to the actual frequency used.

ACO does not make any particular prescription on either the value of m; or w;. However, it
is evident that these parameters can play an important role in terms of obtained performance.

4.1.3.2 Pheromone management

Pheromone management consists of all those activities directly related to pheromone updating,
like: authorize/deny ants to update pheromone, decrease the pheromone levels by mimicking natu-
ral evaporation processes, update pheromone according to the communications coming from the
daemon block (see below), update pheromone using global/centralized knowledge. From a logical
point of view pheromone management can be seen as under the control of a pheromone manager
process. '

In ACO pheromone updating can happen in the following ways:

o Online step-by-step;
o Online delayed;

o Offline.

10 The definition of a pheromone manager as a logical separate process within the ACO description, which was not in
the original ACO description, stems from the merge operator o of ant programming [33, 34].
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The keywords “online” and “offline” are in relationship to the ant actions. “Online” indicates
the fact that pheromone is updated by the ant agent during its life cycle. The terms “step-by-
step” and “delayed” indicate respectively the update of pheromone while building and after
having built a solution. The modality “offline” refers to the fact that pheromone can be updated
offline with respect to the ant activities. Offline does not mean “after” the ant actions but carried
out by a component of the algorithm other than the ant agents.

Evaporation is an example of such offline updating. Evaporation usually consists in a contin-
uous process of decay of the levels of all the pheromone variables in the system, independently
from their participation or not in generated solutions. For instance, the following operation is
often executed in the implementations at the beginning of each new iteration:

Ti;(t + 1) = p71i; (1), Vi,j€{l,...,N}, p€[0,1].

REMARK 4.7 (PHEROMONE EVAPORATION): Pheromone evaporation can allow the colony of ant-like
agents to slowly forget the past history so that the colony can direct its search towards new directions
without being over-constrained by past decisions.

Also pheromone updates triggered by daemon processes have to be seen as offline updates.
For example, pheromone can be updated on the solution resulting from the application of a
problem-specific procedure of local search.

REMARK 4.8 (PHEROMONE MANAGER ACTIVITIES): The three forms used in ACO for pheromone
updating are under the logical control of the pheromone manager which: (i) requlates the dynamics of
the evaporation processes, if any, (ii) decides which solutions, among those generated either by the ant
agents or daemon procedures, should and which should not trigger respectively online delayed or offline
pheromone updates, (iii) decides if the agents should make use of online step-by-step updates.

The practical implementation of the activities (i-iii) can be realized in a number of different
ways, according to the different characteristics of the problem. For instance, the use or not of
online step-by-step updates is usually decided at algorithm design time, and, accordingly, all
the agents can be just created with this property switched on or off. For what concerns online
delayed and offline updates, the ant agents and the daemon procedures can be seen as reporting
to the pheromone manager the solutions they have generated, together with their evaluation,
and the pheromone manager decides which solutions should or should not trigger a pheromone
update. That is, the pheromone manager can authorize or not pheromone updating for a built
solution on the basis of some filtering strategy. For instance, in several successful ACO imple-
mentations elitist strategies are applied: only the best solutions modify (or have a much greater
impact) on the pheromones. In Chapter 5 several practical examples of the different strategies
in use are shown and discussed.

Pheromone initialization

In spite of the fact that during the execution of an ACO algorithm pheromone is continually
updated according to a variety of possible schemes, the pheromone initialization strategy can also
significantly affect the final performance. At beginning of the execution, without any knowl-
edge a priori, all the possible decisions can be considered as equivalent. Accordingly, all the
pheromone variables can be conveniently initialized to the same common value. This would cre-
ate a uniform distribution of the decision probabilities in terms of pheromone values. However,
the possible decisions will be differentiated by means of the heuristic values 7, which are usually
associated to the costs 7 (¢;|c;) coming with the same definition of the optimization problem. Af-
ter the first agents have completed their solutions, and the solutions have been evaluated, the
pheromone levels will be updated to reflect the newly acquired knowledge. Subsequent agents
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will therefore result biased towards the good decisions “discovered” so far (exploitation of the
past experience), but will also, at the same time, explore new alternatives because of the stochas-
tic component in their decision policy. The implemented mechanism is expected to be ergodic
in a sense, gradually getting independent from the specific initialization point.

4.1.3.3 Daemon actions

To improve overall system efficiency, ACO algorithms can be enriched with extra capabilities
referred to as daemon_actions. That is, problem-specific actions which are not carried out by or
strictly related to the actions of the ant agents. These are optional activities which share no or
little relationship with the biological context of inspiration of the metaheuristic and which, at
the same time, usually require some sort of centralized /global knowledge (in contrast with the
ant actions, which need only local information). In practice, daemon actions refer to problem-
specific extra activities which are not carried out by the ant agents, which do not make explicit
use of pheromone for construction building and which are not restricted to the use of local
information.

Daemon actions are often used to implement centralized actions which could not be per-
formed by single ants but which are know to be quite effective for the solution of the problem at
hand. Typical examples are the execution of problem-specific procedures of local search (see Ap-
pendix B), and the collection of global information, that can be used to update pheromone
over a solution which has not been sampled in the current iteration (e.g., to repeatedly update
pheromone over the best so far generated solution), or to authorize or not a specific ant to update
pheromone at the level of the pheromone manager.

The presence of the daemon component emphasizes the fact that, if additional knowledge or
tools which are specific to the problem under consideration are available, they can be profitably
used inside the metaheuristic. It does not really matter if their application is or is not “compli-
ant” to the general ant computing paradigm, as long as their application is feasible in practice.
In some sense, this is one of the main strengths of the metaheuristic, whose modular and open ar-
chitecture can easily accommodate the inclusion of external modules, developed independently
of ACO itself. Actually, this aspect has greatly promoted the combined use of ACO and local
search procedures specific for the problem at hand. The excellent performance provided by this
sort of hybrid algorithms, often at the state-of-the-art (see Chapter 5), confirms both the feasibility
and the effectiveness of the approach. Appendix B discusses also the good theoretical reasons
behind the combined use of construction and modification approaches.

4.2 Ant System: the first ACO algorithm

The next chapter provides an extensive review and discussion of ACO implementations in the
domains of both static and dynamic combinatorial optimization. However, a special position in
the ACO’s universe is undoubtly occupied by Ant System (AS), which was the first instance of an
ACO algorithm, developed by Marco Dorigo and his co-workers in 1991 [135, 150]. AS was de-
signed as a set of three ant-colony-inspired algorithms for TSP differing for the way pheromone
variables were updated by ants. Their names were: ant-density, ant-quantity, and ant-cycle. A
number of ant algorithms, including the ACO meta-heuristic itself, have later been inspired by
ant-cycle, the most performing of the three.!! Ant System can be seen as the original specimen
of ACO implementations, in particular for what concerns the application to “classical” combina-
torial problems. Therefore, AS is described here, rather than in the next chapter, to acknowledge

11 Hereafter, as it has been done in most published papers, Ant System is identified with ant-cycle.
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its special historical role and according to the fact that its characterizing traits are actually com-
mon to a number of other ACO algorithms and are in a sense “didactic” to introduce practical
implementations of the rather general framework introduced so far.

Algorithm 4.2 shows in pseudo-code the activities of an AS ant agent during its life cycle. The
pseudo-code should be compared to that of Algorithm 4.1, which shows the general behavior of
an ACO ant, in order to immediately capture the specific design characteristics of AS.

procedure AS-ant - agent _|ife_cycle()
i« 0;
x; « get startingcity();
Ci < Tj;
J(x;) « 0;
H(0) «— {zo, co, J(x0)};
while (|z;| # N)
foreach ¢; € N, (¢;) do
aij — T 77%6]‘5 /* ENTRIES OF THE ANT-ROUTING TABLE */
end foreach
c < appl y_ASst ochasti c_deci si on_rul e(Ay,(¢;)); /% APPLICATION OF me */
Tit1 < (xi,C)§
Cit+1 < G
J(xip1) — J(x;) + T(cig1lei);  /* SUM UP THE TRANSITION COSTS */
H(i +1) — {cit1, Tigr, S (Tig1) };
14— 1+ 1;
end while
S Ty;
J(s) « J(x;) + T(colci);  /* ADDITION OF THE COST TO RETURN TO THE FIRST CITY */
foreach¢;,c; € H,i=0,1,2...,N—-1,j=i+1 do
Ty; < Tij +1/J(s); /% UPDATE PHEROMONE ON EDGES BELONGING TO THE SOLUTION s/
end foreach
renmoval fromthe_system);
end procedure

Algorithm 4.2: Pseudo-code description of the behavior of an ant-like agent in Ant System [135, 150], the first ACO
algorithm, designed to attack N-city TSPs. The pseudo-code should be compared to that of Algorithm 4.1, describing
the general behavior of an ACO ant. « and (3 at line 9 are assigned constants.

The algorithm behavior can be informally described as follows. C' is the set of cities, C' =
{c1,¢2,...,cn}, with |C| = N. A number m < N of ants is positioned in parallel on m cities.
The ants’ start state, that is, the start city, can be chosen randomly by means of the function call
get starting_city().Eachantthen enter awhi | e cycle (program line 7 in the figure) which
lasts IV iterations, that is, until a tour is completed. The process is iterated, with groups of m
ants/solutions generated at each iteration.

During each step an ant located on state z; and corresponding phantasma c; identified by
the last added city, reads the entries a;;’s of the feasible ant-routing table A, (¢;) (line 9) and
passes them to the stochastic decision policy 7. which chooses the city ¢ to add to the partial
solution to (line 11) on the feasible neighborhood of the current state. Then the ant moves to the
new state (line 12), updates the current phantasma (line 13), sum up the incurred cost (line 14),
and updates its memory (step 15). The memory is used together with the problem constraints to
define the feasible neighborhoods in the same simple way described by Example 4.1 (i.e., only
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not already included cities can be considered, and in fact, in the original version of AS, the term
“tabu list” was used to represent the ant’s memory).

Once ants have completed a tour (which happens synchronously, given that during each
iteration of the while loop each ant adds a new city to the tour under construction), they evaluate
the built solution (line 19), and metaphorically retrace the same tour backward in order to update
the value of pheromone variables 7;; associated to the pair of cities included in their solution
(lines 20-21). Every ant in AS is authorized to update pheromone. This is a characterizing
aspect of AS, and at the same time one of its major weak points. No filtering is applied and the
whole sampled information is used. We will see in Subsection 4.3.2 the potential problems in
terms of too noisy goodness estimates with such an approach. One of the major improvements
brought in ACS, the direct successor of AS (described in Subsection 5.1.1), consisted precisely in
the fact that an elitist strategy has been used, such that pheromone is updated only on the best so
far solution.

For each ant k, at the end of the ¢-th iteration the value of pheromone is increased of a quan-
tity AT* equal to the quality 1/J(s*(t)) of the solution s*(¢) built by the ant:

7ij (1) — Tij(t) + ATR(), V(ci,c;) € s8(t), ATR(t) =1/J(s*@1)), k=1,....m. (411)

The amount of pheromone 7;; associated to pair (i, j) represents the learned desirability of
choosing city j when in city i, that is, the utility of including edge (c;, ¢;) in the solution in the
hope of eventually building a good solution. Pheromone is increased of an amount proportional
to the quality of the generated solution: the shorter the tour generated by an ant, the greater the
amount of pheromone it adds. This has the effect of making the issued choices becoming more
desirable for future ants proportionally to the quality of the solution they belonged to. As for
most of the ACO implementations, there is no per-pair credit assignment: all the city pairs be-
longing to a solution receive the same amount of pheromone depending on the overall quality of
the solution, in spite of the step of the construction process (i.e., the state) at which the decision
was issued.

Once the ant has updated the pheromone, it is removed from the system, and the associated
resources are made free. In AS all the ants update pheromone following the online delayed
scheme, while no step-by-step online pheromone updating happens (again, this was first intro-
duced in ACS).

At the end of each iteration, after all ants have completed their tours, the pheromone man-
ager systematically operates pheromone evaporation by decreasing all pheromone values accord-
ing to the following law:

Tij(t) «— (17[))7'7)(15), VZ,] S {1,...7N}, pE (0, 1], (412)

where p is the pheromone decay coefficient. The initial amount of pheromone 7;;(0) is set to a
same small positive constant value 7y on all arcs. This decrease is aimed at favoring exploration.
Since pheromone is always increased on the used city pairs, without evaporation it could easily
happen that the search would become highly constrained, with the ants ending up generating
always the same tours (a situation called stagnation).

No problem-specific daemon actions are performed. Although it would be straightforward
to add for instance daemon actions based on some form of local search; this has been done in
most of the ACO algorithms for TSP that have developed after AS (see next chapter).

The transition costs J(c;|c;) comes directly from the problem instance, and represents the
“distance” (which coincides with the physical distance, in the case of Euclidean TSPs) for travel-
ing from city ¢; to city ¢;. The local heuristic values 7,; are precisely assigned using the inverse
of these distances between cities as defined by the problem instance. The parameters o and 3
used in the ant-routing table’s functional form (line 9),

aij(t) = [ri (1)) - 5], (4.13)
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serve to control the relative weight of pheromone (i.e., learned utility) and heuristic value (a pri-
ori local cost). Actually, this functional composition for pheromone and heuristic values became
quite popular, and it has been used over and over in ACO’s implementations. If o = 0, the
closest cities are more likely to be selected: this corresponds to a classical stochastic greedy algo-
rithm (with multiple starting points since ants are initially randomly distributed on the nodes).
If on the contrary 3 = 0, only pheromone amplification is at work: this method will likely lead
to the rapid emergence of a stagnation, with all ants making the same tour which, in general,
is strongly sub-optimal [151]. An appropriate trade-off has to be therefore set between heuristic
value and pheromone importance.

The values af;(t) of the ant-routing table for the k-th ant at iteration ¢ are used by the stochas-
tic decision policy 7. (function appl y_AS_st ochasti c_deci si onrul e() at line 11) in the
following way. First, these values are normalized in order to obtain selection probabilities:

a?j (t)
ch Eka (ei) a’?n (t)

and then, after the generation of a uniformly distributed random number, the new component is
chosen in V.« (¢;), according (proportionally) to these probabilities (random proportional scheme).
This probabilistic selection scheme is another fingerprint of AS, and in the following we will re-
fer to this overall strategy as the AS decision rule. It greatly favors diversification in the sampled
solutions, but at the same time limits intensification of the search in the sense of not being really
greedy with respect to the supposedly good local decisions. A more greedy strategy is imple-
mented in ACS, which adopts a pure e-greedy policy: the local decision with the highest value
of pheromone is issued with a probability ¢y ~ 1, while an exploratory decision in the some AS
form is issued only with the small probability 1 — go. In order to avoid that all ants end up gener-
ating the same tour, ACS adds to AS’s online delayed pheromone updating, online step-by-step
pheromone decreasing. In this way, the probability that during an iteration the same locally
“best” decision is issued decreases proportionally to the number of times the same decision is
issued.

Pl (t) = (4.14)

REMARK 4.9 (AS’S SOUNDNESS): In a sense, AS is a quite elegant but at the same time “naive” ap-
proach: solutions are repeatedly sampled, all solution outcomes are used to update statistics, decisions are
taken according to a random proportional scheme which is expected to implement a good tradeoff between
diversification and intensification. All these ingredients would likely work quite well if pheromone vari-
ables were associated to state transitions, resulting in a form of Monte Carlo learning on the state space.
Unfortunately, this cannot be the case for the class of problems at hand. Pheromone variables are associ-
ated to phantasmata resulting in a drastic state aliasing. Therefore, a number of “adaptations” of the basic
AS scheme have been implemented over the years in order to cope more efficiently with the information
loss associated to the state — phantasma transformation.'?

4.3 Discussion on general ACO’s characteristics

4.3.1 Optimization by using memory and learning

ACO finds its roots in the pheromone-based shortest path behavior of ant colonies, with the
pheromone field playing the role of collective and distributed memory of the colony’s experi-

12 When pheromone can be associated to state transitions, the AS scheme appears as particularly suitable for use. This
is the case of the the work of [76], which applies ACO to the solution of MDPs. In this case, the authors assume that they
can deal directly with the MDP states, such that the pheromone array becomes equivalent to a state transition utility
function whose value is estimated by repeated sampling. Interestingly, since in this case pheromone can be associated
directly to states, some form of information bootstrapping can be meaningfully implemented, giving raise to an ACO
using temporal differences [413, 414].
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ences and biasing the decisions of the single ants. The pheromone array plays a similar role in
ACO, encoding memory of the generated solutions and being used in turn by the decision pol-
icy. ACO can be therefore termed a memory-based approach to optimization. In general terms, this
fact essentially means two things:

o Memory of past experience is used in order to optimize the search process.

o Multiple solutions are generated during execution time in order to dynamically gather use-
ful information to encode into the memory in the form of pheromone variables.

This general strategy arises the questions of what at a certain moment of the execution is
retained of the experience, that is, of the solutions generated so far, and how this experience is
used in turn to build new, and possibly better, solutions. The answer that ACO provides to
these questions in terms of pheromone variables is one of the central and likely most original
and successful aspects of the metaheuristic.

Generally speaking, the validity of the use of memory is subject to the fact that the set S
of the solutions defining the instance of the combinatorial problem presents some regularities
that can be identified and exploited through experience, that is, through repeated generation of
solutions. Clearly, if no regularities can be singled out, a pure random/exhaustive search are
the best strategy to follow. However, typical combinatorial problems do have some regularities
that can be in principle exploited, as it is suggested by both theoretical studies and the empirical
evidence that many structured algorithms can in general perform better than blind searches.

Memory can be stored and used in a variety of different ways. Restricting the focus to com-
binatorial optimization a notable example of memory-based approach is tabu search [199, 200], in
which memory is used to define prohibitions. In its original form, in tabu search all the generated
solutions are kept in memory in order to avoid to retrace already visited paths in the solution
space. This can be seen as a reasonable heuristic of quite general validity that can help to op-
timize the efficiency of sampled solution trajectories toward local optima. On the other hand,
ACO makes much stronger assumptions, in fact:

REMARK 4.10 (USE OF MEMORY): ACO makes use of memory with the aim of learning the values of
a small parameter set, the pheromone set, that are used by the decision policy to construct solutions. That
is, memory of the generated solutions is framed in the pheromone array, which associate a real value to
each solution component or pair of solution components. This means that not a whole solution is retained
into the memory, but rather all the single choices (c; | ¢;) making up the solution.

The state z; = (co,¢1,. .., ¢, Cit1, - - -, Cs) Tepresenting a solution is broken up in the disjoint
sets of features (c,41 | ¢;) associated to each separate decision issued while constructing the
solution. The 7;; associated to each conditional decision expresses the statistical estimate of how
good the decision (¢; | ¢;) seems to be according to the quality of the solutions to which the choice
has so far participated. In turn, at each construction step, after projecting the current solution
state z; to the phantasma identified by one component ¢; = p(x;) of the state set, the 7;; values
are used to take the decision about the next component to include. Using the ant metaphor, it
can be said that the ant perceives its current state x; as the phantasma c; obtained through the
generating function of the representation, .

REMARK 4.11 (ACO’S FINGERPRINT): This specific way of framing and using memory in a con-
structive scheme, as well as, the same assumption that the combination of memory and learning can be
fruitfully used to solve combinatorial problems, can be seen as the true fingerprints of ACO.

Figure 4.2 graphically summarizes ACO’s behavior emphasizing the role of pheromone in
terms of collective memory and the notion of learning the possibly optimal pheromone values
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by solution sampling. The figure also shows the difference in size between the large solution set
and the small component set, which is the definition domain of the ACO’s learning target (this
figure should be compared to Figure 3.1 which was referring to a generic construction process).
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Figure 4.2: Summary of ACO’s behavior, emphasizing the role of using memory in the form of pheromone variables
expressing the estimated goodness of selecting component .1 conditionally to the fact that component c, is already
included in the solution. The specific case reported here consider the ACO'’s situation in which the reference component
ct 18 the last one included during the construction process. The figure emphasizes the difference between the solution
set S and the component set C' which defines the domain for the pheromone variables. The pool of ant on the top
left of the figures schematically expresses the fact that multiple solutions are iteratively sampled on the basis of the
pheromone (and n) values.

However, it is not straightforward that the combined use of memory and learning can be an
effective strategy for combinatorial optimization tasks; as well as it is not obvious that taking
step-by-step decisions on the basis of a drastic reduction of the state set to a single component
can really work. The purpose of the following of this section precisely consists in discussing
from a high-level perspective these issues.

In Subsection 3.4.2 it has been pointed out that dynamic programming is a general-purpose
and exact approach to optimization (and control) which fully exploits the notion of state by as-
signing values to states and using the Bellman’s optimality equations to compute in an efficient
way their optimal state. At the same time, we have also pointed out that for large state sets
dynamic programming (as well as other exact approaches) usually becomes computationally in-
feasible, and either approximate value-based schemes, like those working on approximate value
functions (Subsection 3.4.3) or policy-search methods (Subsection 3.4.4), should be seriously
considered in practice as alternatives. However, once we move away from the pure dynamic
programming (exact algorithms) approach, we lose finite-time guarantees of optimality. Only
asymptotic convergence to the optimal solution can provided, which is of doubtful use in prac-
tice in the combinatorial case, since an exhaustive search can always bring the optimal solution
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in finite (even if exponential) time and with the simplest algorithm, or, even better, exact algo-
rithms like DP or branch-and-bound can provide the same result still in bounded exponential
time but “shorter”.!?

In spite of the fact that in the general case only asymptotic properties can be proved, both
policy-search and approximate value-based methods have empirically shown to be usually able
to provide effective performance. As already remarked, ACO can be conveniently seen as a
form of policy search since it bypasses the direct assignment of values to states even if it retains
some notions of state (for feasibility) and the construction architecture typical of value-based
methods. The task faced by a policy-search algorithm is by no means easier than the original
combinatorial task, since it amounts to a search directly in the solution set. Therefore, specific
heuristics must be in order to search the solution set in some efficient way, trying to possibly
focus the search effort only to those parts containing the optimal solution. A typical way of
proceeding is by transforming the original problem into a possibly easier one and then solving
this easier problem in the hope that the optimal solution to this problem coincides with the
optimal solution of the original one. This is what precisely ACO does.

REMARK 4.12 (ACO TRANSFORMATION OF THE ORIGINAL PROBLEM INTO A LOW-DIMENSIONAL
LEARNING ONE): The search for s* € S is carried out by looking for the optimal assignment of values
of a small set of real-valued parameters, the pheromone array T, which are used as the parameters of the
stochastic decision policy w. controlling the processes of solution construction implemented by the ant-
like agents. Therefore, the original combinatorial problem is transformed into the problem of learning on
the continuous set R™ of dimension n = |C| < |S|. So far, ACO’s implementation have not made use
of approximators in the sense of using compact representations of the state set (e.g., by using a neural
network), therefore, ACO can be said as based on a parametric lookup table representation.

That is, the search for good solutions is reduced to the search for an optimized decision policy
in the policy’s spaces. This global optimization problem is in turn reduced to a learning problem
by restricting the possible policies to a single parametric class of the type (see Equation 3.50):

we(cz; 7,m), ceCixeX, T,neT = RI¢I x RI¢I (4.15)

defined over the component set, and depending on a set of assigned parameters, the heuristic
arrays, and a set of learning parameters, the pheromone array, both real-valued and of small
cardinality (with respect to the state set). The state information of the process is assumed as
available to the agents and is specifically used only for what concerns the feasibility of the so-
lutions. Each possible decision is associated to a pheromone variable, such that the pheromone
array results in a lookup table and every 7;; is intended as an estimate of the goodness of each
of the possible decisions. As pointed out in Subsection 4.3.1, this amounts to solve an MDP
whose states are the so-called phantasma, coinciding with the last component included in the
constructing solution. That is, a memoryless Markov model is built on top of the underlying exact state
model. In more precise terms, ACO is transforming the original problem (for what concerns qual-
ity optimization) into a POMDP whose characteristics are effectively described by the influence
diagram of Figure 4.1. In its original form ACO does not make any explicit use of state values,
such that this transformation of the original combinatorial problem into a learning problem over

13 These facts are in a sense the main reasons according to which hereafter the discussion is kept at a rather high-level
level, without making, for instance, specific assumptions and derive very specific and possibly asymptotic mathematical
result of dubious utility in practice. For us a metaheuristic is a tool that can allow to speed-up algorithm design while
at the same time obtaining good performance in practice for the problems of interest. Therefore, our objective here is to
point out where to frame ACO in the universe of the optimization strategies and where in general sense the “problems”
are, in order to implicitly suggest possible general ways to overcome these same problems (possibly looking at solutions
proposed in the related frameworks). It is clear that more specific reasoning cannot be followed without restricting the
class of considered problems, that is, taking into account the specific characteristics of the different classes of problems.
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a low-dimensional continuous space frames ACO into the class of policy search approaches, and,
more precisely, the ACO’s strategy to search for the optimal policy can be assimilated to a form
of generalized policy iteration [414].

Monte Carlo policy evaluation and updating

ACO'’s objective consists in finding the pheromone assignment 7* such that:

x _ e

7" = arg %17@)/ (1), (4.16)
where V indicates, consistently with Equation 3.48, the value of a policy. The difference with the
general expression 3.48 of policy search consists in the fact that in the ACO’s case the search does
not happen over the set of all possible policies but is restricted to the policies” subset identified
by the chosen parametric class 7. (7). As discussed in Subsection 3.4.4, and showed by Equation
3.48, the value of a policy is the expected overall cost computed according to the conditional
probability distribution Pr(h|r.),h € H, that the policy defines on the set H of all the possible
histories/solutions generated through the policy’s application.

These facts means that in order to evaluate the current policy, that is, its expected value given
the current assignment of 7’s values, is in general necessary either analytically calculate the
expected value or repeatedly execute the policy in order to observe the resulting costs and compute
sample estimates. In the ACO’s case this means that a Monte Carlo estimate (see Appendix D)
of the expected value of the policy is built up through the generation of groups of solutions.
The solutions are generated according to the generation probabilities implicitly defined by the
current assignment of pheromone values. The outcomes of solution generation are in turn used
to update the pheromone values, that is, to update the generation probabilities. Also the updates
are in general carried out in Monte Carlo fashion (see Example 3.14 of Subsection 3.4.2). That
is, without using information bootstrapping. This is justified by the fact that ACO does make
use of phantasmata and not of the true information states, therefore bootstrapping could easily
result in wrong estimates, as discussed in Remark 3.20.

The ACO’s process of continual policy/pheromone evaluation and updating can be con-
veniently seen in the terms of generalized policy iteration (see Algorithm 3.2). However, in
ACO'’s practical instances, the actual process is a quite drastic approximation of a policy itera-
tion scheme. In fact, it would be in general too expensive to carry out a sound (i.e., unbiased
and with low variance) evaluation of the current policy. Usually, only an optimistic policy evalu-
ation [27], that is a partial and noisy evaluation, can be usually obtained at each iteration step.
Also the phase of policy updating does not usually go in the precise direction of a greedy policy
improvement (see Equation 3.37), but rather in the direction of updating the pheromone values
in such a way to direct the search toward those regions judged as the good ones according to
some heuristic criteria. How precisely pheromone updating is implemented depends on the
specific implementation, which in turn depends on the characteristics of the specific problem
at hand. ACO does not prescribe any particular form of updating. However, since pheromone
values define the joint probability distribution according to which solution are constructed it-
eration by iteration, the way sampled information is used to update pheromones puts in turn
a strong bias on the characteristics of the generated solutions, and, ultimately, on the ability of
the algorithm to find the optimal solution. A closer look at the probability distributions used at
construction time can help to better understand this fact. Let s; = (co, ¢;, ¢j, ¢k, €15 - -+, Cr, Cm, Cn)
a feasible solution for an N-cities TSP. Given the current pheromone assignments, which is the
probability P(s;) to construct such a solution? Assuming that ¢( is the common starting point
for every solution, the answer is:

P(Sl) = P(Ci‘CO)P(Cj|Ci)P(Ck| Cj, {Z7j})P(Cl| Ck, {Zajak}) e P(Cn| Cm, {ivjakalv cee 7T})7 (417)
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that is, called z; the process state at step ¢-th:
P(s;) = P(ci|co)P(cjlei)Plek| ¢j, x1)P(c| ek, x2) - - Pen| emy Tn—1), (4.18)

where the conditional probabilities P(c,|c,, z) actually used are obtained from pheromone val-
ues after value normalization depending on the currently feasible neighborhood:

Tu v

P(eyley,z) = (4.19)

Zwé/\/’m (cy) Tuw

The potential problem lies in the fact that after an ant/solution has been selected for pheromone
updating, pheromone values are updated dropping off the state conditional component. For
each pair (u,v) the associated pheromone value expressing the learned desirability of having
such a pair in a solution is updated as P(c,|cy, x) would be the same as P(c,|c,), but unfortu-
nately this is not the case. A choice ¢, € N(¢,) with associated pheromone value 7, actually
changes its probability P(v|u, ) of being selected when the phantasma is ¢, depending on the
other still feasible choices given the current state x. For instance, P(v|u, z) = 1if N, (¢c,) = {v},
but assumes the form 4.19 if |V, (c,)| > 1, and quickly decreases as [N, (c,)| gets large (e.g., at
the beginning of the solution construction for the case of a large problem). It must be pointed out
that this problem is common to most of the learning approaches to optimization based on the
estimation of and sampling from probability distributions. This issue will be further discussed
in Section 5.3. The following example, explained with the help of Figure 4.3 provocatively shows
how weird can in principle be the result of storing and using pheromone values which do not
carry enough state information.

EXAMPLE 4.3: EFFECTS OF MULTIPLE PHEROMONE ATTRACTORS

Let us consider the case of solutions expressed as sequences of length N = 10 and assume that only two
solutions, sy and so, with identical final cost Js have been generated so far, and both have been allowed to
update pheromone since J is a good performance:

51 = (CO;Cl;62;C3764765,06,C7>C8vc9)7

S2 = (Co,09,02,01708,03706,05,0%04)

Therefore, on each pair (i, j) € sk, k = 1,2, 7;; will have a value possibly proportional to 1/Js. Notice
that (i,7) € s1 = (i,7) # saand (i,5) € s2 = (4,7) # s1. When a third solution is being constructed,
at each decision step there is an equal probability of choosing between a component pair included in either
51 07 So. In a limit case (probability less than 0.002) the following solution can be obtained:

53 = (Co,01,08,69,82,63,66,67,04,05)

in which a pair from s is followed by a pair from so and vice versa. Therefore, in a sense, the solution
was built as the result of the actions of two competing attractors. The risk is that actually the alternating
attraction had completely disrupted the effective building blocks that had made the two original solutions
effective, possibly resulting in a solution of poor quality. Clearly, since pheromone is updated discarding
the full state information similar situations can in principle always happen.

The above effect of pheromone composition can be compared to that of the crossover operator in genetic
algorithms: sg can be seen as constructed by the two “parents” sy and sy by alternating one component
from sy and another from sq when this meet the feasibility requirements.
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The “surprising” empirical evidence that ACO’s reduction works well

This logical process of transforming a combinatorial problem into a learning problem over a
small dimensional continuous space is at the very basis of the ACO’s philosophy. The gen-
eral soundness of this approach is validated by the different proofs of asymptotic convergence
for a sort of generic ACO implementation (under some mild mathematical assumptions) given
by Gutjahr [214, 215, 216] and by Stiitzle and Dorigo [403], as well as by the discussions on the
relationships between ACO and Monte Carlo methods (the strictly related method of the Cross-
entropy [372]) given in [454]. However, the idea of transforming the combinatorial optimization
problem into a learning problem is only one part of the story, and in a sense not the most original
one, since such a way of proceeding is quite common in other domains. What is also important
to stress is the fact that ACO defines a precise and rather simple way to realize the problem transfor-
mation. That is, ACO gives a precise definition of what the learning parameters consist of and
how they should be used (by the common stochastic policy controlling construction processes).
In fact, the ACO'’s idea is that pheromone is associated to single component decisions, that is, to
pairs of solution components. Here it comes the other major ACO’s implicit assumption: given
that a solution is made of atomic parts (either components or pair of components), learning by
sampling which of these single parts are more likely to belong to the optimal solution will pro-
vide enough information to eventually generate the optimal solution. For instance, in a TSP,
whose solutions can be seen as composed by set of edges (pair of components), ACO tries to
learn which particular edges participate more often in good solutions in order to “freeze” these
edges and building solutions by preferentially including these same edges. This idea is not new
by itself, for instance, already Lin [276] in 1965 was speaking of reduction, that is, the idea that
in a particular problem some features (edges in in TPS case) will be common to all good solu-
tion. However, what is new here is the fact that these features are learned by sampling and the
step-by-step decision is realized after projecting the current process state into one single compo-
nent (or a set of single components, for the insertion case, discussed in the following), which is
precisely the last included one.

In terms of learning a decision policy this means that a memoryless representation is adopted.
In fact, given the problem representation in terms of the triple (C, (2, J), it has been shown that
the state set X is automatically defined, and the problem of learning the optimal stochastic de-
cision policy 7. amounts to solve the MDP defined as:

MDPx = (X,C,T,J), (4.20)

with T" being the (deterministic) transition matrix between states. As it has been thoroughly
discussed in the previous chapter, a general and efficient way to solve this class of problems to
optimality is by dynamic programming which effectively exploits the Markov nature of the prob-
lem states using information bootstrapping. On the other hand, ACO attacks this problem by
using a different Markov model for what concerns quality optimization (see also Example 3.8):

MDP,., = (C,C,T,J). 4.21)

That is, ACO makes use as “state” set of its Markov model the component set C' # X, which is
much smaller than X. Instead of using full state descriptions ACO learns on the basis of one-
dimensional state features coinciding with one component ¢, of the state z;, ¢; = o(x;). When,
as it happens in the case of sequences, the state is collapsed to its last component, the model is
said memoryless, since all the past history of the current state is thrown away and only the last
component is considered to take a decision. This results in a drastic state aliasing (i.e., information
loss) which is expected to be more and more drastic as the problem dimension becomes larger
and larger. In general, a memoryless policy is not expected to be optimal. It might be arbitrarily
different from the optimal one, that is, the one solving the original MDP (e.g., see the insightful
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discussions in [277, 391]). A memoryless policy is also in general expected not to result in feasible
solutions. However, in ACO the state structure is assumed to be accessible for feasibility check,
ensuring in some sense the feasibility of the final solutions.

On the other hand, it is particularly worth to stress that, based on empirical observations,
the ACO’s memoryless model results effective to learn near-optimal policies for a vast class of
combinatorial problems of both theoretical and practical interest (which, by the way, were not
designed a posteriori as ad hoc test problem to match ACO’s characteristics, as unfortunately
often happens to support new algorithms). This is a sort of unexpected and general result. One
could have expected that learning on the basis of single components would result in quite poor
performing policies. While, on the contrary, the empirical results show that such a model is
indeed a rather effective one.

An interesting question is if there are other particularly good choices in between the full-
state model of dynamic programming and the one-component phantasmata of ACO. That is,
would it be possible to generalize and improve ACO’s performance by admitting that a generic
state transformation function g is actually used to define the state feature, in the same spirit,
for instance, of the parametric class of transformation functions of Example 3.10 ? This issue is
discussed in the Section 4.4 that follows.

4.3.2 Strategies for pheromone updating

The previous subsection pointed out that a scheme alternating robust policy evaluation and
greedy policy update might not be followed in practice. Robust evaluation might be too expen-
sive, and, consequently, greedy updates might not be the right choice if only noisy and biased
evaluation results are made available. This situation asks for heuristics to be adopted. Let us
discuss few among the most general and/or in use ones.

The first thing one might think to do is to use the sampled experience to learn not directly
the expected value of the policy, but, equivalently, the expected values of the single pheromone pa-
rameters. That is, the expected value 7;; of a solution which would include the pair (c;, ¢;), and
preferentially using those decisions that have associated the highest expected values. Unfortu-
nately, pheromone variables are associated to pairs of single components. Therefore, they are
expected to have a large variance, such that it can result quite inefficient trying to learn their
expected values. The following practical example discusses this fact.

EXAMPLE 4.4: VARIANCE IN THE PHEROMONE'S EXPECTED VALUES

Let us refer to the case of an asymmetric TSP with n >> 1 cities. The component set is then C' =
{1,2,...,n} and the associated pheromone set is T = {712,713, Tin,---,Tnn—1}. Let the set of
solutions generated at iteration t be S* = {s!,sh,... st }, and {J1, Jo,..., Jn} their cost. If these
costs are used to update pheromone values, each 7;; is updated according, for instance, to the formula:
Tf;l —pri;+(1=p) Y k|(ij)esn 1/ k- Now, since pheromone variables are not associated to states but
to single pair of components, the “value” T;; of a specific decision (i, j) can be evaluated by considering
the value of all the sampled solutions to which (i, j) has participated to. It will be quite common that
the same pair (i, j) will appear in the sampled solutions at different positions in the solution sequence.
For instance, let us assume that (i, j) appears in position 1 in sy, in position 2 in sy and so on up to
Sm. It is natural to expect that all these solutions will have quite different associated costs. Therefore,
the exponential average for T;; can present quite large oscillations from iteration to iteration, and an even
larger variance.

In general, the (i, j)'s values are expected to be distributed according to some multi-modal distribution,
such that the expected value might be rather meaningless to compute, at least in non-asymptotic time. It
is easy to get convinced about this fact considering that for each fixed pair (i, j) there are (n — 2)(n —
2)! different solutions that contain it at the different possible positions in the solution sequence. This
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means that the correct estimate for the expected value of ;; requires in principle such a huge number
of samplings. The situation would have been quite different if pheromone would have been associated to
states rather than to phantasmata. In fact, in this case, the exponential average is expected to be more
and more stable and having low variance as the cardinality of the state becomes closer to n. For instance,
the state (i, j) of length 2 can be contained in “only” (n — 2)! different solutions (i.e., it can be expanded
in (n — 2)! different ways). For longer states, the number of possible expansions rapidly becomes much
smaller.

Figure 4.3 reports some data from numerical experiments that show the potential variability of pheromone
estimation, and in a sense the need for smart ways of using the information from the generated solutions
in order to effectively update pheromone variables.
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Figure 4.3: Study on the variability of the value associated to a pair of components depending on the solutions the
pair can belong to. The plots reports the case of two problems, kr 0100 and at t 532, which are popular instances of
euclidean TSPs with respectively 100 and 532 cities chosen from the TSPLIB [361]. The leftmost two plots refer to
kro100. In the first case the known optimal solution is considered. A pair (i, j) of cities contiguous in this solution
is chosen and moved position by position long all the solution length. In this way, a pool of 98 solutions, differing
only for the position in which the pair (3, j) is located, are obtained. In the middle plot the followed procedure is
analogous but starting from a randomly generated solution. Also in the rightmost plot, referring to the case of att532,
a randomly generated solution is taken as starting point. The plots are the histograms of the values of the obtained
solutions. According to the ACO’s state aliasing, these values can all be potentially used are representative of the
value of the choice (i, j). Notice that different bin sizes have been used according to the different absolute values of
the solutions. It is interesting to compare the histograms with the average y of the values and its variance o. For the
first kro100 case pn = 23701.3, o = 1278, the minimum is attained at 21282 and the maximum at 24472. For the
second kro100 case, p = 163073, o = 1584, the minimum is 158766 and the maximum 164911. Finally, for att532
1= 1.4045e + 06, o = 2177, the minimum is 1.40151e+06 and the maximum 1.41448e+06

A better strategy is that used in Ant System, which does not compute the average, but rather
accumulates in each pheromone variable 7;; the sum of the qualities 1/.J(s) of all the generated
solutions to which the decision (c;|c;) has belonged to. The difference with respect to the other
case is substantial since now also the frequency with which a decision is issued plays a role:
more often a decision is chosen (and better is), higher will be its pheromone level (see Equation
4.11). In this way it is easier to discriminate between potentially good and bad decisions, while
the use of averages would result in repeated oscillations. However, in AS pheromone values do
not undergo monotonic grows, since a global, value-proportional decrease of the pheromone is
also implemented at the beginning of each iteration (pheromone evaporation). AS rule is quite
close to what happens in the case of real ants, in which pheromone updating frequency plays a
major role. The problem with the AS updating strategy consists in the fact that bad solutions are
not filtered out, on the contrary, they are also allowed to increase pheromone levels. Moreover,
the cumulative statistics which is used for pheromone variables can easily bring to stagnation,
in the same way real ants can easily get stuck on a suboptimal path if evaporation is not set in
an appropriate way. We have run some simple experiments on small TSPs in order to observe
the relative performance of AS using pheromone accumulation versus the use of exponential
averages. The empirical results have strongly confirmed that any clean (i.e., without using exotic
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averaging rules) attempt of using pheromone in terms of averages does not produce appreciable
performance. However, in AS the fact that all the ants are permitted to update pheromone does
not allow to really single out those decisions which participate of the best solutions.

REMARK 4.13 (ELITIST STRATEGIES GO IN THE RIGHT DIRECTION): The empirical evidence seerms
to suggest that the most effective strategies are those updating the policy parameters according to some
elitist selection (borrowing the term used in evolutionary computation), that is, on the basis of only a
restricted subset (typically the best ones) of the solutions generated so far. This is for instance the strategy
adopted by ACS [145, 146, 183], MMAS [404, 405, 407, 408] and also by the cross-entropy method
which shares some strong similarities with ACO (e.g., see its application for fast policy search [298]).

ACS is actually one of the best performing ACO instances: it is a state-of-the-art algorithm
over an extensive set of problem classes (TSP, VRP, SCS) and instances, while models based on
either ACS or MMAS are usually the best performing ACO algorithms. The rationale behind
this design choice finds its hidden roots in the fact that since ACO does not make use of states
as learning target. Accordingly, the information coming from solution sampling should not be
intended for building robust estimates of the expected values of pair of choices, but rather for
quickly spotting which are those decisions that belongs to good solutions and “fixing” them for
further solutions’ construction. In practice, it is important to to be in some sense greedy towards
good solutions, and let the agents explore more in depth the areas around the good solutions
found, possibly moving toward another area when a new better/good solution is found. This
is precisely what ACS does: pheromone is repeatedly increased only for those decisions which
have participated to the best solution so far. In this way, further solutions are sampled in the
“neighborhood” of such best solutions. If a new better solution is found, the neighborhood
is moved toward the new best solution, and so son. In this way, still maintaining a good ex-
ploratory level, the search is intensified around each new best solution. Unfortunately, this way
of proceeding has also some drawbacks that have to be taken care of: if a new better solution is
not found in the currently searched “neighborhood”, the algorithm can easily end up repeatedly
looking in more or less the same region without bringing any further improvement. Moreover, if
several new better solutions are quickly found, the pheromone could be increased for a number
of different decisions actually belonging to different solutions. This would determine a sort of
composition of the pheromone that can result in a sort of multiple and potentially conflicting
pheromone attractors at each decision step (see also Example 4.3). It is not obvious when and
if such a composition can be or not beneficial (even if it reminds of the building blocks” compo-
sition realized by the crossover operator in genetic algorithms). Actually, ACS throws away all
the new best solutions found at each iteration but one. In this way the problem of uncontrolled
pheromone composition is bypassed, but at the same time a consistent amount of potentially
useful information is discarded. In the Conclusions and Future Work chapter some ideas are
provided about how to exploit in an effective way these good solutions.

Another quite general approach for pheromone updating which is particularly worth to men-
tion is the Meuleau and Dorigo’s combination of ACO with the popular [313] stochastic gradient
descent (e.g., see [374]). In their ACO/SGD (initially designed for TSPs and later generalized for
any combinatorial problem in [153, 455]) the generated solutions are used to evaluate the policy
with respect to the directions of the gradient descent in the pheromone space, such that at each
iteration step the pheromone vector is greedily moved downward the gradient direction. Even-
tually, under mild mathematical assumptions and appropriate setting of the algorithm parame-
ters, a local optimum in the pheromone space is guaranteed to be reached. The likely principal
merit of this work has consisted in pointing out a general way (the gradient updating rule) of
dealing with the otherwise ill-defined issue of pheromone updating. Certainly, this was possible
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since the target of the algorithm was in practice shifted from global to local optimization in the
pheromone space, which can be seen as rather restrictive.

The Metropolis-Hastings algorithms as a possible general framework of reference
for design choices theoretically sound

Adopting the same perspective as Meuleau and Dorigo, the process of iterated pheromone up-
dating can be seen in the terms of the Markov chain constituted by the sequence of points 7(¢) in
the continuous 7 = R!“! x R“! pheromone space. A way of looking at this Markov chain in or-
der to find a general and at the same time theoretically sound strategy for pheromone updating
(and solution filtering), is in the terms of the Metropolis-Hastings family of Monte Carlo Markov
chain algorithms [312, 367]. Let us briefly explain in what these algorithms consists of.

A Markov chain Monte Carlo method for the simulation of a distribution f is any method
producing an ergodic Markov chain whose stationary distribution is f. The Metropolis-Hastings
algorithms use simulations from virtually any instrumental conditional distribution ¢(y|z) to
actually generate from a given target distribution f. They can be employed when is difficult for
any reason to sample directly from f while is easy to sample from the instrumental distribution,
and ¢ meets some conditions such that sampling from ¢ can be enough to obtain samples which
belong to f. The general form of the Metropolis-Hastings algorithm is as follows:

procedure Metropol i s-Hastings_Al gorithm)
t«— 0;
xy «—initialize_Markov_chain();
while (- termination_condition)
us < generat e_fromi nstrunent al (q(u|z:))

if random) < min{ ;E;”; %, 1}

L1 <= Ut
else
Ti41 < Ty
end if
t—1t+1;
end while
end procedure

Algorithm 4.3: Pseudo-code description of the behavior of the general Metropolis-Hastings algorithm.

Under some mild mathematical assumptions on the form of f and ¢, the fact that f is a sta-
tionary distribution of the chain is established for almost any conditional distribution, which
indicates the universality of the approach. These class of algorithms have been studied for more
than 50 years, such that a number of theoretical and empirical results are available. The al-
gorithm presented here is only the basic Metropolis-Hastings one, but a number of different
versions of it, each appropriate for certain classes of problems, have been developed over the
years. The most important characteristic of the algorithm consists in the fact that instrumental
distribution generates the new candidate point u; conditionally to the current point. In prac-
tice, it is sampled in a correlated neighborhood of it. On the other hand, the acceptation rule
weights the relative values of both the current and the proposed new point with respect to both
the distributions at hand (for an exemplary treatment of the subject refer to [367]).

Now, if we identify the target distribution with the distribution f(7) = 1/J(s(7)), it is im-
mediate to understand that if we can generate pheromone points 7 distributed according to this
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target distribution we end up solving our optimization problem. In fact, this distribution assigns
the highest probabilities to the points with minimal cost value. If the J’s optimum is not just an
isolated spike in the pheromone landscape, we might have a good probability to hit it. Any-
way, if ¢ is defined in a proper way, the convergence of the Metropolis-Hastings algorithms will
guarantee the convergence in probability to the optimal solution in the sense of asymptotically
having a finite probability of generating it, probability whose value precisely depends on the
characteristics of the landscape.

Let us see which choices for ¢ and f could be made in order to have a meaningful instance
of a general ACO in the terms of a Metropolis-Hastings algorithm. Since ¢ should preferably be
chosen as a symmetric function (such that (¢(x|u)/q(u|z) = 1), a good candidate appears to be
a Gaussian distribution. The new pheromone points will be therefore generated according to a
Gaussian centered in the current point. For the function f there is the problem of providing a
sound definition of the value f(7), since eventually samples will be generated according to this
distribution. Several reasonable choices can be envisaged, each with different characteristics in
terms of convergence and finite time properties. A first choice might consist in taking as the
value returned by f(7(¢)) the average of the quality of the m solutions generated at current it-

eration ¢ according to the current 7(t) settings: f(7(t)) = >_,, (J(sm(T(t))))fl/m. In this case,
f encodes the expected values associated to a pheromone assignment, which might not be what
we precisely want, since it will be likely very slow in practice. On the other hand, f can be like in
ACS the value of the best of the solutions generated at the current iteration. A sound and com-
putationally efficient way to define f is in the terms of the value of the solution obtained being e-
greedy with respect to the policy implemented by the current pheromone vector 7(¢). With these
choices for ¢ and f, we obtain an algorithm which is an instance of ACO in which pheromone
is updated according to the values sampled from ¢ and the current pheromone setting is either
accepted or rejected according to the result of its evaluation and of the stochastic Metropolis-
Hastings rule in which this value is used in turn. If ¢ is a Gaussian, the next pheromone point
will be selected in some meaningful neighborhood of the current pheromone value.

Designing an ACO algorithm in the terms of a Metropolis-Hastings one is not expected to be
efficient in practice. However, this is a clearly interesting direction to explore since: (i) the issue
of pheromone updating becomes quite well defined, and is easy to choose an appropriate distri-
bution, like a Gaussian one, which can guarantee that the desired stationary distribution will be
attained, and can also provide satisfactory performance in practice, (ii) the issue of filtering out
solutions for pheromone updating is also “solved” in a sense, since is the Metropolis-Hastings
stochastic rule that will decide about accepting or rejecting a pheromone modification, (iii) it
might be possible to prove the convergence for a vast number of ACO algorithms just relying
on the general convergence properties of Metropolis-Hastings algorithms, and, finally, (iv) since
50 years of practical and theoretical results are available, it might be not so hard to find some
particularly effective choices for all the involved elements that fit the class of problems at hand.

4.3.3 Shortest paths and implicit/explicit solution evaluation

The use of a construction approach has allowed to speak in terms of state trajectories on the state
graph and to express a combinatorial optimization problem in the terms of finding the minimum
cost trajectory (see Remark 3.8) on the sequential state graph. Accordingly, ACO can be seen as
a metaheuristic for solving shortest path problems.

However, even if in principle ACO can be applied to almost any instance of shortest path
problems with finite-horizon, it has not to be seen as a competitive alternative for all those
cases for which “classical” algorithms, that is, label correcting methods (e.g., Dijkstra-like algo-
rithms [131]), label setting methods (e.g., dynamic programming algorithms like Bellman-Ford [21,
173]), and rollout algorithms [28] (see also Section 5.3) can be applied with success. ACO must
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be seen as a viable alternative to deal with all those shortest path problems whose characteris-
tics make in general hard, ineffective, or computationally infeasible the application of those just
cited methods. This might be the case of NP-hard problems, as well as the case of shortest path
problems arising in distributed and dynamic environments (e.g., network routing).4

As it has already been discussed in the Introduction, and will be further discussed in the
next chapter, ACO seems to be particularly appropriate to attack this second class of problems.
This evidence finds its general rationale in the fact that ACO has a multi-agent architecture and
is based on an adaptive learning approach, which are characteristics that intuitively well match
the distributed and dynamic nature of these problems. Moreover, reasoning on a more “philo-
sophical” level, ACO is expected to perform comparatively better in dynamic and distributed
contexts also because it has been designed after ant colony’s behaviors, which are in turn the
result of a long phylogenetic evolution addressed at optimizing (in some sense) the ability of
the ants of moving over shortest paths precisely in the distributed and dynamic environments
where they live.

There is also another, more technical, reason related to ants behavior that makes particularly
successful the ACO application to the solution of geographically distributed shortest path prob-
lems. In ACO solutions generated by ants provide feedback to direct the search of future ants
entering the system. This is done by two mechanisms. The first one, which is common to all
ACO algorithms, consists of an explicit solution evaluation. In this case some measure of the
quality of the solution generated is used to decide in which amount pheromone should be in-
creased /modified. The second one is the same kind of the implicit path evaluation which has been
discussed in Section 2.1, that is, the fact that if an ant chooses a shorter path then it is also the
first to lay pheromone and to bias the search of forthcoming ants. In this way, shorter paths are
updated more frequently and can in turn attract more ants. Clearly, this effect becomes visible
only if there is an appreciable different in traveling time (e.g., length) among the paths, that is, if
differential path length (DPL) is at work.

It turns out that in geographically distributed problems, like network problems, implicit so-
lution evaluation can play an important role. When in AntNet [116, 119] explicit solution evalua-
tion was switched off by setting the amount of pheromone deposited by ants to a constant value
independent of the cost of the path built by the ant, it was still possible to find good solutions
just exploiting the DPL effect. Clearly, coupling explicit and implicit solution evaluation (by
making the amount of pheromone deposited proportional to the cost of the solution generated)
can easily improve performance.

The distributed nature of nodes in routing problems allows the exploitation of the DPL ef-
fect in a very natural way, without incurring in any additional computational costs. This is due
both to the decentralized nature of the system and to the inherently asynchronous nature of
the dynamics of telecommunication networks. On the contrary, this is not the case in combi-
natorial optimization problems where the most natural way to implement ACO algorithms is
by a colony of synchronized ants, that is, ants that synchronously add elements to the solution
they are building. Of course, it would in principle be possible to have asynchronous ants also
in combinatorial optimization problems. The problem is that the computational inefficiencies
introduced by the computational overhead necessary to have independent, asynchronous ants
can outweigh the gains due to the exploitation of the DPL effect (this was the case, for example,
of the asynchronous implementation of an ACO algorithm for the TSP reported in [97]).

14 All these shortest path problems have actually finite-horizons and deterministic transitions. On the other hand,
there is also a recent application of ACO by Chang, Gutjahr, Yang, and Park [76] for the solution of generic MDPs
with terminal state, of the same type of those typically considered in the domain of reinforcement learning. It will be
interesting to explore this research direction more in detail to see if the ACO’s domain of application can be effectively
expanded also to this class of problems which involve stochastic transitions and in principle infinite horizons.
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4.4 Revised definitions for the pheromone model and the ant-
routing table

The given definition of ACO is essentially conformal to that originally provided in [142, 140],
even if it gives a more precise definition of some aspects (e.g., the meaning of and the rela-
tionships among problem states, solution components, and pheromone variables), and intro-
duces also few new notions (e.g., the logical module of the pheromone manager which acts
very alike the selection operator of evolutionary algorithms, and the function ¢ which charac-
terizes pheromone variables in terms of state features and points out the amount of informa-
tion loss). Nevertheless, as already remarked, the given ACO definition has also some short-
comings in the sense that a number of implementations (mostly applications to set, scheduling,
and max constraint satisfaction problems) that have appeared after its publications do not pre-
cisely fit into the definition for what concerns the characteristics of the pheromone model and the
way pheromone information is used at decision time. This fact calls for a new definition of the
pheromone model, in order to provide more flexibility in the definition of the information used
to take decisions.

In the following of the section, the part of the ACO definition concerning the pheromone
model is revised, with the aim of letting those applications fitting into the new definition while
at the same time generalizing the way pheromone is defined and used. The new definition will
open the possibility to design ACO implementations making use of more state information at
dcision time.

We proceeds as follows: first, a discussion showing the general limits of the current pheromone
model is provided, then, the characteristics of the new model are introduced.

4.4.1 Limits of the original definition

ACO frames and makes use of memory in terms of pairs of components, with the pheromone
graph being the graphical representation of this behavior. At each construction step the current
state z; is projected through p onto the node ¢; of the pheromone graph, corresponding to the
last included component. In c¢; a decision is taken according to the estimated goodness 7,
of each feasible choice ¢; € N,,(¢;) conditionally to the fact that the current phantasma is ¢;.
This scheme matches quite well the case of solutions that can be expressed as sequences, since
the last included component can be intuitively seen as the current pivot of the solution being
constructed. However, in the case of set, or, more in general, of strongly constrained problems,
or when the insertion operation is used, this way of proceeding appears inadequate, in the same
way the use of the construction graph was found inadequate to reason about these same classes
of problems (see Subsection 3.3.3). Let us show these facts by considering more in depth the two
distinct cases of using insertion and solving set or constraint satisfaction problems.

Insertion operation: In this case, the decision policy is expected to take into account the whole
set of x;’s components (though losing the ordering information), such that the actual phan-
tasma should be more correctly seen in the terms of:

o (x¢) ={c1,e0, ..y ee ), (4.22)

where {c1, 2, . .., ¢;} are the components already included in the state sequence z;. That s,
0™ (z) becomes a multi-valued mapping that puts each state in correspondence to multi-
ple nodes on the pheromone graph. The overall sequence information is lost, but not that
related to all the single components already included in the state (the multigraph defined
in Example 3.7 would be a representation of the construction process more adequate than
the construction graph) Nevertheless, in spite of the fact that the state projection function
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takes a different form with respect to the extension case, the pheromone graph does not
need to be modified. Pheromone variables (and also the heuristic ones) still refer to pairs
of components, even if the state information used at decision time is in this case larger than
that associated to the single node on the pheromone graph. On the other hand, the policy
7. takes in this case a decision on the basis of an ant-routing table which is different from
that used so far. In fact, it is the result of the union of all the ant-routing tables associated
to each component already included into the solution:

A = | Ag,(cr) (4.23)

CiET

Set and constraint satisfaction problems: For these classes of problems there might be no really
good reasons to attribute a special role to the last included component, since there is no
explicit notion of ordering in the solutions. Therefore, the use of o(x;) = ¢, with ¢, being
the last included component, is likely to be of little efficacy for optimization purposes. A
more informative state feature should be reasonably chosen in order to obtain really good
performance. Rather than using as a reference the last included component, it might be
more sound to discard the whole state information and take decisions according to the
estimated goodness 7 of each feasible component, and not of pairs of components. That
is, instead of taking decision conditionally to a phantasma of dubious utility derived from
the state, decisions can be taken according to the unconditional estimate of how good is to
introduce a certain component into the solution. This simple solution looks more sound
and efficient than that referring to the use of the last component, also considering the fact
that the size of the learning set is in this way much reduced, passing from |C|(|C| — 1)
to |C|. From the point of view of the pheromone graph, it can be said that in this case
pheromone variables are associated to nodes rather than to arcs, that is, pheromone variables
take the form 7%, and indicate the goodness of including component ¢; into the partial
solution, independently from the characteristics of the partial solution itself.

Although pheromone variables take the form 77, the general assumption that ACO asso-
ciates pheromone to pairs of components can still hold once the function g that puts in
relationship state and pheromone graphs is appropriately rewritten as:

0" (t) = co =0, (4.24)

where the empty component ¢, plays the role of fictitious component. Expression 4.24
says that associating pheromone to single components can be seen as formally equivalent
to associating pheromone to pairs of components, once a fictitious reference component is
introduced. With this artifice, the pheromone graph assumes the form of a star with ¢ at its
center and pheromone associated to the directed arcs from ¢y to all the other components.
Another equivalent description is that in which the pheromone graph is fully connected,
and each arc incident to a ¢; from any other ¢; € C, ¢; # ¢;, has associated the same value 77
of pheromone: 7;; = 77, Vi, i # j. The equivalence between these two representations was
already discussed in Figure 3.7 in relationship to the possible use of construction graphs
for generic set problems.

4.4.2 New definitions to use more and better pheromone information

In the ACO pheromone model pheromone variables are associated to pairs of components. That
is, 7;; represents the estimated goodness of including component ¢; conditionally to the fact
that ¢; is the last component that has been included in the current state x;. However, the two
previous examples on insertion and set problems have pointed out that in some cases more state
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information might be necessary, and that the function o(x) might be expected to represent in
general a more complex feature extraction from the state than just the last component.

We identify two main ways of extending and generalizing the original pheromone model
and the way pheromone variables are used at decision time: (i) associating pheromone variables
not to pairs (component, component) but, more in general, to pairs (phantasma, component), with
the phantasma that can represent any set of state features, and (ii) increasing the number of
pheromone variables that are taken into account at decision time and considering at the same
time some aggregate function of their values. In the case (i), o(z) is modified such that z is
projected over a subset { € Z of state features larger than the single, last, component. Learning
happens between pairs ((,¢), ( € Z,c € C. That is, ACO aims at learning the goodness of
selecting component ¢ conditionally to the fact that the current phantasma (i.e., state features) is
¢. On the other hand, in case (ii), learning might still happen between pairs of components, as in
the original definition, but this time at each decision step a number of components is considered
and some aggregate measure of the related pheromone information is used in the ant-routing table
in order to obtain effective “surrogates” of state information. In the original definition only one
pheromone variable is considered in the ant-routing table (see Equation 4.2). While the case (i)
might in general imply an increase in the number of pheromone variables (and, accordingly, an
increase in the complexity of the learning task), the case (ii) does not. On the contrary, it only
involves an increase of complexity in the way pheromone variables are used to take decisions.

New definition of the ant-routing table: increasing the amount of information con-
sidered at decision time by value aggregation

Let us start by discussing first the case (ii), that changes the definition of the ant-routing table
and allows to extend the ACO definition in order to properly account for all the current imple-
mentations.

Let us assume that pheromone variables are still associated to pairs of components but a
mapping o(z) is defined in order to associate a subset of components to the current state:

0" (z) =C, zeX, (C{a} (4.25)

0" (x) extracts from the state © = (cg,cy,..., ) the desired subset of components. That is,
0" (x) defines a generic operation of feature extraction from the state, such that a subset of
state components is singled out. At state x, the decision concerning the next component to
include is now taken on the basis of this composite information made of a subset of components
0" (), |o™" (x)| > 1. The new ant-routing table results from the composition of two functions,
frs fn 1 21 — R, of this subset of components:

Az ={fr(Tee) o fa(nee) | ¢ =" (x) S{a} A Veel(a)}, (4.26)

where 7. indicates the set of all pairs 7;; with ¢; € o(z), and ¢; = cbeing of one the components
that are still feasible given =. Equation 4.26 should be compared to the previous definition 4.2:
Ay (ci) = 7ij o nij, Ve; € N(ci). According to the new definition, the probability of selecting a
specific component ¢; € C(z) when the state is = becomes:

Jr(7¢e;) o fo(nee,)
c; €C(x) fT(TCCJ) ° fn(ncc_,») ’

plejln) = 3 ¢ = olx) € {x} (427)

With these new definitions, the pheromone variables 7, .; are still associated to single or pairs
of components, but the number of components ¢; € x that are taken into account at decision time is
now defined by p(z), and is not anymore necessarily one (such that the last component does not
anymore play any special role). Moreover, the transition probability for each feasible component
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c; is defined according to a function f, that possibly combines all the 7,.; in order to assign a
selection probability taking into account as much as possible of state information. In this way,
the overall complexity of the ACO learning task is not increased, since the number of parameters to
learn (i.e., the pheromone variables) is unchanged. On the other hand, what is changed is the
amount of state information, and, accordingly, the amount of pheromone information which is
used at decision time. The information contained in the original pheromone model is therefore
used in a possibly more effective way:

REMARK 4.14 (TAKING DECISIONS ON THE BASIS OF AGGREGATE INFORMATION): Any subset
¢ of the s components can be used at decision time, and the related pheromone (heuristic) information
can be aggregated according to any function f. (f,). Pheromone variables still represent the desirability
of choosing c; conditionally to the fact that c; is already in the solution. Nevertheless, with the new
definition 4.2 for the ant-routing-table, pheromone and heuristic information associated to each one of
the components in the solution are potentially taken into account and used as an aggregate to define the
selection probability of feasible components. In this way, the desirability of c; is calculated conditionally
not to the single (last) component, but according to a more complete picture depending on the current
state.

Some examples, directly inspired by existing ACO implementations(see Chapter 5), can help
to clarify how to use in practice Equation 4.27 (in all the examples it is assumed that the current
state is © = (co, ¢1, ..., ¢)). To these examples is necessary to add also the work of Merkle and
Middendorf [307] on the so-called pheromone summation rule which addresses precisely the same
issues but restricted to the case of specific scheduling problems.

EXAMPLES 4.5: APPLICATIONS OF THE NEW DEFINITION OF THE ANT-ROUTING TABLE

TSP: In this case, if the extension operation is used, we might do not need to change the standard
pheromone model in which o(z) = ¢, fr = 7, and f, = 775 On the other hand, if the insertion
operation is used, o(x) = {co, c1, ..., c:}, and a likely good choice for f, (and, equivalently, for f,) is:

fé = max 71, Ve;€C(x).
ci€o(x)

This is in the same spirit of the GACS algorithm of Louarn et al. [281, 282].

CSP: In (max) constraint satisfaction problems if the current state is not taken into account at decision
time it is likely that either a poor or infeasible solution is generated. On the other hand, state information
can be effectively taken into account by using an additive aggregate as follows:

FE = Tewys Ve €C@), o@) = {eo,cr,. el

ci€o(x)

This is the solution proposed in her Ant Solver by Solnon [397, 396, 429]. In this case the components
are defined as the pairs c¥ = (v;,vF) of decision variables v; and value v¥ € D(v;),|D(v;)| = n; € N.
According to this way of proceeding, for each feasible component the value of the pheromone variables
relating the feasible component to each state component are summed up in order to assign the selection
probabilities in a more state-aware fashion but letting unchanged the meaning of and number of pheromone
variables.

BPP: For bin packing problems, which are constrained set problems, Levine and Ducatelle [272, 271, 155]
have proposed a solution which is very similar to that just described for CSPs. The only difference relies



132 4. THE ANT COLONY OPTIMIZATION METAHEURISTIC (ACO)

in the fact that actually the average of the pheromone values is considered instead of the sum:
1

fo9 =—— Teie;s  Vej € C(x), o(x) = {co,c1,. .. ¢}
ol 2
i€o(x)

In this case the solution components coincide with the value of the items still to pack into the bins.

New definition of the pheromone model: extending the domain of the pheromone
variables

So far we have increased the amount of state information which is used at decision time by in-
creasing the number of pheromone variables that are taken into account, and by admitting the
very possibility of using some aggregate measure of them in order to assign selection probabil-
ities that are more state-aware. Nevertheless, the definition of the pheromone variables is left
unchanged, they are assumed to be associated to pair of components. This way of proceeding
can be naturally complemented by extending the domain of definition of the pheromone vari-
ables, with a consequent increase of the overall number of pheromone variables. That is, the pheromone
model can be extended by associating pheromone variables to generic pairs (state features, com-
ponent), and not anymore to pairs (component, component). In this way, pheromone variables
represent the estimate goodness of selecting component ¢; conditionally to the fact that the cur-
rent state feature (or phantasma) is { = o(x). In this way more state information can be taken
into account and possibly better decisions can be issued. On the other hand, with this choice the
cardinality of the pheromone set becomes potentially larger than |C|, and grows rapidly with
the cardinality of the sets that define the phantasma (see also the strictly related discussions of
Chapter 3 about the phantasma and the generating function of the phantasma representation).

EXAMPLES 4.6: APPLICATIONS OF THE NEW DEFINITION FOR THE PHEROMONE MODEL

The function gy, of Example 3.10 can be used to parametrically define the set of pheromone variables. In
fact, if ¢, = (co,¢1,- -+ Clmny Ctent1s - - -, Ct), the phantasma is defined from:

Qn(ﬂﬁt) =( = (thm Ct—m+1y--- 7Ct)7 (4.28)

and pheromone variables are associated to all the feasible pairs (on,c), ¢ € C. In this case the dimension
of the pheromone set grows exponentially with n. For instance, for n = 2 and in the case of a general
asymmetric problem, the cardinality |T | of the pheromone set becomes |T| = |C||C — 1|2/€1=2, which
has to be compared with |Z| = |C||C — 1] of the n = 1 ACO’s case. It is clear that for large problems
(|C| > 1) using n > 1 can become quickly infeasible in practice.

Let us show now a case in which on the contrary the state is mapped on the empty set, that is, all the state
information is discarded at decision time. Let us consider the single machine total weighted tardiness
scheduling problem. For this class of problems, the component set is conveniently seen as the union of
two different types of elements: C' = {jobs} U {pos}, where “pos” means the position in the scheduling
sequence. However, in principle there is little exploitable dependence between pairs of jobs, while it makes
more sense to reason in terms of learning the desirability of adding job ¢! at position ¢, where the super-
scripts j and p stands respectively for jobs and position. Therefore, in this case, according to the fact that
the job can be added either at the end of the current sequence or inserted in any position, a rule similar to
that showed for the TSP case can be used. For instance, in the extension case:

ffz =Tores Vel € No(eh), o(x) = b
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On the other hand, if the component set is taken in terms of the pairs (job, pos), and the whole state
information is discarded:

fi =1, Ve €C)

In this case pheromone variables are associated to single and not pair of components (although, the pair is
actually in the same definition of the component), such that:

o(x) = 0.
This is the approach followed in their ACO implementation by den Besten et al. [108].

The two solutions suggested to extend and improve ACO are not mutually exclusive, such
that they can be combined. However, while there is a number of ACO instances that fit for-
mula 4.27, there are no instances or studies concerning the association of pheromone variables
to pairs of the type (set of state features, component), except for the case of the ANTS subclass of
ACO, defined by Maniezzo et al. [291, 294], which actually considers the full state information.
Nevertheless, it is our conviction that getting a better understanding of the properties of differ-
ent feature extraction mappings is a fundamental yet overlooked direction of research for ACO
(the work on ant programming [33, 34] has only pointed out the issue without reporting any ex-
perimental result). The challenge consists in finding the optimal tradeoff between increasing
computational complexity and possible improvement in performance, and the identification of
classes of mappings p that can result effective for specific classes of problems. In the limit, if
state and phantasma coincide, ACO would make use of the same amount of information which
is handled by dynamic programming. In such a scenario the repeated Monte Carlo sampling
can allow to effectively build unbiased estimates of the values of the problem states, such that
a general improvement of performance in terms of quality of the obtained solutions is expected
with respect to the case in which the phantasma coincides with a single component. On the
other hand, also a dramatic increase in the demand of computing power can be also reasonably
expected in order to obtain low variance estimates.

REMARK 4.15 (TRADEOFF BETWEEN THE USE OF STATES AND SINGLE COMPONENTS): The open
question is if there it is any good choice in between the case of learning decisions conditionally to single
components and learning decisions conditionally to full state information.

One potential major problem related to the use of phantasmata consisting of large subset of
components is that each single state trajectory has a priori very little probability of being sam-
pled (e.g., in an asymmetric TSP case every state trajectory has an a priori sampling probability
equal to 1/n!, which is very little for large number of cities n). Accordingly, the probability of
passing by the same phantasma gets smaller and smaller as the phantasma becomes closer and
closer to the complete information state. Therefore, being very little the probability of hitting
over and over the same phantasma, the ACO approach is not expected to be effective. In fact, it
becomes harder and harder to build reliable estimates about the best decision to issue condition-
ally to the fact of being in a specific phantasma. This is also the reason why ACO is not expected
to perform really well in the case of functions with domain in R", n > 1, since in the continuous
each specific trajectory is a set with associated a null measure.

On the other hand, in the mentioned ANTS case (see Chapter 5), which results in a sort of
stochastic branch-and-bound controlled by learned pheromone values, a strong heuristic compo-
nent is used, and it causes a dramatic reduction in the effective number of trajectories that can be
actually sampled. In this way, the coupling of little exploration with learning of the pheromone
values can still provide excellent results.

Similar issues have been considered in depth in the field of reinforcement learning to attack
POMDPs (see Appendix C.2) using a value-based strategy but relying on some approximation
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of the underlying information states. For instance, eligibility traces are used in [280] as a way of
retaining some useful information from the past experience while using a memoryless approach
for the POMDP at hand.

4.5 Summary

The contribution of this chapter has consisted in the formal definition of the ACO metaheuristic
and the in-depth discussion of its characteristics. The definition of the ACO metaheuristic is cen-
tral for this thesis. All the rest of the chapters are about applications and study of the properties
of ACO.

ACO has been defined in the terms of a metaheuristic based on solution construction, re-
peated Monte Carlo generation of solutions, use of memory and learning to bias the sequential
processes of solution generation according to a scheme of generalized policy iteration, use of
pairs of pheromone variables to frame memory of generated solutions and to learn about ef-
fective decisions, characterization of the set of pheromone variables as a small subset of state
features.

The definition given is substantially conformal to that given by Dorigo, Di Caro, and Gam-
bardella in the papers were ACO was first introduced [142, 140]. Nevertheless, it contains sev-
eral novelties: (i) it is formally more precise, (ii) introduces the notion of pheromone manager,
(iii) makes clearer the role played by all the different components, (iv) discloses the link be-
tween ACO and the important and well-established frameworks of sequential decision making,
dynamic programming and reinforcement learning, (v) explicits the the methodological and
philosophical assumptions behind ACO in terms of characteristics of the pheromone model and
usefulness of learning by sampling, (vi) points out the relationship between the state of the con-
struction process and the amount of information which is used for memory and learning in the
form of pheromone variables, (vii) highlights the limits of the notion of construction graph.

The chapter has also provided in-depth discussions of the different aspects of the metaheuris-
tic, focusing in particular on the use of memory and learning for combinatorial optimization
tasks, on the efficacy of different strategies for updating pheromone variables (i.e., for using
experience to learn effective construction policies), and on the fact that, similarly to the ants in
Nature, ACO ants solve shortest path problems and can exploit both explicit and implicit forms
of path evaluation.

The use of memory and learning is at the very foundation of ACO. In fact, it has been char-
acterized as an approach that transforms the original combinatorial optimization problem into
a learning problem over a low-dimensional parametric space identified by the pheromone vari-
ables, and solves the transformed problem adopting a policy-search approach based on repeated
(and concurrent) Monte Carlo construction of solutions. It is not immediate to assess in general
terms the efficacy of such a general approach concerning finite-time performance, as it has been
discussed in relationship to the use of value-based (e.g., dynamic programming) methods re-
lying on full state information versus policy-search methods realying on state features (which
is ACO’s case). On the other hand, the empirical evidences discussed in the next chapter sug-
gest that the ACO approach is indeed an effective one. Moreover, the several proofs of con-
vergence [214, 403, 215, 216] (see also Table 5.4) provide some guarantee about the ability of
generating the optimal solution in asymptotic time.

Elitist strategies for the selection of the solutions that are used for pheromone updating, that
is, for updating the statistical estimates of the goodness of the possible decisions, are identified
as the most effective ones. Nevertheless, it has also been pointed out the need to get a more
precise understanding of this fact, since this design components seems to be one of the keys to
reach state-of-the-art performance.
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In the last part of the chapter we have also proposed a revised and extended definition for the
pheromone model and for the so-called ant-routing table, which is used to combine pheromone
and heuristic information at decision time. The purpose of these new definitions is twofold.
From one side, we aimed at making ACO more in general and effective in the sense of increasing
the amount and/or the quality of the information used at decision time (moving toward the use
of full information states as in dynamic programming). From the other side, we wanted to have
athand a definition able to include (most of) all the algorithms based on ACO that have appeared
also after the 1999’s definition, since many of them presented few design characteristics that did
not precisely find their counterpart in the early definition. That is, in the same spirit of the a
posteriori synthesis of the 1999’s definition, the new definition is based on an abstraction and
genralization of the characteristics of current implementations.

The proposed revised definitions find their roots in the characterization of ACO in terms
of sequential decision processes and in the understanding of the relationships and differences
between ACO and dynamic programming in terms of information used at decision time. In the
original definition, pheromone variables 7;; are associated to pairs of solution components, in
the sense that they express the estimated goodness of choosing a component ¢; € C to add to
the solution being constructed conditionally to the fact that component ¢; is the last component
that has been included to form the current state z. In the new definition, pheromone variables
are more generically associated to pairs constituted by a state feature and a solution component.
That is, they represent the learned goodness of choosing component ¢; when ¢, is the set of
features associated to the current state © € X, with {, = o(z), and g is a chosen feature extraction
mapping. Moreover, while in the original definition the selection probability of each feasible
choice is calculated from the ant-routing table on the basis of one single pheromone variable, the
revised definition removes this constraint. At decision time multiple pheromone variables can
be taken into account, and selection probabilities can be more generically assigned on the basis
of any arbitrary function combining these values.

Next chapter shows how all the elements discussed in this chapter have been effectively
put into practice to attack a wide collection of combinatorial problems of both theoretical and
practical interest.
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CHAPTER 5

Application of ACO to combinatorial
optimization problems

In this chapter we list and review most of the current ACO implementations. We provide a
quite comprehensive overview of which problems have been considered so far, which specific
design solutions have been proposed for each class of problems, and which are the quality of the
obtained results. Clearly, given the quite high number of available implementations, it will not
be possible to review all of them. A selection has been made taking into account several criteria,
like: the historical relevance (e.g., either it has been the first implementation for a certain class of
problems or it represents a reference template for other implementations), the particularly good
level of performance, the use of some very specific and interesting design solutions, etc.

The effectiveness in practice and the general soundness of the different design choices is
discussed, such that at the end of the chapter the reader is expected to have at hand a quite
complete picture of what has been already tried out in the ACO’s domain, and which are the
best ingredients to design an effective ACO algorithm.

For each implementation the adopted pheromone model and the form of the stochastic deci-
sion policy are always pointed out, as well as the relationships with previous ACO algorithms.
In particular, it will be evident that some algorithms (mainly because they were historically the
firsts to introduce some particularly effective components or strategies) have played the role of
reference template, at the same time guiding and constraining the design choice of subsequent
implementations (constraining in the sense that sometimes it looks like some specific design
choices have been issued rather acritically just copying from previous algorithms). These refer-
ence algorithms can be readily identified in Ant System, which has been described in Section 4.2,
ACS [146, 145, 183], and MMAS [408, 404, 405, 407] for what concerns static and non-distributed
combinatorial problems, and AntNet [119, 124, 121] and ABC [382, 381] concerning telecommu-
nication network routing problems.

Table 5.2 lists most of the current ACO applications to both static and dynamic non-distributed
combinatorial problems. Table 5.1 lists the application to adaptive routing problems in telecom-
munication networks. Parallel implementations are listed in Table 5.3, while Table 5.4 lists more
theoretically oriented works (e.g., convergence proofs, general properties).

In the following of the chapter the focus is on the discussion of the characteristics of the
algorithms listed in Tables 5.2 and 5.3. Communication networks applications will be discussed
in depth throughout the second part of the thesis.

Some of the algorithms listed in Table 5.4 are mentioned in Section 5.3,

The last part of the chapter is devoted to a short discussion on other approaches to combi-
natorial optimization which are related to ACO, in order to provide a rather complete picture
of both applications and relationships to other frameworks. This related work section has to be
seen as a more specific add-on to the contents of Chapter 3 where related approaches have been
discussed on a rather general level. Again, related work specific to telecommunication networks
is not considered here but rather in the chapters that follow, that are devoted to telecommunica-
tion networks issues.
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Organization of the chapter

Subsection 5.1 occupies the majority of the chapter. It is organized in several subsections, each
describing a group of ACO implementations for a specific class of non-distributed combinato-
rial problems. More specifically, the considered classes of problems are: TSP, QAP, schedul-
ing, VRP, sequential ordering, shortest common supersequence, graph coloring and frequency
assignment, bin packing, and constraint satisfaction. Section 5.2 discusses both parallel im-
plementations and parallel models (for centralized computations). Section 5.3 is about related
approaches, and discusses the relationships between ACO and evolutionary computation algo-
rithms, cultural algorithms, stochastic learning automata, cross-entropy and estimation of dis-
tribution algorithms, neural networks, and rollout algorithms. The chapter is concluded by the
Summary section, in which the application of ACO to static and centralized problems of com-
binatorial optimization is compared to that to dynamic network problems. We argue that the
application to this second class of problems is more sound, innovative, and natural. Moreover,
as it will be confirmed by the experimental results of Chapter 8, it is also equally, if not more,
successful.

Table 5.1: ACO algorithms for dynamic routing problems in telecommunication networks. Applications are listed
in chronological order and grouped in three classes depending on the quality of the delivered routing and on the dis-
tinction between wired and wireless interface. Algorithms for wired networks providing QoS also include algorithms
for circuit-switched networks, since the use of physical/virtual circuits guarantees the type of delivered service. For
each algorithm the most representative publication is put at the first position in the reference list. Algorithm names
are either those used by the authors or are attributed arbitrarily, if no explicit name were provided by the authors.

This table extends and updates those given in [142, 140].

Problem name Authors Algorithm name Year References
Wired best-effort networks Di Caro and Dorigo AntNet,AntNet-FA 1997 [119, 124, 121, 115, 116]
Subramanian, Druschel, and Chen ABC Uniform ants 1997 [411]
Heusse, Snyers, Guérin, and Kuntz CAF 1998 [224]
van der Put and Rothkrantz ABC-backward 1998 [426, 427]
Oida and Kataoka DCY-AntNet,NFB-Ants 1999 [337]
Gallego-Schmid AntNet NetMngmt 1999 [181]
Doi and Yamamura BntNetL 2000 [133, 134]
Baran and Sosa Improved AntNet 2000 [13]
Jain AntNet Single-path 2002 [234]
Zhong AntNet security 2002 [452]
Kassabalidis et al. Adaptive-SDR 2002 [244, 245]
Wired QoS networks Schoonderwoerd et al. ABC 1996 [382,381]
White, Pagurek, and Oppacher ASGA 1998 [446, 445]
Di Caro and Dorigo AntNet-FS 1998 [123]
Bonabeau et al. ABC Smart ants 1998 [50]
Oida and Sekido ARS 1999 [339, 338]
Di Caro and Vasilakos AntNet+SELA 2000 [130]
Michalareas and Sacks Multi-swarm 2001 [315, 314]
Sandalidis, Mavromoustakis, and Stavroulakis ~ Ant-based routing 2001 [379, 378]
Subing and Zemin Ant-QoS 2001 [410]
Tadrus and Bai QColony 2003 [416]
Sim and Sun MACO 2003 [390]
Carrillo, Marzo, Fabrega, , Vila, and Guadall AntNet-QoS 2004 [73]
Wireless and mobile ad-hoc Camara and Loureiro GPS-ANTS 2000 [69, 68]
networks Matsuo and Mori AAR 2001 [302, 178]
Sigel, Denby, and Hearat-Mascle ACO-LEO 2002 [389]
Kassabalidis et al. Wireless swarm 2002 [243]
Giines, Sorges, and Bouazizi ARA 2002 [211, 210]
Marwaha, Tham, and Srinivasan Ant-AODV 2002 [301]
Baras and Mehta PERA 2003 [14]
Heissenbiittel and Braun MABR 2003 [221]
Di Caro, Ducatelle, and Gambardella AntHocNet 2004 [126, 128, 154]
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Table 5.2: ACO algorithms for static and dynamic non-distributed combinatorial optimization problems. Applica-
tions are listed by class of problems and in chronological order. For each algorithm the likely most representative
publication is put at the first position in the reference list. Algorithm names are either those used by the the authors
or are attributed arbitrarily, if no explicit name were provided by the authors. This table extends and updates those

given in [142, 140].
Problem name Authors Algorithm name  Year References
Traveling salesman Dorigo, Maniezzo, and Colorni AS 1991 [151, 135, 150]
Gambardella and Dorigo Ant-Q 1995 [182]
Dorigo and Gambardella ACS,ACS-3-opt 1996 [146, 145, 183]
Stiitzle and Hoos MMAS 1997 [408, 404, 405, 407]
Bullnheimer, Hartl, and Strauss AS,ank 1997 [65]
Kawamura, Yamamoto, and Ohuchi MACS 2000 [247, 246]
Louarn, Gendrau, and Potvin GACS 2000 [281, 282]
Montgomery and Randall ACS-AP 2002 [324]
Guntsch and Middendorf P-ACO 2002 [212,213]
Eyckelhof and Snoek AS-DTSP 2002 [162]
Bianchi, Gambardella, and Dorigo pACS 2002 [30, 31]
Quadratic assignment Maniezzo, Colorni, and Dorigo AS-QAP 1994 [296]
Gambardella, Taillard, and Dorigo HAS-QAP 1997 [188, 187]
Stiitzle and Hoos MMAS 1997 [408, 406, 407]
Maniezzo ANTS-QAP 1998 [291, 290, 292]
Maniezzo and Colorni AS-QAP® 1999 [295]
Talbi, Roux, Fonlupt, and Robillard PACO-QAP 2001 [418]
Cordon, de Viana, and Herrera BWAS 2002 [94]
Scheduling Colorni, Dorigo, Maniezzo, and Trubian AS-JSP 1994 [92]
Stiitzle MMAS-FSP 1997 [409, 401]
Bauer, Bullnheimer, Hartl, and Strauss ACS-SMTTP 1999 [17]
den Besten, Stiitzle, and Dorigo ACS-SMP 1999 [108, 107]
Merkle and Middendorf ACS-SMTWT 2000 [305]
Merkle, Middendorf, and Schmeck ACS-RCPS 2000 [309, 308]
Merkle and Middendorf ACS-PSS 2001 [306]
Vogel, Fischer, Jaehn, and Teich ACO-FSS 2002 [434]
Blum MMAS-GPS 2002 [41, 44]
Gagné, Price, and Gravel ACO-SMSDP 2002 [179]
Vehicle routing Bullnheimer, Hartl, and Strauss AS-VRP 1997 [64, 62, 63]
Gambardella, Taillard, and Agazzi HAS-VRP 1999 [186]
Reinmann, Doerner, and Hartl ASInsert 2002 [363]
Montemanni, Gambardella, Rizzoli, and Donati ~ ACS-DVRP 2003 [322]
Constraint satisfaction Solnon Ant Solver 2000 [397, 396, 429]
Schoofs and Naudts AntCSP 2000 [380]
Roli, Blum, and Dorigo ACO-CSP 2002 [368]
Sequential ordering Gambardella and Dorigo HAS-SOP 1997 [185, 184]
Shortest common Michel and Middendorf AS-SCS 1998 [317, 316]
supersequence
Graph coloring Costa and Hertz ANTCOL 1997 [95]
Frequency assignment Maniezzo and Carbonaro ANTS-FAP 1998 [293, 292]
Montemanni, Smith, and Allen ANTS-MNFAP 2003 [323]
Bin packing Levine and Ducatelle AntBin 2001 [272,155, 271]
Multiple knapsack Leguizamén and Michalewicz AS-MKP 1999 [269]
Fidanova ACS-MKP 2002 [169]
Set covering and partitioning Alexandrov and Kochetov ACO-SCP 2000 [6]
Rahoual, Hadji, and Bachelet AntsLS 2002 [355]
Maniezzo and Milandri BE-ANT 2002 [297]
Generalized assignment Ramalhinho Lourengo and Serra MMAS-GAP 1998 [358]
Timetabling Socha, Knowles, and Sampels MMAS-UCTP 2002 [394]
Socha, Sampels, and Manfrin AA-UCTP 2002 [395]
Edge-weighted k-cardinality Tree Blum ACO-KCT 2002 [42]
Optical networks routing Navarro Varela and Sinclair ACO-VWP 1999 [333]
and wavelength assignment Garlick and Barr ACO-RWM 2002 [194]
Data mining Parpinelli, Lopes, and Freitas ACO-Mining 2002 [347, 346]
Redundancy allocation Liang and Smith ACO-RAP 1999 [275]
Bus stop allocation de Jong and Wiering ACS-BAP 2001 [105]
Facilities layout and space-planning Bland AS-FL,ACO-SP 1999 [36, 37, 38]
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Table 5.3: Parallel implementations of ACO algorithms. Algorithms are in chronological order and grouped accord-
ing to the class of parallel machine used for the implementation. According to Flynns’ [171] classification, SIMD
stands for Single Instruction stream / Multiple Data stream, MIMD stands for Multiple Instruction stream / Multi-
ple Data stream. On workstation clusters message passing libraries are used.

Parallel machine type Authors Problem Year References
SIMD machines Bolondi and Bondanza TSP 1993 [46]
MIMD machines Dorigo,Bolondi and Bondanza TSP 1993 [46, 136]
with distributed memory Stiitzle TSP 1998 [402]
Middendorf, Reischle, and Schmeck TSP 2000 [318]
Talbi, Roux, Fonlupt, and Robillard QAP 2002 [418]
Randall and Lewis TSP 2004 [360]
MIMD machines Delisle, Krajecki, Gravel, and Gagné  Scheduling 2001 [106]
with shared memory
Workstations cluster Rahoual, Hadji, and Bachelet SCP 2002 [355]
MIMD simulated Bullnheimer, Kotsis, and Strauss TSP 1998 [66]
Michel and Middendorf SCSP 1998 [316]
Kriiger, Merkle, and Middendorf TSP 1998 [263]

Table 5.4: Works concerning ACO general/theoretical properties listed in chronological order. The type of result
which is the main focus of each work is briefly stated.

Focus of the work Authors Year References
Convergence proof Gutjahr 2000 [214]
Convergence proof Stiitzle and Dorigo 2002 [403]
Convergence proofs Gutjahr 2002 [215, 216]
Relationship with decision processes Birattari, Di Caro, and Dorigo 2000 [33, 34]
Relationship with stochastic gradient Zlochin, Birattari, Meuleau, and Dorigo 2002 [455, 313, 153]
Definition of Hypercube framework Blum and Roli 2003 [43, 44]
Application to generic MDPs Chang, Gutjahr, Yang, and Park 2003 [76]

5.1 ACO algorithms for problems that can be solved in central-
ized way

In this section some among the most interesting or historically important or best performing
ACO implementations for static and dynamic non-distributed problems are reviewed. The
overview is not meant to be an exhaustive one, but rather to point out the most popular and/or
interesting choices used for the design of ACO algorithms for the solution of problems which do
not fall in the category of adaptive problems for telecommunication networks. The description
is organized per class of problems. Each algorithm is described in a separate paragraph whose
title summarizes its level of performance and possibly the most characterizing features.

5.1.1 Traveling salesman problems

The first application of an Ant Colony Optimization algorithm, the Ant System algorithm dis-
cussed in Section 4.2, was to the TSP. The main reasons why the TSP, one of the most studied
NP-hard [267, 362] problems in combinatorial optimization, was chosen are that: it is a con-
strained shortest path problem to which the ant colony metaphor is easily adapted, and it is a
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sort of didactic problem such that the algorithm behavior is not obscured by too many techni-
calities.

The fact that historically the first application of an ACO algorithm has been to the TSP has re-
sulted in many other implementations for this same class of problems. Some of these algorithms,
like the same Ant System, have become sorts of reference template that have been used in turn
to design ACO algorithms for different problems. Probably, the fact that the TSP is a kind of
didactic problem has facilitate the design of algorithms possessing quite well defined and clear
features that were easy to understand and to import into the design of new ACO algorithms.

Four algorithms in particular have brought ideas that have had a major impact on subsequent
ACO algorithms for both TSP and other problems: Ant System, ACS, ACS-3-opt, and MAX-
MIN Ant System. These algorithms (except for Ant System, already described) are discussed
in some detail in the following. Some other notable ACO implementations for the TSP are also
discussed, as well applications to dynamic and probabilistic versions of TSPs, which, in some
sense, are closer models of real-world situations.

All the following ACO implementations, and, more in general, the majority of ACO im-
plementations for TSP make use of the same pheromone model adopted in AS, consisting in
defining the set of the cities as the component set C' = {cg, c1,...,cn}, the phantasma as the
last included component ¢; = p(x) in the state sequence =, = (¢, ¢1,. .., ¢ ), and assigning ac-
cordingly pheromone variables in terms of pairs of cities. That is, 7;; represents the learned
desirability of choosing city ¢; € N, (c;) when ¢; is last component added to the state set.

Ant colony system (ACS), ACS-3-opt, and Ant-Q: major reference schemes with state-
of-the-art performance

The Ant Colony System (ACS) algorithm has been introduced by Dorigo and Gambardella (1996)
[145, 146, 183] to improve the performance of AS, that was able to find good solutions within a
reasonable time only for small problems. In turn, ACS-3-opt improves the ACS’s performance
by including a daemon action based on an effective implementation of a problem-specific local
search procedure. ACS is based on AS but presents some important differences:

o ACS makes use of a daemon procedure to update pheromone variables offline and accord-
ing to an elitist strategy: at the end of an iteration of the algorithm, once all the ants have
built a solution and reported it to the pheromone manager, pheromone is added only to
the decision pairs (c;, ¢;) used by the ant that found the best tour from the beginning of the
trial. In ACS-3-opt the daemon first activates a local search procedure based on a variant of
the 3-opt local search procedure [276] to improve the solutions generated by the ants and
then performs offline pheromone updates according to the following rule:

Tig(t) — (1= p)7i; (t) + pATi;(t), (ci,c;) € TT, (5.1)

where p € (0,1] is a parameter governing pheromone decay, At;;(t) = 1/J7, and J7 is the
length of T'*, the best tour since the beginning of the trial. Equation 5.1 is applied only to
the pairs (i, j) belonging to T". The ACS’s pheromone updating strategy 5.1 profoundly
differs from AS: a purely greedy strategy is used. Most of the sampled information is
actually discarded and only the pheromone associated to the best so far solution is re-
inforced/increased at each iteration. Every time a new best solution s:(t+) is sampled,
pheromone is increased only for the decisions belonging to such solution, determining a
sort of new aftractor in the pheromone space. In the next iteration, ants in a sense will
explore the neighborhood of such attractor (exploiting the online step-by-step pheromone
decreasing described below). Until a new best solution is not found, at the end of each new

iteration ¢ > ¢ the value of the pheromone variables corresponding to the pairs (c;", cj'>
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which belonged to s} (¢) is increased according to 5.1. Actually, the pheromone decrease
implemented by the ants online step-by-step, counterbalances the repeated pheromone in-
crease executed at the end of each iteration, such that the pheromone levels associated to
s; (t4+) result to be quite stationary from iteration to iteration. The two major negative as-
pects of this elitist strategy, consist in the fact that (i) if no new better solutions are sampled,
the search will not really move far away from the current attractor, only information about
the best solution is retained in colony’s memory, and, moreover, if several equally good
solutions are found at the same iteration, all but one are discarded in order to not incur in
the problems related to uncontrolled pheromone composition stressed in Example 4.3 and
Subsection 4.3.2.

An ant k at state z; and associated phantasma ¢; chooses the city ¢; € N, (¢;) to move
to according to a decision policy implementing a so-called pseudo-random-proportional rule
which is a combination of the biased exploration strategy of AS with an e-greedy policy.
Given ¢ as a random variable uniformly distributed over [0,1], and ¢o € [0, 1] a tunable
parameter, the pseudo-random-proportional rule is:

ph(t) =1 if ¢<q and c¢; =argmax,en,, () it
pfj(t) =0 if ¢g<q and c¢; #arg MaXc e N, (¢;) Gil, (5.2)
k
k ij .
P (t) = - if ¢ > qo,
“ ch E./\/'zi (es) a; (t)

where the ant-routing table a;; is defined as in AS:

[7:;()][ni;)° :
Qi ) = ————F—— v Nac, C;), 5.3
0= S oy )

lEN;

This rule is such that an e-greedy choice is issued with high probability (¢ ~ 1), but
in order to favor also exploration, with a small probability the AS’s random proportional
rule (Equation 4.14) is also applied. Tuning ¢, allows to modulate the degree of exploration
and to choose whether to concentrate the activity of the system on the best solutions or to
explore more the search space.

In ACS ants perform only online step-by-step pheromone updates. These updates are per-
formed to favor the emergence of other solutions than the best so far, counterbalancing
the greediness in the decision policy and the elitist strategy in pheromone updating. The
step-by-step pheromone updates are performed by applying the following rule:

Tij(t) < (1 = @)7i5(t) + 70 (5.4)

where 0 < ¢ < 1. Equation 5.4 says that an ant moving from city ¢; to city ¢; € Ny, (¢;)
updates the pheromone value associated to the pair (c;,c;). The value 7y is the same as
the initial value of pheromone trails and it was experimentally found that setting 79 =
(NJn N)fl, where N is the number of cities and Jy is the length of a tour produced by
the nearest neighbor heuristic [195], produces good results. When an ant moves from city
¢; to city ¢;, the application of the local update rule makes the corresponding pheromone
value 7;; diminish. The rationale for decreasing the pheromone on the path an ant is using
to build a solution is the following. Consider an ant k, starting in city 2 and moving to
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city 3, 4, and so on, and an ant k; starting in city 1 and choosing city 2 as the first city to
move to. Then, there are good chances that ant k; will follow ant &, with one step delay
given the e-greedy decision policy 5.2. Decreasing the pheromone values by applying the
online step-by-step rule reduces the risk of such a situation. In other words, ACS’s local
update rule has the effect of making the used pairs (c;, ¢;) less and less attractive as they
are visited by ants, indirectly favoring the exploration of not yet issued decisions. As a
consequence, ants tend not to converge to a common path. This fact, which was observed
experimentally [146], is a desirable property given that if ants explore different paths then
there is a higher probability that one of them will find an improving solution than there is
in the case that they all converge to the same tour (which would make the use of m ants
pointless). On the other hand, this way of proceeding result in the fact that at each iteration
a neighborhood of the current best so far tour T is likely to be explored in order to find
improvements. Since in TSP is has been observed that local optima are usually grouped
together, this strategy is expected to be quite effective in practice.

o ACS exploits a data structure called candidate list which provides additional local heuristic
information, and which is a commonly used artifice in the TSP community when it comes
to deal with large problems. A candidate list is a list of preferred cities to be visited from a
given city. In ACS when an ant is in city ¢;, instead of examining all the unvisited neighbor
cities, it chooses the city to move to among those in the candidate list; only if no candidate
list city has unvisited status then other cities are examined. The candidate list of a city con-
tains ¢! cities ordered by increasing distance, where ¢! is a parameter, whose good values
seem to be around 15.

ACS was tested (see [145, 146] for detailed results) on standard problems, both symmetric
and asymmetric, of various sizes and compared with many other meta-heuristics. In all cases
its performance, both in terms of quality of the solutions generated and of CPU time required to
generate them, was the best one (a colony of 10 ants allowed to obtain the best results).

ACS-3-opt performance was compared to that of the genetic algorithm (with local optimiza-
tion) [176, 177] that won the First International Contest on Evolutionary Optimization [22]. The
two algorithms showed similar performance with the genetic algorithm behaving slightly better
on symmetric problems and ACS-3-opt on asymmetric ones.

ACS was actually the direct successor of Ant-Q (1995) [144, 182], an algorithm that tried to
merge AS and Q-learning [442] properties. In fact, Ant-Q differs from ACS only in the value
Tp used by ants to perform online step-by-step pheromone updates. The idea was to update
pheromone trails with a value which was supposed to be a prediction of the value of the next
state, that is, identifying pheromone values with Q-values. In Ant-Q, an ant k at state z; imple-
ments online step-by-step pheromone updates by the following equation which replaces Equa-
tion 5.4:

Ti(t) — (L—@)m;(t) + ¢ VX Tits 7€ [0, 1]. (5.5)
Unfortunately, it was later found that setting the complicate prediction term to a small constant
value, as it is done in ACS, resulted in approximately the same performance. Therefore, although
having a good performance, Ant-Q was abandoned for the equally good but simpler ACS. How-
ever, it must be notice that, in spite of the practical reasons that suggested the authors to abandon
Ant-Q, the ACO’s analysis done in the previous chapters clearly points out that the assump-
tions behind Equation 5.5 were quite wrong. In fact, the Q-learning rule, which is of the type:
Q(zt, ur) — Q(zy,us)+¢ I:j(xt_l,_] |2¢) 4+ maxy,ec(z,) (Ter1, u) — Qx4 ut)] , or, in a form more simi-
lar to that of Equation 5.5: Q(z¢, u¢) < (1—9)Q(2¢, us) + @[T (T141|x) +7 maxyec(z,) Q(@es1, )]
is based on the facts: (i) the x’s are states, such the equivalent of Bellman’s equations 3.36 hold for
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the Q-values, (ii) the Q-values precisely represent either costs-to-go or accumulated costs (see the
discussion at Subsection 3.4.2). In fact, Q-learning is actually an efficient way for solving MDPs
when the model of the Markov environment is not precisely known (in which case dynamic pro-
gramming would provide the optimal solution). Unfortunately, none of these properties hold
for pheromone variables, making rather questionable their use in the form of Equation 5.5.
Also other versions of ACS were studied which differ from the one described here because of:
(i) the way online step-by-step pheromone updates was implemented (in [146] experiments were
run disabling it, or by setting the update term in Equation 5.4 to the value 7y = 0), (ii) the way
the decision rule was implemented (in [182] the pseudo-random-proportional rule of Equation 5.2
was compared to the random-proportional rule of Ant System, and to a pseudo-random rule which
differs from the pseudo-random-proportional rule because random choices were done uniformly
random), and (iii) the type of solution used by the daemon to update the pheromone values (in
[146] the use of the best solution found in the current iteration was compared with ACS’s use
of the best solution found from the beginning of the trial). ACS as described above is the best
performing of all the algorithms obtained by combinations of the above-mentioned choices.

MAX-MIN Ant System: elitist strategies, pheromone range and restarting

Stiitzle and Hoos (1997) [404, 405, 407, 408] have introduced M AX-MZN Ant System (MMAS),
which is based on AS, but: (i) an elitist strategy is used as in ACS since either only the best ant of
each iteration or the best ant so far are allowed to update pheromone variables, (ii) pheromone
values are restricted to an interval:

Tij € [Tmina’rmax} c ]R; VCZ', Cj € Ca

to avoid stagnation, (iii) pheromones are initialized to their maximum value 7,,,,, and (iv) if the
algorithm does not generate a new best solution over a fixed number of iterations and most of
the pheromone values get close to 7,,;,,, a daemon component of the algorithm operates a restart
by reinitializing pheromone values and the value of the best so far tour to 7,,4.

Putting explicit limits on the pheromone values restricts the range of possible values for the
probability of including a specific edge into the solution. This helps avoiding stagnation, which
was one of the reasons why AS performed poorly even when an elitist strategy, like allowing
only the best ant(s) to update pheromone, was used (see [151]). To avoid stagnation, which
may occur in case some pheromone values are close to 7,4, While most others are close to 7y,
Stiitzle and Hoos have added what they call a trail smoothing mechanism; that is, pheromone
values are updated using a proportional mechanism:

ATy X (Timaz — Tij(t))- (5.6)

In this way the relative difference between the pheromone values gets smaller, which obviously
favors the exploration of new paths. In practice, MMAS adds at the same time effective intensi-
fication (elitist strategy) and diversification (restricted range interval, restart and trail smoothing)
mechanisms to AS in order to overcome its major limits. According to the presented results, in
absolute terms with MMAS very high solution quality can be obtained. Moreover, MMAS
performs significantly better than AS, and slightly better than ACS. In particular, it shows better
performance than ACS for symmetric TSP instances, while ACS and MMAS reach the same
level of performance on ATSPs. The computational results with three variants of MMAS sug-
gest that the best computational results are obtained when, in addition to the pheromone val-
ues limits, effective diversification mechanisms based on pheromone re-initialization are used.
While the idea of using a finite range for pheromone values quickly gained popularity within
ACO’s community, the idea of restart which was suggest by the authors as equally important,
apparently did not.
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AS, ,»i: pheromone updating based on quality ranking

Bullnheimer, Hartl, and Strauss (1999) [65] proposed yet another modification of AS, called
ASrank. In AS,q4,p; the ants that at each iteration are allowed to update pheromone are cho-
sen according to the following strategy: (i) if J;(¢) is the length of the tour generated by the i-th
ant at iteration ¢, the m ants are ranked according to J’s values and only the best o — 1 ants
in the ranking are allowed to update pheromone on their tours, for an amount of pheromone
proportional to the ant rank, and (ii) the edges included in the best tour generated from the
beginning of the trial also receive additional pheromone scaled by o (this is an elitist strategy
logically carried out by a daemon module). The overall dynamics for pheromone updating is
given by:

75 (t) — (1 — p)7i;(t) + UAT;;(t) + A7 (t) (5.7)

where A7 (t) = 1/J%(t), J* being the length of the best solution from beginning of the trial,
and A7/ (t) = ZZ;} ATfi(t), with A7fi(t) = (0 — p)1/J*(t) if the ant with rank p has included
pair (c;, ¢;) in its tour and A7[;(t) = 0 otherwise. J#(t) is the length of the tour performed
by the ant with rank p at iteration t. Equation 5.7 is applied to all pheromone array and im-
plements therefore both pheromone evaporation (the p factor), and online delayed and offline
pheromone updating. The authors found that their procedure improves significantly the quality
of the results obtained with AS.

GACS: making use of insertion strategy

The GACS algorithm of Louarn, Gendrau, and Potvin (2000) [281, 282] is worth mentioning
since it is based on an insertion strategy rather than on the extension one which is adopted by the
majority of ACO implementations, and in particular by all the other algorithm discussed so far.
GACS, whose name comes from the combination of the “GENeralized Insertion” (GENI) heuris-
tic [197] and ACS, has design characteristics similar to those of ACS adapted to use insertion.
Differently from ACS, at state z; the new component ¢; to add is selected randomly among the
still feasible ones, then the insertion position is selected according to a rank-based scheme. First,
the ant-routing entries are computed as:

Mij

— Vg , 5.8
1+")/T7](t)’ Ci € Ty ( )

aij ()
where v € [0, 1] and 7;; is the value of pheromone normalized with respect to the highest value
of pheromone. Then, according to the a;;’s values, the possible insertion positions are ranked
and the precise location is selected according to a random selection over the ranks. GACS'’s per-
formance versus ACS have been studied for a set of medium-sized problems from the TSPLIB.
The experimental results seem to indicate a clear superiority of GACS with respect to ACS.

P-ACO: population-based ACO for dynamic problems

Guntsch and Middendorf (2002) [212, 213] have proposed P-ACO, a population-based design
for ACO. In the usual ACO’s implementations pheromone values are the incremental result of
all the updates triggered by the pheromone manager since the start of algorithm execution. In
P-ACO, on the other hand, the pheromone patterns at time 7" are those precisely induced by
the current ant population P(t) and not the result of all past updates. That is, after one ant has
completed its solution, the ant is either added or included by replacement into the population set
according to both deterministic and stochastic criteria based on quality, population size, etc. (the
authors have explored several possibilities in this sense, also getting inspiration from the number
of population management techniques investigated in the field of evolutionary computation).
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If the ant enters the population, then the value of the pheromone variables associated to the
decisions issued by the ant are correspondingly increased according to an AS-like rule (Equation
4.11). On the other hand, if an ant/solution leaves the population (e.g., to make space to a
new better ant), then the corresponding pheromone is decreased of the same amount it was
increase when the ant entered the population. In this way, the pheromone values precisely
reflect the ants belonging to the current population P(t) at iteration ¢. In addition to this specific
mechanism, P-ACO makes use of the ACS’s pseudo-random-proportional rule (Equation 5.2)
for component selection but does not make any use of online step-by-step pheromone updates,
since pheromone updates are subject to the fact of either entering or leaving the population.

While the use of a population-based strategy to select which ants have to increase/decrease
pheromone might be of general usefulness, the authors conjecture that this approach is particu-
larly suitable for dynamic problems, where the problem instance changes over time. In particu-
lar, this is expected to be true when changes are not too severe and there exists a good heuristic
for modifying the solutions maintained in the population after a change, such that they can be-
come good solutions also for the modified problem. Since pheromone values do not depend
other than on the solutions in the population, it is not necessary to apply any additional mecha-
nism to adapt the pheromone information to the new situation.

P-ACQO’s implementations have been applied to dynamic versions of both TSP and QAP
instances. The dynamic component being in the fact that cities/locations can be randomly in-
serted, replaced or deleted. A subset R of half of the cities/locations is randomly removed from
the instance at ¢t = 0, and then every At iterations a random subset of components in the instance
is randomly replaced by using the cities in R. This procedure is such that the optimal solution
for each single instance that the algorithm is trying to find is (usually) not radically different
after each change. Various implementations of P-ACO have been tested over medium-sized
problems from the TSPLIB. The best implementation seemed to be the one using a population of
3 ants. In general, the algorithm seems able to adapt quite well to changes, showing rather good
performance.

pACS: optimization of a probabilistic objective function

Bianchi, Gambardella, and Dorigo (2002) [30, 31] have considered the case of probabilistic TSP,
in which each customer/ city has an independent probability of requiring a visit. This is a model
of a quite realistic situation for goods delivery, for instance, and can be seen as quite close to the
dynamic situation considered by Guntsch and Middendorf. Finding a solution to this problem
implies having a strategy to determine a tour for each random subset of the cities, in such a
way as to minimize the expected tour length. The authors focus on the case most studied in
literature, in which all the cities have the same probability of requiring a visit and the target
of the algorithm is to find an a priori tour containing all the cities and whose expected cost is
minimal under the so-called skipping strategy, consisting in visiting the cities in the same order
they appear in the a priori tour skipping those cities which do not belong to the current subset
of cities requiring a visit.

The implemented ACO algorithm, pACS, is the same as ACS for static TSP, with the only dif-
ference being in the objective function used for elitist pheromone updating, which corresponds
to the expected length of the a priori tour. The authors have extensively studied the perfor-
mance of pACS with respect to other tour construction heuristics over a set of instances from the
TSPLIB [361], with pACS always showing better or comparable performance with respect to its
competitors.

AS-DTSP: pheromone readjustment for dynamic traveling costs

Eyckelhof and Snoek (2002) [162] consider the problem of a dynamic TSP in which changes
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happen not at the level of the nodes but rather at the level of the traveling costs, modeling short-
lived traffic jams. AS-DTSP has characteristics similar to MMAS, strategy, with the best tour so
far always getting an extra reinforcement. In order to keep exploring all the feasible alternatives,
which can be particularly useful in case of traffic jams, the authors make use of an interval range
like in MMAS but open on the right: 7;; € [Tyn, +00). Pheromone evaporation is aimed at
counterbalancing the excessive growth of pheromone values, together with global shaking, that
is, a readjustment of the pheromone values in order to restrict their range proportionally to their
values: 7;; < Tmin(1 + l0g(7ij/Tmin)). Again, this is quite similar to what happens in MMAS
to smooth and rescale pheromone values, and in Best-Worst AS (see QAP subsection) through
the application of the mutation function. In addition to global shaking, the authors tested also
a local shaking rule, such that the previous formula is applied only to those edges which are
close to those where a traffic jam is happening (with the situation at time ¢t = 0 is taken as the
unjammed reference situation).

Clearly, it was quite difficult for the authors to find benchmarks to test their ideas. Therefore,
they have tested their AS-DTSP on randomly generated problems ranging from 25 to 100 cities
with promising results in terms of robustness and adaptiveness.

5.1.2 Quadratic assignment problems

The QAP was, after the TSP, the first problem to be attacked by an AS-like algorithm. This
was a reasonable choice, since the QAP is a generalization of the TSP. ACO implementations
for QAP instances are in general quite well performing and mostly make use of a pheromone
mapping based on the association of pheromone to pairs (activity, location). Clearly, such a model
implies some loss of information with respect to the somewhat “natural” choice in which the
component set C is the set of all activities and locations, and pheromone is associated to any
type of pair in C. With this choice, solution construction could be carried out as a sequence of
choices alternating between activities and locations. That is, after an activity a; has been paired
to a location /; according to 7,,;;, the next feasible activity ay, to include in the solution could be
possibly selected according to the learned pheromone value 7;,,, (see also the related discussion
in Example 3.6). On the other hand, in most of the ACO implementations for QAP, for sake of
efficiency, the design choice consists in renouncing to learn how to select the next activity, using
instead either a pre-defined sequence of activities or a just a random selection among the still
feasible ones.

This subsection on QAP allows to point out two interesting implementations: HAS-QAP,
which actually departs from the basic ACO’s scheme by using ants to guide solution modification
and not construction, and ANTS which was designed in a QAP context but which is a general
and effective sub-class of ACO algorithms which has imported into the ACO’s framework the
effective idea of using lower bounds to assign the heuristic variables.

AS-QAP and ANTS: state-of-the-art results with lower bounds and tree search

Maniezzo, Colorni, and Dorigo (1994) [296] applied exactly the same algorithm as AS using the
QAP-specific min-max heuristic to compute the 7 values used in Equation 4.14. The resulting
algorithm, AS-QAP, was tested on a set of standard problems and resulted to be of the same qual-
ity as other meta-heuristic approaches like simulated annealing and evolutionary computation.
More recently, Maniezzo (1998) [290] and Maniezzo and Colorni (1999) [295] have developed
two variants of AS-QAP and added to them a daemon module implementing an effective local
optimizer. The resulting algorithms were compared with some of the best heuristics available
for the QAP with very good results: their versions of AS-QAP gave the best results on all the
tested problems.
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Further development of this work has led to the definition of the ANTS sub-class of ACO
algorithms by Maniezzo and Carbonaro (1999) [291, 294]. ANTS stands for Approximate Nonde-
terministic Tree-Search. In fact, the general structure of an ANTS algorithm is closely akin to that
of a standard tree-search procedure. At each construction step, the current state z; is expanded
by branching on all possible offspring and a bound is computed for each offspring, possibly
fathoming dominated ones. This value is then assigned to the heuristic values 7 associated to
state pairs, that is, 1, is equal to a lower bound to the cost of a complete solution containing
state (partial solution) ¢. Therefore, the next component to include into the solution, that is,
the next state to move to, is selected on the basis of both pheromone values and lower bound
considerations taken with respect to state pairs. More specifically, the ant-routing values a; for
moving from state ¢ to state ¢ for ant k, that is, for adding one of the still feasible components to
the current state, are calculated according to the following linear model (while the combination
model for the ant-routing values used by most of the other ACO implementations follows the
AS quadratic model 4.14):

aby=ampy+(1—aey,  ac[o]. (5.9)

This way of dynamically setting the heuristic values using lower bounds, as well as of refer-
ring directly to states, is peculiar of the ANTS subclass of ACO algorithms. It is also one of the
few examples of setting the heuristic values in a non-trivial way and giving them an importance
comparable (if not greater) to that given to pheromone values. Another example of such way
of proceeding will be AntNet, which sets 7 values according to the current status of the node
queues, and give an almost equal weight to pheromone and heuristics (and makes also use of
a linear weighted composition as that of 5.9). Clearly, ANTS assumes that good lower bounds
for the problem are available or can be efficiently computed at the beginning of the algorithm
execution. However, since large part of the research in combinatorial optimization is devoted to
the identification of tight lower bounds, this assumption is quite reasonable.!

Also pheromone is updated on the basis of lower bound information, with the specific aim
of avoiding stagnation: each solution is not evaluated on an absolute scale, but against the last n
ones. As soon as n solutions are available, their moving average .J(t) is computed and each new
solution sy (t) is compared with J(t), and then used to compute the new value for the moving
average (again, this is very close to the way a path is scored in AntNet). If J(s;) < J(t) the
pheromone value associated to the component pairs in the solution is increased, otherwise is
decreased, according to the following formula:

J(Sk) — LB
J

ATy () = Tiin (1 — ) — LB

>, Y, € sy, (5.10)
where LB is a lower bound to the optimal problem solution cost. The primal variable values
derived from the LB computation during the algorithm’s initialization phase are used in turn
to initialize pheromone values. The use of the dynamic scaling procedure 5.10 is supposed to
permit to discriminate small achievements in the latest stage of search, while avoiding to focus
the search only around good achievements in the earlier stages.

ANTS has been applied to QAP using the well-known Gilmore and Lawler bound. In [291,
294] computational results are reported for all QAPLIB problem instances of dimension up to
40x40. ANTS has been compared to two state-of-the-art heuristic procedures: GRASP [273] and
robust tabu search [417] showing better or equal performance over all the considered instances.
Interestingly, even in the presence of a bad bound at the root node, the non-deterministic strategy
followed by ANTS permits to quickly identify good solutions.

! By adding backtracking and eliminating the stochastic component in the decision policy, the algorithm basically
reverts to a standard branch-and-bound procedure, that is, to an exact procedure. Therefore, in turn, it can be seen a
form of stochastic branch-and-bound.
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HAS-QAP: state-of-the-art results with ants guiding solution modifications

Gambardella, Taillard, and Dorigo (1999) [188] have developed HAS-QAP, an ant algorithm
which, although initially inspired by AS, does not strictly belong to the ACO meta-heuristic
because of some peculiarities like ants which modify solutions as opposed to construct them,
and pheromone variables used to guide solutions modifications and not as an aid to direct their
construction. HAS-QAP interleaves AS-like actions with a simple local search and use the ants
to help the local search, and not, vice versa. This interesting direction has not been further
investigated for other classes of problems, although comparisons with some of the best heuristics
for the QAP have shown that HAS-QAP is among the best as far as real world, irregular, and
structured problems are concerned. On the other hand, on random, regular and unstructured
problems the performance resulted to be less competitive.

MMAS-QAP: state-of-the-art results by simple adaptation of MMAS

Similar good results were obtained by Stiitzle and Hoos (1999) [407] with their MMAS-QAP
algorithm which is a straightforward application of their MMAS to the QAP.

Best-Worst AS / ACS: elitist updating, pheromone mutation, and restarting

Cordon, de Viana, and Herrera (2002) [94] have introduced Best-Worst AS (BWAS) and Best-Worst
ACS (BWACS) that add three so-called BW variants respectively to AS and ACS: (i) a best-worst
elitist strategy is used, such that the decisions belonging to the best so far solution are reinforced
but at the same time those belonging to the iteration-worst solution are decreased according to
the geometric law 7;;(t) < (1 — p)73;(t), V(ci, ¢j) € Sworst(t), (ii) in order to introduce diversity,
pheromone values undergo mutation, a notion inherited from the domain of evolutionary com-
putation, in the sense that their value is randomly variated: 7;;(¢) « 7;;(t)sign(q—1/2) (¢, Toest ),
where ¢ is a uniform random variable in [0, 1], and u is a real-valued function whose output in-
creases with the iteration values and with the value of the average 7y.s: of the pheromone values
for the pairs belonging to the best so far solution, (iii) when the number of different components
between the iteration best and iteration worst solution is less than a predefined threshold, the
algorithm is restarted by setting the pheromone value to an initial value 7¢. It is apparent, as
also their names vaguely remind, that BW systems share important affinities with the MMAS
scheme.

The effect of the BW variants have been extensively studied by the authors by means of
computational studies on a set of 8 instances from the QAPLIB. Interestingly, both BWAS and
BWACS perform significantly better than the respective basic algorithms. Moreover, the BW
variant which seems to be by far the most effective one, is the restart one, followed by the mu-
tation one and finally by the pheromone decrease one. This fact confirms the potential effective-
ness of a restart component already discussed when MMAS was introduced. On the other side,
negative reinforcements are well-know to be in general difficult to manage in a correct way, and
the BW analysis confirms this fact too.

5.1.3 Scheduling problems

After a first, not extremely successful, application of ACO to job-shop scheduling problems in
1994, and few years of no new applications in the same domain, in more recent years there has
been an impetus of works concerning the application of ACO to scheduling problems, likely
also favored by the variety of different possible scheduling problems that can be studied (see
also Appendix A). It is not feasible in practice to account all this body of work here, also consid-
ering the fact that scheduling problems have often quite complex definitions and, accordingly,
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also the algorithms are not really straightforward to explain. In particular, every implementa-
tion makes use of a different set of specialized heuristics to assign the 7 values as well as to
guarantee the final feasibility of the solution. Here only some general ideas and few major im-
plementations are reviewed and/or mentioned. In particular, is important to mention the fact
that different ACO algorithms for scheduling problems often makes use of different pheromone
models. Although, the most used model consists in considering solution components in terms
of jobs to be scheduled and position in the schedule (there is little dependence between pairs of
jobs, so it would not be really effective to further restrict the considered component set). Such
that pheromone variables becomes associated to pairs (job, position), with the next job to be in-
cluded which is usually selected according to some random or heuristic schemes (this is very
similar to the strategy usually adopted in the QAP case). An additional difficulties of this class
of problems consists in the fact that it is in general not possible to define in an effective way the
cost of component inclusion in the form 7 (c;j|c;), as it happens for instance for bipartite match-
ing problems like TSP and QAP, since the inclusion cost really depends on the full process state
(actually, scheduling problems can be seen a over constrained matching problems). As already
remarked in Subsection 3.2.2, this fact makes the application of simple greedy heuristics quite
ineffective.

AS-JSP: simple AS adaptation and first promising results

Colorni, Dorigo, Maniezzo, and Trubian (1994) [92] have been the firsts to apply ACO to a
scheduling problem, precisely to job-shop scheduling. The basic algorithm they applied, AS-JSP,
was exactly the same as AS and the pheromone model was the same as the one just discussed,
while the 7 heuristic values were computed using the heuristic called “longest remaining pro-
cessing time”. Due to the different nature of the constraints with respect to the TSP they also
defined a new way of building in practice the ant’s memory in order to guarantee solution fea-
sibility. AS-JSP was applied to problems of dimensions up to 15 machines and 15 jobs always
finding solutions within 10% of the optimal value [92, 151]. These results, although not excep-
tional, were encouraging and suggested that further work could lead to a workable system.

ACS-SMTWTP: state-of-the-art results with a novel pheromone mapping

In the single machine total weighted tardiness scheduling problem (SMTWTP) n jobs with an associ-
ated processing time p;, weight w; and due time d;, have to be processed sequentially without
interruption on a single machine. The goal is to minimize the sum of the weighted tardiness
i, w;T;, where T; is the tardiness for the i-th job expressed as the deviation from the due
time.

den Besten, Stiitzle, and Dorigo (2000) [108] have attacked this class of problems with an
ACS-like algorithm and using the previously mentioned pheromone model associating pheromone
variables to pairs (job, position). Actually this way of proceeding is common to a number of
ACO implementations, not only for the SMTWTP but for scheduling problems in general. This
same approach has been followed for instance, by Bauer et al. [17] for the unweighted case of
tardiness problem, by Merkle and Middendorf [305] in their ACO implementation for SMTWTP,
by Merkle, Middendorf, and Schmeck [309, 308] in the application to resource-constrained project
scheduling, by Vogel et al. [434] to real-world shop floor scheduling, and by Stiitzle [409] in his
MMAS algorithm for flow shop scheduling.

In order to cope effectively with the difficulty represented by the definition of the transition
costs, the authors of ACS-SMTWTP have investigated the use of different types of heuristic
information 7 based on different heuristics for ordering jobs that still have to be scheduled. This
is another notable case, as it was for the ANTS algorithms, in which the 7 values are chosen
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according to effective known heuristics and play a major role for good algorithm performance.
For the rest, ACS-SMTWTP has the same characteristics as ACS. The ant actions have also been
enriched with the addition of a daemon procedure implementing a powerful local search.

The algorithm has been tested on a benchmark set of 125 test instances with 100 jobs available
from ORLIB at ht t p: / / www. ms. i c. ac. uk/ i nf o. ht m . Within the computation time limits
given, ACS-SMTWTP reached a very good performance and could find in each single run the
optimal or best known solutions on all instances of the benchmark set, performing for instance
much better of the best known tabu search method for SMTWTP.

Other ways of associating pheromone to scheduling jobs

In [306] Merkle and Middendorf (2001) point out that constructing solutions by appending jobs
to the job sequence according to pheromone values expressing the goodness of appending job
¢; at the current position is a procedure not free from problems, precisely due to the fact that
pheromone variables are not associated to states. Therefore, together with other interesting
ideas, they propose to leave pheromone associated to pairs (position, job) but letting the ants
to also select the position that they have to fill in with a job at step ¢ of their solution construc-
tion process (mimicking an insertion strategy). In this way, each job gets the same chance to
be placed at any position in the solution sequence proportionally to the learned values of the
pheromone variables. Therefore, going in the direction of associating pheromone variables to
all the issued decisions. Moreover, in order to profit also of effective heuristics based on list
scheduling, which cannot be implemented with such random scheme, the authors make use of
also “usual” ants that append the job at the end of the sequence. They have tested their idea to
the case of SMTWTP with deviations, that is, when also weighted earliness has a cost that has to
be considered. Computational results seem to confirm the overall goodness of the approach.
Blum (2002) [41, 44] has considered a variety of scheduling problems, suggesting a number
of different scheduling-specific heuristics to be used inside a general MMAS scheme with local
search. The aspect that is worth to point out here is the fact that he has also made use of a
different pheromone mapping. In fact, pheromone variables are associated this time to pairs of
operations (i.e., solution components), but only to pairs of related operations. That is, operations
belonging to the same group (the problem considered is the group-shop scheduling) or that have
to be processed on the same machine. If 7;; has a high value, this means that operation ¢; should
be scheduled before operation c;. The author claims that this pheromone model does not induce
wrong biases during the search and support this statement with positive experimental results.

5.1.4 Vehicle routing problems

In vehicle routing problems (VRPs) a set of vehicles stationed at a depot has to serve a set of
customers before returning to the depot, minimizing the number of vehicles used and the total
distance traveled by the vehicles. Capacity constraints are imposed on vehicle loading, plus pos-
sibly a number of other constraints coming from real-world applications, such as time windows
for delivery, maximum tour length, back-hauling, rear loading, etc. VRP can be considered as a
generalization of the TSP, since it reduces to TSP in the case only one vehicle is available. Likely,
due to its similarities to TSP, as well as its importance as a model for many real-world problems,
several ACO algorithms have been designed for VRPs. Moreover, some of these algorithms are
the state-of-the-art for the problem. The most used pheromone model consists in associating
pheromone variables to the goodness of choosing customer ¢; after having visited customer c¢;.
State transitions happens by adding one of the not yet visited customers respecting the other
additional (e.g., capacity) constraints.
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AS-VRP: good results with AS + effective problem-specific heuristics

Considering the basic VRP formulation reported in Appendix A, Bullnheimer, Hartl, and Strauss
(1999) [64, 62, 67] have implemented an ACO algorithm, AS-VRP, which is a direct extension of
their AS, ., algorithm discussed in the TSP subsection. They used various standard heuristics
for the VRP [89, 342], and added a simple local optimizer based on the 2-opt heuristic [98]. They
also adapted the way the feasible neighborhood is identifies by taking in consideration the con-
straints on the maximum total tour length of a vehicle and its maximum capacity. Comparisons
on a set of standard problems showed that AS-VRP performance is at least interesting: it outper-
forms simulated annealing and neural networks, while it has a slightly lower performance than
tabu search.

ACS-VRP and MACS-VRPTW: state-of-the-art results with multiple ant colonies

Gambardella, Taillard, and Agazzi (1999) [186] have adapted the basic ACS scheme to a VRP
similar to that considered in AS-VRP after reformulating the problem by adding to the city set
M —1 depots, where M is the number of vehicles. Using this formulation, the VRP becomes a TSP
with additional constraints. In their ACS-VRP each ant builds a complete tour without violating
vehicle capacity constraints (each vehicle has associated a maximum transportable weight). A
complete tour comprises many sub-tours connecting depots, and each sub-tour corresponds to
the tour associated to one of the vehicles. Pheromone updates are done offline as in ACS. Also, a
local optimization procedure based on edge exchanges is applied by a daemon module. Results
obtained with this approach are competitive with those of the best known algorithms and new
upper bounds have been computed for well-known problem instances.

In the same paper the authors have also studied the vehicle routing problem with time windows
(VRPTW), which extends the VRP by introducing a time window [¢/"", ¢7%*] within which a
customer i must be served, such that a vehicle visiting customer i before time ¢ will have
to wait. In the literature the VRPTW is usually solved by considering the minimization of two
objectives: the number of vehicles and the total traveling time. For obvious cost reasons, a
solution with a lower number of vehicles is always preferred to a solution with a higher number
of vehicles but lower travel time. In order to optimize both objectives simultaneously, a two-
colony ant algorithm, called MACS-VRPTW, has been designed starting from ACS-VRP. The first
colony tries to minimize the number of vehicles, while the other one uses V' vehicles, where V' is
the number of vehicles computed by the first colony, to minimize travel time. The two colonies
work using different sets of pheromone variables, but the best ants of one colony are allowed
to update the pheromone variables of the other colony. This approach has been experimentally
proved to be competitive with the best known methods in literature. The general issue of using
multiple colonies is further discussed in in Section 5.2.

ACS-DVRP: good results for dynamic VRPs with information exchange between ad-
jacent instances

Montemanni, Gambardella, Rizzoli, and Donati (2003) [322] have considered a dynamic version
of VRP, in which new orders dynamically arrive when the vehicles have already started exe-
cuting their tours, such that tours have to be re-planned at runtime to include the new orders.
ACS-DVRP is based on the decomposition of the dynamic VRP into a sequence of static VRPs,
each solved and executed over a finite length time slice. The authors assume that VRPs for adja-
cent time slices have similar characteristics. Therefore, once time slice ¢ is over and the relative
static problem V RP(t) has been solved (by using an ACS-based scheme), the pheromone ar-
ray 7(t) supposedly contains information appropriate for this specific problem. But, since the
next problem VRP(t + 1) is assumed to be similar to the current one, the 7(¢)’s information is
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passed on to the next problem solution process which is expected to make a fruitful use of it.
Guntsch and Middendorf’s strategies for pheromone modification in case of dynamic problems
(discussed at Page 145) are used to transfer pheromone information from one problem to the
next one.

Computational results, based on popular static benchmarks, are quite encouraging, showing
that ACS-DVRP can always perform better than a method based on multi-start local search.

ASlInsert: good results for VRPTW with backhauls using an insertion strategy

Reinmann, Doerner, and Hartl (2002) [363] describe ASInsert, an application of an ACO algo-
rithm for VRPs with time windows and backhauls, which are of great practical interest. ASIn-
sert is based on the structure of AS, ., with pheromone associated to pairs of customers. How-
ever, its most interesting novelty consists in the use of an insertion strategy instead of the more
common extension one. The heuristic values 7;; are dynamically computed according to the
Solomon’s I1 insertion algorithm for each customer ¢; already in the solution and for each still
feasible ¢;. Then, these values are combined into the ant-routing table with the correspond-
ing pheromone values according to a rather complex formula which takes into account several
heuristic factors. The resulting values are normalized and used as probabilities to select the next
customer c;, which is inserted at its best position into the current solution.

ASInsert is compared to a stochastic insertion heuristic which does not make use of pheromone,
and to a state-of-the-art heuristic for the considered class of problems. Results are good, since
ASInsert outperforms the considered competitors. The same authors have also some ongoing
work aimed at embedding ASInsert in a multi-colony framework, in order to better deal with
the multiple objectives of the problem.

5.1.5 Sequential ordering problems

The sequential ordering problem (SOP) [160] consists of finding a minimum cost Hamiltonian
path on a directed graph with costs associated to both the arcs and the nodes, and subject to
precedence constraints among nodes. It is similar to an asymmetric TSP in which the end city is
not directly connected to the start city. The SOP, which is NP-hard, models real-world prob-
lems like single-vehicle routing problems with pick-up and delivery constraints, production
planning, and transportation problems in flexible manufacturing systems and is therefore an
important problem from an applications point of view.

HAS-SOP: state-of-the-art results with an adaptation of ACS and local search

HAS-SOP, by Gambardella and Dorigo (1997) [185, 184], have been the first and so far the only
application of ACO to SOP, in spite of the excellent reported performance. HAS-SOP is designed
as an adaptation of ACS to SOPs. The pheromone model is the same as in ACS for TSP, given the
similarity between the problems. The major difference from ACS stems from the fact that node
precedence constraints must be taken into account to build a feasible solution, and therefore this
fact directly affects the way the feasible neighborhood is defined at each step of the construction
process. Moreover, HAS-SOP, as ACS-3-opt, makes use of a daemon module implementing a
local optimizer designed as a SOP-specific variant of the well-known 3-opt procedure.

Results obtained with HAS-SOP are excellent. Tests have been run on a great number of stan-
dard problems (actually, on all the problems registered in the TSPLIB [361]), and comparisons
have been done with the best available heuristic methods. In all the considered cases HAS-SOP
was the best performing method in terms of both solution quality and computing time. Also, it
improved many of the best known results on the set of tested problems.
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5.1.6 Shortest common supersequence problems

Given a set S’ of strings over an alphabet X, the shortest common supersequence problem (SCSP)
consists in finding the supersequence string of the strings in S” which has minimal length. A
string s 4 is a supersequence of a string A if s4 can be obtained from A by inserting in A zero or
more characters. Consider for example the set S’ = {bbbaaa, bbaaab, chaab, chaaa}. The string
cbbbaaab is a shortest supersequence. The shortest common supersequence problem is NP-hard
even for an alphabet of cardinality two [356].

The ACO algorithms for SCSP are rather interesting and have some unique characteristics in
the universe of ACO implementations: (i) in the adopted problem representation components
are vectors, (ii) lookahead is locally used at decision time, (iii) a parallel model based on the island
model used in the domain of parallel genetic algorithms (e.g., see [71, 148] and the discussions in
Section 5.2) has been implemented.

AS-SCS-LM: good results using multidimensional component representation, looka-
head and island models

Michel and Middendorf (1998) [316, 317] have been the only authors that have attacked, with
good success, SCSPs adopting an ACO approach, and, more in particular, starting from an AS-
like architecture. In their algorithms they adopt a representation in terms of vectors for the
solution components and, accordingly, for the pheromone variables: ants build solutions by
repeatedly removing symbols from the front of the strings in S’ and appending them to the
supersequence under construction. In practice, each ant maintains a vector of pointers to the
front of the strings (where the front of a string is the first character in the string not yet removed)
and moves in the space of the feasible vectors. State transitions are implicitly defined by the
rules which govern the way in which characters can be removed from the string fronts, with
the constraints implicitly defined by the ordering of the characters in the strings. Pheromone
variables are associated to pairs of pointer vectors.

AS-SCS-LM makes use of a lookahead function, which takes into account the influence of the
choice of the next symbol that could be appended at the next iteration. The value returned by
the lookahead function takes the place of the heuristic value 7 in the probabilistic decision rule,
which is of the same form as Equation 4.14. To our knowledge, this is likely the only notable
example of use of lookahead in the framework of ACO. Also, the value returned by a simple
heuristic called LM [59] is factorized in the heuristic term.

Michel and Middendorf further improved their algorithm by the use of an island model of
parallel computation. That is, different colonies of ants work on the same problem concurrently
using colony-private pheromone arrays, but every fixed number of iterations they exchange the
best solution found and make consequent pheromone modification.

AS-5CS-LM has been compared to the MM [175] and LM heuristics, as well as to a genetic
algorithm specialized for the SCS problem. On the great majority of the test problems AS-SCS-
LM outperformed the considered competitors.

5.1.7 Graph coloring and frequency assignment problems

ACO'’s application to graph coloring problems have a rather interesting design, and shows quite
good performance. The implementation of Costa and Hertz [95] is indeed thought for general
bipartite matching problems whose solution components are represented by two distinct sets
of items C; and C (e.g., items and resources to assign to the items), of possibly different sizes
(the TSP and QAP are subclasses for the case |C1| = |C2|). Solutions are represented by sets of
pairs of type (cj,c3), ¢i € C1, ¢; € Cy. To attack this general class of matching problems, the
authors have proposed a design based on the use of two pheromone arrays. Since for this class of
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problems two-level decisions must be taken, it makes sense to associate a different set of decision
variables to each decision level. We have already remarked, in the case of QAP, that in principle
it was necessary to associate pheromone variables to both the decision concerning the location
to pair to the current activity, and the activity that has to be chosen next. While in the case of
QAP (and TSP), since the two matching sets have the same cardinality it might be a good design
choice to select the next activity in a quick, random or preassigned way, in the general case of
bipartite matching it might be quite helpful to associate pheromone to all the choices that have
to be issued.

The other implementation that is briefly discussed here is also interesting since is an appli-
cation of the ANTS framework introduced in Subsection 5.1.2.

ANTCOL: good performance with a general design based on two pheromone arrays

Costa and Hertz (1997) [95] have proposed ANTCOL for GCPs. As just said, the main novelty
in this ACO’s implementation consists in the use of two distinct sets of pheromone arrays. On
the other hand, the algorithm has the same structure and makes use of the same formulas of AS.
For the GCP case considered, the two set of items to which pheromone variables are associated
to are the graph nodes and the set of colors to assign to each node.

The ants make two choices: first they choose an item ¢} from C, then they choose an item
¢ from Cj to be paired to ¢;. The process is iterated until the set of pairs represent a feasible
solution. Pheromone variables 7} are associated to items in C; and represent the estimated
quality of selecting item c;, while pheromone variables 77 represent the estimated quality of
choosing c? after choosing c! as first component in the pair. Decisions are taken according to an
AS-like rule and making use of two distinct sets of heuristics values, n' and 72, which are based
on the well-known graph coloring heuristics recursive large first (RLF) [270] and DSATUR [60].

ANTCOL has been tested on a set of random graphs and compared to some of the best avail-
able heuristics. Results have shown that ANTCOL performance is comparable to that obtained
by the other heuristics: on 20 randomly generated graphs of 100 nodes with any two nodes con-
nected with probability 0.5 the average number of colors used by ANTCOL was 15.05, whereas
the best known result [96, 170] is 14.95.

ANTS-FAP: good results using the ANTS design guidelines

Maniezzo and Carbonaro (2000) [293] have implemented an ANTS algorithm for the FAP. Their
algorithm is a straightforward application of the ANTS scheme adapted to the FAP. In general,
in order to have an efficient ANTS algorithm, is necessary to have good lower bounds for the
problem at hand. The lower bound used by the authors in this case is the linear relaxation of the
Orienteering model [53]. This bound is reportedly very weak (actually, no tight bounds seem to be
available for the FAP), but apparently still effective to be used inside the ANTS framework. The
considered problem states are the (partial) frequency assignments, while a decision concerns the
assignment of a frequency to a transmitter. Pheromone is associated to pairs (state, frequency). A
problem-specific and rather simple local search is activated at the end of each algorithm iteration.
Apart from the differences due to the different bounds, state characteristics, and local search, the
algorithm proceeds exactly as in the QAP case discussed in Subsection 5.1.2.

ANTS-FAP has been tested on three well-known problem datasets from the literature and
compared to state-of-the-art heuristics. The computational results show that ANTS-FAP is com-
petitive with the best approaches and has a more stable behavior. This good performance, also
without the use of a tight lower bound, seems to confirm the general robustness of the approach.

Montemanni, Smith, and Allen (2002) [323] reports a related implementation of an ANTS
algorithm for an FAP in which the frequency spectrum required for a given level of reception
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quality has to be also minimized. The general structure of the algorithm is in practice the same
as that of ANTS-FAP, however problem-specific bounds have been used, together with other
additional heuristics. The algorithm’s performance, tested over 12 problem and versus other 3
different heuristics, are rather good.

5.1.8 Bin packing and multi-knapsack problems

Bin packing, knapsack and multiprocessor scheduling problems are all similar set problems. The
common characteristics is that reasoning on the last included component is not expected to be
really helpful. More in general, it is necessary to consider some more complex state features in
order to issue effective decisions. One possible choice is to proceed along the directions sug-
gested in Subsection 4.4.2, that is, by considering either some aggregate measure of pheromone
variables, or identifying state features more complex than a single component. So far only the
first approach has been followed, and is described below for the case of bin packing. Some appli-
cations of ACO to (multi-)knapsack problems [169, 269] have adopted a “classical” pheromone
model with pheromone variables associated to pairs of items. Results, as expected, are not par-
ticularly good.

AntBin: state-of-the-art results using pheromone aggregation and local search

Levine and Ducatelle (2004) [272, 271, 155] have proposed an ACO algorithm which can solve in-
stances from both bin packing and cutting stock problems classes. AntBin’s general architecture
is designed after MMAS. Solution components are chosen as the items that have to be fit into a
minimal number of bins of fixed capacity B. More precisely, solution components are associated
to the size ¢; of item 7. Pheromone, as usual, is associated to pairs of solution components. How-
ever, it is used in a slightly different way with respect to the ACO implementations reviewed so
far. In fact, in bin packing problems, the state of a construction process can be readily identified
with the set of already assigned items, which, in turn, defines the total size already occupied
for the current bin. With the objective of taking this important aspect into account, at each con-
struction step AntBin adopts the following procedure. For each item c¢; already in the current
bin to be filled, and each feasible next item c;, their associated pheromone value 7;; is consid-
ered. However, the pheromone value which is effectively passed to the ant-routing table and is
exploited in the stochastic decision rule, is not directly 7;;, but the value 7; obtained as the aggre-

gation of all the 7;; values associated to all the n items ¢; already in the bin: 7; = — Y"1 | 7. As

it was already remarked in Subsection 4.4.2, this was of proceeding would not completely fit the
original ACO definition, while it fits into the revised version with p(z;) = {c|c € z; A c € B(t)},
B(t) being the bin currently filled, and

1
lo(y)]

fo = > T, ¢ €N(). (5.11)
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The heuristic values 7;, as well as the decision about the first item to put into an empty bin,
are taken as the size c; of the items, similarly to what happens in traditional bin packing first-fit
decreasing heuristics [90].

The first AntBin algorithm, presented in [155], gave good results on both bin packing and
cutting stock problems, but was unable to compete with the best algorithms for the bin packing
case. A second version of the algorithm [272, 271], combining the previous approach with an
additional local search procedure, has obtained excellent results, outperforming current state-of-
the-art algorithms on a number of benchmark problems and providing some new optima for
open problems.
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5.1.9 Constraint satisfaction problems

While in all the problems considered so far (except for bin-packing) one single component could
have been meaningfully taken as representative of the current state, for constraint satisfaction
problems this does not appear to be anymore the case. The idea of associating pheromone vari-
ables 7;; to pairs (c;,c;) of solution components, and using one single pheromone variable to
assign the desirability of each still feasible component c; conditionally to the fact that ¢; was the
last included one, is not expected to work well for CSPs. In fact, for this class of problems there
is a strong dependence of each decision from the whole current state. The same inclusion cost
cannot be defined without taking into account the complete current partial solution. Therefore,
in this case aggregations of pheromone values have been proposed to overcome the problem, in
the same spirit of the ACO extended definition given in Subsection 4.4.2.

Ant Solver: good performance using general design, preprocessing, and local search

Solnon (2002) [397, 396, 429], has designed Ant Solver, an ACO algorithm intended to be a generic
tool to solve CSPs. The adopted pheromone model consists in associating pheromone variables
to pairs of pairs of the type: ((vi,v}), (v;,v})), where V' = vy,..., v, is the set of variables to
assign and D(v;) = v},...,v," is the set of the possible assignments to variable v;. That is,
pheromone represents the learned desirability of assigning to the j-th problem variable the I-
th value among its possible ones, conditionally to the fact that variable i has been already as-
signed to its k-the value. Clearly, in this case, a solution component is represented by a pair
(problem wvariable, assigned value), since a solution precisely consists of a complete assignment
of values to variables. Therefore, the total number of needed pheromone variables becomes:
Yo | D(vy)] Z?:]fé ’ | D(vj)|, which can be a rather large number when the variables are not de-
fined on binary sets.

Ant Solver adopts pheromone range limits and initialization to a 7,44 like in MMAS, and
an ant-routing table that, similarly to the previous case of bin-packing is of the general type 4.26,

with f. defined as:
7= { > Tij:| , ¢ €N(z), (5.12)
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where ¢; and ¢; generically indicate solution components, that is, pairs of variable and associated
value. A similar relationship holds for the heuristic values